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4 THE NUMBER OF SOLUTIONS IN POSITIVE INTEGERS OF 
THE EQUATION yz- zz + xy = 


ba By L. J. MORDELL. ` 4 


Bane Wt sixty years ago, Liouville,* in commenting upon a paper by 
, Stated some results concerning the number of solutions in positive 
Be -5 a the equation 


ET T ae (1) 


there, of course, n is a Positive integer. For sample, if x, y, z are odd 
nd y +22 2 (med 4) and n= 3 (mod 4), the number of solutions is 
presented by Fin), the uumber of uneven binary classes oi determinant 
“mn Again if » = 1 (mod 4) and y and z are both odd, the nember of 
ations is Pi, pius one half of the humber of divisors of n. The folowing 
‘sation of the mneauiug of the symbol F(n) msy make these results 

telligible to those who huve uot studi ed the theory of numbers. 


Di quadratic forms : 
fe . al + bia -+ en? 


© dy denoted hy ta, b, e) where a, b, ¢ are any integers satisfying 
( p i 
ym ne = — n, a>0, 
ibe grouped m a finite number of classes such that the forms in a cliss 
che transformed into each other by a linear substitution 


¢ 3 

- P= piton n = rb + sy 
ere p. ger, s are integers satisfying the equation 
Io. = 
é fn ps —~— qr = i. 


; ani 
reover, the forms in two different classes can not be transformed into 
y other by such a substitution. The total number of classes is called 
n). Representatives of these classes arc selected in a particular wayt * 
id referred to as reduced forms. We call the classes, ì in whieh s and care 
st sunultancousiy even, the uneven classes, ardagpnote the anmber thereof 
4 y vanan poe ERETTE EEO OA os he irni DERN 
Fiw. Iu reckoning (icse Class nyal we adopt the usual copvention, 
¢. a class (A, 4, A) is rechoned a A 2 vad a class (2h, ry 2h) as 4. 
* Joar. de maths., scries 2 rora 7. 1569, page 44. s me Mi E E 
} See for sample `I ene -E Shear at Number," pp uyati. ; 
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“Morvety: Equation yz + ze + ay = n. 
æ., ; o : 

‘Only a few months ago, Prof. E. T. Bell in his paper * “Class Numbers ` 
and the Form yz-+ e+ zy” proved. that the-number of solutions of | 
equation (1) is equal to 3G(n) — 3 if n is a prime. He stated thai his 
method, which depends ‘upon formule of the type introduced by Liouville ` ` 
into Analysis, also gives the results for n composite, but that he has not 
published them as they are rather complicated. ‘ __# 

I shall now show that the number of solutions of equation (1),.when no 
restrictions are made upon 2, y, z, n, except that they are all positive 
integers, is equal to 3G(n), provided that a solution in which one’ of zhe 
unknowns is zero is reckoned as } instead of 1. For example, if n =.19, 
the number of solutions is 12; six solutions arising from the permutations ` 
of 1, 3, 4, three from 1, 1, 9, and three from the six permutations of 0, 1, 19, 
since each solution is now reckoned as 3. Also there are four classes of 
binary forms of determinant — 19 represented by (1, 0, 19), (2, 1, 10), 
(4, + 1, 5), so that the formula is verified. It of course includes Bell’s 
result as a particular cise, since he has not adopted the convention for tbe ; 
solutions with one of the: unknowns equal to zero. ee 

Consider separately the solutions for which x + y is age or even. Int > 


former case put 
2z = 2m + 1+4, 


ai l 2y = m+ 1—4, 
so that ¢ is an odd numker and 
0< |t] <2m+1, 
and_m is a positive integer or zero. The equation (1) becomes 


dn = (2m + 1)? — P+ 42(2m + 1) 2 (9) 
= (2m + 1)(2m + 1 + 4z) — P, 


where m, z = 0, 1, 2, ---, a 
0< |t| <2nm+1 


and the convention applies to the solutions for which either |t| = 2m + 1 
or z= 0. The number of solutions of (2) is equal to F(4n), as we can 
establish a unique correspondence between them and the uneven classes of 
binary quadratics of determinant — 4n. For corresponding. to any-səlù- 

tion, we have the quadratic form of determinant — 4n, 
m+1, t 2m-1-+ 4). . 8B) 

b 

But the uneven classes of determinant — 4n can be represented by the 
* Tohoku Maihematical Journal, Vol..19, May, 1923, pp. 105-116. i 
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` 
forms (a, b, c) with 
P — ae = — An, 


-where ¢ > a > 2|b| and c and a are not both even; if any of the equality 
signs hold, we take only the positive values of b. ‘These forms can be 

rranged in three groups according to the residues of a, b, c (mod 2). 

© In group I, a, b, c are all odd, whence a = ¢ (mod 4). In group U, ais 
odd, bis even, cis even; and in group III, a is even, bis even, cis odd. Now 
the number of solutions of (2) in which |] < am is obviously equal to the 
nuiber of forms in the first group, since when z = 0, the solution is reckoned 
as 3, that is the forms (2m + 1, i, 2m + 1), are reckoned only when tis 
positive. [For the solutions with |/| > m we consider instead of the 
quadratic (3), the form derived from it, by.changing x into x =F y according 
ast - <0, namely, 


[2m + 1,¢ Qm+ 1), (4m + 2+ 42 F2)] = (A, B,C) say. (4 


Hence .1 > 2|B] and either the form (4, B, C) or (C, — B, A) is reduced, 

that the number of solutions now is equal to the number of forms in the 

w Oups (2) and (3). We note that when li| = 2m + 1, the convention 

aan ning zero solutions means that the form (2m + 1, 0, 4z) is only reck- 

roned once. This proves that when 2+ y is odd, the number of solutions 
x (1) is F(4n) and this is also equal to 2F(7). ‘ 

D When r + y is even, we putz = m + 1, y = m, — t, so that (1) becomes 





wea! 


n = n? — P+ 2mz, (5) 
where f 
O< |t] Sm, and m, z= 0, 1,2,3, 
with the convention when either z = 0 or |t| = m. 


‘The solutions of this equation can be found in exactly the same way as 
in (2); but [ have already done this in my paper “On Class Relation For- 
mule’ * and the conventions there adopted concerning the number of solu- 
tions are exactly the same as the present ones. Two cases are considered. 
When m is odd, the number of solutionst is F(a); when m is even, the 
number of solutionst is 3G(n) £ 3F(n). Hence the total number of solu- 
tions of 7) is 3G(n) — 2F (n), and adding these to 2F (x), the number of 
solutions of (4); we have the final result, that-the number of solutions in 
positive integers of equation (1) is 83G(n) provided we reckon only half the 
solutions when one of the unknowns is zero.$ 

* Messenger of Mathematics, Vol. 46, 1916. 7 

t Page 133 of the above. A 

t Page 184 of the above. 


§ A very simple proof has since been given by Whitehead in the Pr denote of the Lon- 
don Mathematical Society, records of proceedings at mectings, ete., issued May 30, 1922. 








400-00: Morve.yi: Equation yz + ze + xy = n. a 
We have also shown * that 


(1) -+ y is odd for 2F(n) of these solutions, 
(2) xz + y = 2 (mod 4) for F(n) of these solutions, E 
(3) x + y = 0 (mod 4) for 3G (2) — 3F (n) of these solutions.t 


We may note also that when n is not a perfect square f ə 


x+ y = 1 (mod 4) for F(n) of these solutions, 
x- y = 3 (mod 4) for F(n) of these solutions. 


an 
For if m is even in equation (2) the binary quadratics (3) represent odd 
numbers of the form 44 -+ 1, and hence are half of the total number of odd 
forms of determinant — 4n, as follows from the elementary properties of 
the generic character of binary quadratic forms. _ 


‘UNIVERSITY OF MANCHESTER, 
MANCHESTER, ENGLAND. ° 





* These include Liouville’s results. ' 
t Also given by Lerch in the Rozpravy ceske Akad. Prague, 7, 1898, No. 4 [Bohemian]. 


A CLOSED SET OF NORMAL ORTHOGONAL FUNCTIONS.* 
e By J. L. WALSE. 


Introduction. 

% A set of normal orthogonal functions {x} for the interval 0 S 2 SS 1 has 
been constructed by Haar,t each function takin g merely one constant value 
in each of a finite number of sub-intervals into which the entire interval 
(0, 1) is divided. Ilaar’s set is, however, merely one of an infinity of sets 
which can be constructed of functions of this same character. It is the 
object of the present paper to study a certain new closed set of functions 
{o} normal and orthogonal on the interval (0, 1); each function ¢ has this 
same property of being constant over each of a finite number of sub-intervals 
iwto which the interval (0, 1) is divided. In fact each function ø takes 
only the values + 1 and — 1, except at a finite number of points of dis- 
continuity, where it takes the value zero. 

The chief interest of the set ¢ lies in its similarity to the usual (e.g., sine, 
cosine, Sturm-Liouville, Legendre) sets of orthogonal functions, while the 
Cnicf interest of the set x lies in its dissimilarity to these ordinary sets. The 
set o shares with the familiar sets the following properties, none of which 
is possessed by the set x: the nth function has n — 1 zeroes (or better, 
sign-changes) interior to the interval considered, each function is either 
odd or even with respect to the mid-point of ihe interval, no function 
vanjsbes identically on any sub-interval of the original interval, and the 
entire set is uniformiy bounded. 

Each function x can be expressed as a ineas combination of a finite 
number of functions g, so the paper illustrates the changes in properties 
which may arise from a simple orthogonal transformation of a set of 
functions. " 

_ In § 1 we define the set x and give some of its principal properties. 
In § 4% we define the set o and compare it with the set x. In §3 and § 4 
we develop some of the properties of the set g, and prove in particular that 
every continuous function of bounded variation can be expanded in terms 
of the y’s and that every continuous function can be so developed in the 
sense not of convergence of the series but of summability by the first Cesaro 
mean. In §5 it is proved that there exists a continous function which 

* Presented to the American Mathematical Society, Feb. 25, 1922 

} Mathemcetische Annalen, Vol. 69 (1910), pp. 331-371; especially pp. 3861-371 

: 5 
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cannot be expanded in a convergent series of the functions ọ. In §6° 
there is studied the nature of the approach of the approximating functions 
to the sum function at a point of discontinuity, and in § 7 there is con- 
sidered the uniqueness of the development of'a function. 


§1. Haars Set x. 5 Ye e 
Consider the following set of functions: AR ps 
me ae 
f(a=1, 0OS2=1, 
l0Osxe<} (lé<e51 l 
Dli = 3 2 2 2y = p] 3 
e) lone ea vo 10, OS2 <3, ee 
i 1,— ae i=1,2,3 si 
O(a) ad ot E i ET E 
tk @) = i 1 4 ety 
0,0 <3? or gS t= 1, k=l; 2, 3; , 95 
D. 


these functions may be defined at a point of discontinuity to have the. 
average of the limits approached on the two sides of the discontinuity. 

If we have at our disposal all the functions fy”, it is’ clear that we- cai 
approximate to any continuous function in the interval 0 S = 1 as closely. l 
„as desired and hence thgt we can expand any continuous function in a 
uniformly convergent series of functions f. For a continuous function 

. F(z) is uniformly continuous in the interval (0, 1), and thus uniformly i in 
that entire interval can be approximated as closely as desired by a linear 
combination of the functions fy where k is chosen sufficiently large but 
fixed. The approximation can be made better and better and thus S 
lead to a uniformly convergent seriés of fictions fP. ` : 

Haar’s set x may be found by normalizing and orthogonalizing the set 
fe, those functions to be ordered with increasing k, and for each k k with 
increasing. The set x consists of the following functions:* 


w= ošesn asf Par P 
Sm x$(2) = V2, xP = 0, - Je2r<h, 
=— V2, = 0, Legh, 
= 0, = V2, 4<r<4 
70, ‘= — V2, $<21, = 
*L. c., p. 361 














J. L. Wars: Normal Orthogonal Functions. 7 
=— to ee _2k>1 

-y we yon 2 ; k=1,2,3, 0, 2 

Xa N2 , oi aes "on 1, 2, 3, 

—— Q%&—-1.-% Uk ug 
= a v2 1 Sa SE gi”: nog 1, 2, 3, s , 
i k=l k 
` = 0, . 0O<a< = o pas t<l 


The. same Gareto as to the value of x$ at a point of discontinuity is 
Rede as for the f®; and .x®(0) and PÜ a are defined as the limits.of xn” 
as z approaches 0 and 1. 
For any particular value of N, all the functions J®, n < N, can be 
expressed linearly in terms of the functions x®, n < N; and conversely. . 
Let F(x) be any function integrable and with an integrable square in 
the interval (0, 1); its formal development in terms of the functions x is 


OW xola) i Poti + xila) f F@)xaly)dy + - 


-(1) 
- Ke : + x” (2) T Fy) xy) dy + es 
_ This series (1) is'formed with coefficients determined formally as for the 
Fourier expansions, and it is well known that S,,(x),-the sum of the first m 
terms of this series, is that linear combination F,,(x) of the first m of the 
functions x which renders a minimum the integra? 


S @@ — Fn) da: 


That is, Sm(x) is in the sense of least squares the best approximation. to 
F(x which can be formed from a linear combination of the first m functions 
x; it is likewise true that S,,(z) is the best approximation to F(z) which 
can be formed from~a linear combination of those functions i that are 
dependent on the first m functions x. 

Let F(z) be continuous in the closed interval (0, 1). If eis any positive 
number, there exists a correspontling number n such that 


| F(a’) — F(2”)|<e whenevèr ja’ — |< 5 . 


We interpret S;.(z) as a linear combination of the functions ff”. The 
multiplier of the function f® which appears in Sa(x) is chosen so as to 
furnish the best approximation in the interval ( aoe ’ x) to the function 
F(z), so it is evident that S;.(z) approximates to F(x) uniformly in the 
entire interval (0, 1) with an approximation better than e. The function 


8. i e Wiw Noma Orthogonal kuikana. 


Sanl) cannot differ from F(x) by more than e at any point of the interval 
(0, 1), and so for all the functions Saute). Thus we have 

TeoreM I. If F(x) is continuous in the interval (0, -1), sertes (1) con- 
verges uniformly to the value F(x) if the terms are noe so that each group 
contains all the 2" terms of a set x”, k ='1, 2, 3, +++, 274 

Haar proves that the series actually converges ee to F(x) witho&t 
the grouping of terms,* and establishes many other results for expansions 
in terms of the set x; to some of these results we shall return later. + 


§2. The Set o. 


The set p; which it is the main purpose of this paper to TS consists 
of the following functions: 


gl) = osz, awe nose S 
-oP a) = l, 0sr<hi< eed; 
me aK, i i 
(2) == Di ’ 
dea picechicesl l 
oo (20), j=ees 
(2k—1) = : 
pri (2) fa 1H eee eee 


(3) 


Pai) (= 1koP(2e ~ 1), 4 <2 = 1, 
k= 1, 2, 8, +++, 27, n= Il, 2,3, - 


(3k) (y ) =l os (22), 0 < g< $, 


In general, the function ¢, n > 0, is to be used, with the horizontal scale 
reduced one half and the vertical scale unchanged, to form the functions 
otl, and gy: in each-of-the halves (0, $), (4, 1) of the original interval; 
the function ¢{?;(z) is to be even and the. function en odd with respect 
to the point. z=}. Similarly the function gf” is to be used to form the 
functions y^” and of, the former of which is even and the latter odd 
with respect to the point x = 3. All the functions ¢ are to’ be taken 


positive in the interval (0.5). The bastion gs is to be defined at 


points of discontinuity as were the functions f and x, and at x = 0 to have 
the value 1, and at x = 1 to have the value (— 1)**.7- The function 


* L, o., p. 368. 
+ If it is desired to develop periodic functions by means of the set p [or the similar sets 
f and x] simultaneously in all the intervals ---, (— 2, — 1), (— 1, 0), (0, 1), (1, 2), ---, 
it will be wise to change these definitions at x = 0 and z = 1 so that always the value of 
(x) is the arithmetic mean of the limits approached at these points to the peat and to 


the left. 
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gP is odd or even with respect to the point x = $ according as k is even - 
or odd. f 

The functions po, ¢1, oP, gy have 0, 1, 2, 3 zeroes (i.e., sign-changes) 
respectively interior to the interval (0,1). The function gf; (a) has twice 
as many zeroes as the function ¢®; and ¢@*,(x) has one more zero, namely 
a? x = 4%, than has g% (æ). Thus the function g® has 27?+hk-1 
zeroes; this formula holds for n = 2 and follows for the general case by 


induction. Hence each function ¢® has one more zero than the preceding; 
tite zeroes of these functions increase in number precisely as do the zeroes 
of the classical sets of functions—sine, cosine, Sturm-Liouville, Legendre, 
etc. We shall at times find it convenient to use the notation po, ¢1, ¢2, °° 
` for the functions ¢%; the subscript denotes the number of zeroes. 

The orthogonality of the system ¢ is easily established. Any two 
functions ¢@ are orthogonal if n < 3, as may be found by actually testing 
the various pairs of functions. Let us assume this fact to hold for n = 1, 2, 
3, +++, N — 1; we shall prove that it holds form = N. By the method of 


censtruction of the functions g, each of the integrals 
| S ROLO f ROR meN, 
1/2 
is the same except possibly for sign as an integral 
e 
S ooa * 


after the change of variable y = 2z or y = 2a — 1. Each of these two 
integrals [in fact, they are the same integral] whose variable is y has the 


value zero, so we have the orthogonality of g(x) and gY(z): 


i 
f (a) 0 (a)dx = 0. 
0 ; 


This proof breaks down if the two functions ¢¥_:(y), g@_i(y) are the same, 
but in that case either ¢¥(a) and ¢?(a) are the same and we do not wish 
to prove their orthogonality, dr one of the functions ¢¥(zx), oH) is odd 
and the other even, so the two are orthogonal. 


Each of the functions ¢?(z) is normal, for we have 
| p(x) [= 1 


except at a finite number of points. 
Each of the functions xo, x1, x5”, x2”, +--+, Xer1 can be expressed linearly 


in terms of the functions po, ¢1, oY, of, ---, pt}. Thus forn = 1 we have 


Xo = 4, “K=O, XP =} NVP + OP), =N oP + oP. 


10 ` J. L. Wass: Normal Orthogonal Functions. 


It is s true generally that wae for a constant normalizing factor a the 
function x% k = 2771, is the same linear combination of the functions 
Helt + o@h] as is xP of the functions ¢, and the function x), 
k.> 27, is the same linear combination of the functions 4( — 1)** IP peer? 

— g% Jas is x” of the functions of. 

It is similarly true that all the functions po 91, =°, of, can bedt- 
pressed linearly in terms of the functions Xo Xy "> x. Thus we have 
for n = 2, 


¢ oe a 
p= a= Pi P= E + WP. 
The general fact appears by induction from the very definition of the ' 


` functions ¢. 


The set x is known to be closed;* it follows from the expression of tig ; 


x in terms of the ¢ that the set ¢ is also closed. 
The definition of the functions ¢ enables us to give a formula for 
gtz). Let us set, in bisai notation, 


-3+3 243 at a= 0 or 1. 


If æ is a binary irrational or if in the binary expansion of x there exists 
ai +0,i> n, the following formulas hold-for ge: l ' 


po = 1, . gı = (= 1%, 
oP = (— ess, P= i 1, 
g? = (= Dert, OP = (— 1)ertertas, 
P= (pm P= (1, 
oP = (= 1t, , oP = (— L)arterta, 3 
(3) — (. ])ertertosta, (4) a (— ])artasta, ° ( ) 
Pa ( 1) ’ Pa ( ) , 
“gf = (— ler, Oe) Sal latru, 


oP = (= Yes, pP = Coal? Vis 


. A e 
The general law appears from these'relations; always we have 
= (— Lett, ° A 
oe = Phak i 
A general expression for g(a) when z is a binary rational can readily 


be computed from formulas (3), for we have expressions for the values of 
¢g® for neighboring farger and smaller values of the. argument than z. . 


* That is, there exists no non-null Lebesgue-integrable function’ on the interval (0, 1) 
which is orthogonal to all functions of the set; l. c., p. 362. 
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§3. Expansions in Terms of the Set {¢}. 


The following theorem results from Theorem I by virtue of the remark 
that all the functions ¢ can be expressed in terms of the functions x}? 
and conversely, and from the least squares interpretation of a partial sum 
of a series of orthogonal functions: 

, Tarore II. If F(a) is continuous in the interval (0, 1), Monna 


FE) ~ gole) eo f A EENE of F(yeuy)dy 
| | mo 
oe) f Fey) o(y)dy + - 


converges uniformly to the value F(x) af the terms are a faa so-that each group 
contains all the 2" terms of a set Oo, k = 1, 2, 3, ee, ar 
Series (5) after the grouping of terms is aay the s same as series (1) 
after the grouping of terms. 
l ; Theorem II can be extended to include even discontinuous functions 
Ff); we suppose F(x) to be integrable i in the sense of-Lebesgue. Let us 
introduce the notation l 


Fa+0)=limF@+, F@-0)=limF@— 9, e> 0, l 
and suppose that dite limits exist for a parti@ular point x= a. We 
introduce the functions ` 


a _ Ge) a<a, _ {F(@+0), tsa, 
FO= pao, axe, Mo-i aoe, © 


The least squares interpretation of the partial sums S,n (x) of the series (1) 
or (5) as expressed in terms of the f}? gives the result that if hy < F(x) < he 
jn any -interval, then also hı < S,,(t) < ħa in any completely interior 
interval if n is sufficiently large. ` It follows that F(z) is closely approxi- 
mated at x = a by its partial sum S,,, if n is sufficiently large, and that this 
approximation is uniform -in any’ interval about the point v = a in which 
F(x) is continuous. A similar result holds for F(z). ` 

The function F,(z) + F,(z) differs from the original function F(x) ‘ 
merely by the function . . 

; F(ia+0), z<a, 


a= G —0), «>a. . 


The representation of such.functions by sequences of the kind we are con- 
sidering will be studied in more detail later (§ 6), but it is fairly obvious 
that such a function is represented uniformly except in the neighborhood 
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of the point a. If F(x) is continuous at and in the neighborhood of a, or 
if a is dyadically rational, the approximation to oe) is uniform at the 
point a as well. Thus we have 

THeorEM III. If P(x) ts any integrable function a af lim F(x) extsts 


for a point a, then when the terms of the series (5) are pipe a as arteli gn 
Theorem ITI, the series so obtained converges for x = a to the value lim F(z). 


If F(x) is continuous at and in the neighborhood of a, then this convergence as 
_ uniform in a neighborhood of a. 

If F(x) is any integrable function and if the limits F(a — 0) and F(a + 0) 
exist for a dyadically rational point x = a, then the series with the terms 
grouped converges for x= a to the value 3[F(a+ 0) + F(a — 0)]; this 
convergence is uniform in the neighborhood of the point x = a if F(x) is con- 
tinuous on two intervals extending from a, one in each dérection. 

` It is now time to study the convergence of series (5) when the “terms are 
not grouped as in Theorems IJ and IJI. We shall establish ; 

Tarorem IV. Let the function F(x) be of limited variation in the interval | 
O21. Then the seriés (5) converges tothe value F(x) at every point 
at which F(a + 0) = F(a — 0) and at every point at which x = a is dyadically 
rational, This convergence is uniform in the neighborhood of x = a in each 
of these cases if F(x) is continuous in two intervals evendsny from a, one Me 
each direction. 

Since F(x) is of imite variation, F(a + 0) and F(a — 0) exist at every 
point a. Theorem IV tacitly assumes F(x) to be defined at every point of 
discontinuity a so that F(a) = 4[F(@+0)+ Fa—0)]. . 

Any such function F(x) can be considered as the difference of two 
monotonically increasing functions, so the theorem will be proved if it is 
proved merely for a monotonically increasing function. We shall assume 
that F(x) is such a function, and positive. We are to evaluate the limit of 


[7 FORDE, dy, 
K®(x, y) = plp) + aD) + +++ + PEL). 


We have already evaluated this limit for the egunes k = 27, so it remains 
merely to prove that 


lim F (E, y)dy = 0, l (7) 
Q(x, y) = P HEAP + +++ + PEP), 


whatever may be the value of k. 
We shall consider the function F(x) merely at a point z = a of con- 
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tinuity; that is, we study essentially the new functions F, and F, defined by 
equations (6). In the sequel we suppose a to be dyadically irrational; 
the necessary modifications for a rational can be made by the reader. 

The following formulas are easily found by the definition of the Q%; 
both z and y are supposed dyadically irrational: 


Wa, y) = 
ETE Oife< 4, y>4orife>4$,y<3ł} 

7 oN [a2itechy<borifa> by >h | 
Qa) = 


ee ere ee ee 
(x, y) = 4 2QM (2a, W) if E< $y <4, 
ORAGE, By Ee inek : 
ite<by>dorite>hy<h 
Q(x, y) = 12 2Q (2x, 2y) ife < 4, y <}, 

2Q Cr oy ye St ,y>t, J 
+tlife<4#y> ies hace. 


Qh+1) on 2k) 2k42 ; 
Qe y) peas + Qn eS SaaS ae 





* The integral i in (7) for æ = a is to be divided, into hice parts. Con- 





sider an ee bounded by two points of the n v= S» =? F B 
where p and » are integers and such that 
p pt1, 
ong P <4a4< 5; > 

Then we have - 
1 PW ydy = f” FOP Day 

+1)/2” (8) 

+O Fa, addy + rc Fi Qa, y)dy. 
pla” 
These integrals on the right need separate consideration. _ - 
Let us set 
5= y ia +2, ys = Oorl. 


2” 
The first integral in ihe right-hand member of (8) can be written 


i+ ferns. ; fe Fuga, y)dy. (9) 


{21 12”) — (Hy /2”) 
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Each of these integrals is readily treated. Thus, on the interval 0Osy < St p 


a y) takes only the values = 1 or 0, is 0 if k is even “and has the value 
gy) if k is odd. It is of course true that 


lim af DWP o . (id) 


no matter what may be ie function B(y) rere in the sense of Lebesgue 
and with an integrable square.* Hence we have 


ty [EI 
lim’ Fi) Qa, y)dy = 0. 
new 0 


On the interval 5 7 ‘sys tye, » the function Qn’(a, y) takes only the 


values 0, + 1, = 2, and except for-one of these numbers as constant ean 
has the value gy). It is thus true that 


1/2)+0a123) 


lim Fy) Q2(a, yjdy = 0. 


MSO op /21 


` From the corresponding result for each of the integrals in (9) and a 
similar treatment of the last integral in the right-hand member of (8}, 
we have f s 


tim f” Fig) Qa, addy = 0, | 
redo (11) 
lim Fiy) (a, y)dy = 0. 


n= J (p+-1)/9” s 


We shall dian an upper limit for the second integral in 8 by the 
second law of the mean. We notice that 


“i ie (a, ni| z 


whatever may be the value of ¢. In fact, this relation is immediate if n 
* This well-known fact follows from the convergence of the series 
l = (a), 
proved from the inequality : 
JEY — dope — args — PAP — -+- — WAP yrde =, 
where a® = Yaf : oy) oP (y)dy. l 
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- is small ‘nd it follows for the larger values of n by virtue of the method of 


construction of the Q@®. Moreover, if n = v. and if £= > » this integral 


has the value zero. We therefore have from the second law of the mean, 


> 
n=», 


+1) 19” 
F Xa, y)dy = F 2A Ma, y)d 
mi Y)Q(a, y)dy (2 i: (a, y)dy 


: a e O Nae . 
l = [ro — r(8)] ; E a, ydy. 


By a proper choice of the point Swe can make the factor of this last in- 





tegral as small as desired; the entire expression will be as small as desired for 
ae ae large n. The relations (11) are independent of the choice of 
> » so (7) is comely proved for the function F;. A similar proof applies 
to Fe, so (7) can be considered as completely proved for the original function 
F(a). 

The uniform convergence of (5) as stated in Theorem IV follows from 
tke uniform continuity of F(z) and will be readily established by the reader. 

e. 


§ 4, . Further Expansion Properties of the Set ¢.- ; 


The least square interpretation already given for the partial sums and 
the expression of the ¢’s in terms of the f’s show that if the terms of (5) 
are grouped as in Theorems II and III, the question of convergence or 
- divergence of the series at a point depends merely on that point and the 
nature of the function F(x) in the neighborhood of that point. This same 
fact for series (5) when the terms are not grouped follows from- (8) and (10) 


if F(z) is integrable and with an integrable square. We shall further - l 


extend this result and prove: ` , 
THeoreM V. If F(x) is any integrable function, then the convergence or 
divergence of the series (5) at a point depends merely on that point and on the 


behavior of the function in the neighborhood-of that point. If in particular F(x) ° 


is of limited variation in the neighborhood of a point x = a, and if a is dyadically 
rational or if F(a — 0) = F(a + 0), then series (5) converges for x = a to the 
value 4| F(a — 0) + F(a + 0)]. If F(x) is not only of limited variation but 
is also continuous in two neighborhoods one on each sidé of a, and if a tis 
dyadically rational or if F(a — 0) = Fat 0), the: convergence of (5) is uni- 
pema in the i of the point a. 
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Theorem V follows immediately from the reasoning already given and 
from (10) proved without restriction on ©; we state the theorem for any 
bounded normal orthogonal set of functions Ya: Ns 

TueoreM VI. If {Wn(x)} is a uniformly bounded set of normal-orthogonal 
functions on the interval (0, 1), and if B(x) is any integrable function, then ` 

e 


-lim f OTEO AR M 12) 
naw Jp D ; j . 


Denote by E the point set which contains all points of the interval for ` 
which |®(x)|> N; we choose N so large that 


jeo ze 


where e is arbitrary. Denote by E, the point set complementary do E; then 
we have E 


1 
sahad = [sehadet [ Savalede, 
f 2)Wale = [reat + f Pernt 


It follows from the proof of (10) already indicated that the second integral , 
on the right approaches zero as n becomes infinite. The first integral is in^ 
absolute value less than Me whatever may be the value of n, where M is the; 
uniform bound of the Yẹ- It therefore follows that these two integrals cn. 
be made as small as desired, first by choosing e sufficiently small and then , 
by choosing n sufficiently large.* > i 
It is interesting to note that Theorem VI breaks down if we omit the ` 
hypothesis that the set Yn is uniformly bounded. In fact Theorem VI does 


not hold for Haar’s set x. . Thus consider the function 2. 


Sle) = (@@ — 9), - 2 E 
We have i 


Sros Dade = VIA SUOT e — ads 


1/2 


_ e Vari ae Cz bade = Cael 4 a} 


1/2+1/2* 


Whenever y = 4, it is clear that (12) cannot hold, and if » > 3, fens} isaf 
sub-sequence of the sequence in (12) which actually becomes infinite; , - { 


_ * Theorem VI is proved by essentially this method for the set ¥a(z) = 8 ain nrz by N 
Lebesgue, Annales scientifiques de l'école normale supérieure, ser. 3, Vol. XX, 1903. See 
~ also Hobson, Functions of a Real Variable (1907), p. 675, and Lebesque, Annales de la 
Faculté des Science de Toulouse, ser 3, Vol. I (1909), pp. 25-117, especially p. 52. 
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We turn now from the study of the convergence of such a series ex- 
pansion as (5) to the study of the summability of'such expansions, and are 
to prove . 

Turorem VII. If F(x) is continuous in the closed interval (0, 1), the 
series (5) is summable uniformly in the entire interval to the sum F(z). 

elf F(a) is integrable in the interval (0, 1), and if F(a — 0) and F(a + 0) 
exist, and if either F(a — 0) = F(a + 0) or a is dyadically rational, then the 
series (5) is summable for x = a to the value [F(a — 0) + Fia + 0)]. Uf 
F(X) is continuous in the neighborhood of the point x = a, or if a is dyadically 

` rational and F(x) continuous in the neighborhood of a eacept for a finite jump 
at a, the summability is uniform throughout a neighborhood of that point. 

In this theorem and below, the term summability indicates summability 
by the first Cesàro mean. 

We shall find it convenient to have for reference the following 

Lemmå. Suppose that the series 


(bi H ba H ++ + bn) H (bna + barte H ee + ba oo 














13 
+ (bni + bne + me + bna) + ae ( ) 
converges to the sum B and that the sequence 
le 2b1 + b: .3bı + 2b: + bz 
bo Se 
. 2 8 
`~ (m= Dbi + (m — 2)baæt ++ + bai 
ny 1 í 
(m — Dbi t ee + baea 
n f ; 
(my — 1)bi + (nı — 2b: + -+ bni + brpa ; 
e ae i i , (14) 
| mF. 
(m — Dby +: . + bni T Abst + barte 
n t2. 
nı — 1)by ++ baa + (n — n — 1)ba wa 
Fe n 2a war +t E bai 
m — 1 i 
converges to zero. Then the series 


Btbthte (15) 
is summable to the sum B. . i , 

This lemma involves merely a transformation of the formulas involving 
the limit notions. Insert zeroes in series (13) so that the parentheses are 


respectively the n-th, m-th, neth terms of the new series; this new series 
2 


18 =- J. L. Warsn: Normal Orthogonal Functions. ° 


converges to the sum B and hence is summable to the sum B. The term 
by-term difference of the new series-and (15) is the series ees 


bit be eee + nan (bı + bat + er F bata + baris 
ae » + bany- — (bni i barte + -+ brg1) +. 


yaki is to be shown to be summable to the sum zero. The sequéhec 
corresponding to the summation of (16) is precisely (14). 

A sufficient condition for the convergence to zero of (14) is that we have 
independently of m, 


ts 


Me. 


m E Mey — tm, (17 





‘im Moar + (m — Donee toes + ie. = 
=x 4 m 
: ; t. 
for from a geometric point of view each term of the sequence (14) is the 
center of gravity of a number of terms such as occur in (17), each term 
weighted according to the number of b; that appear in it. ‘An (e, 5)-prool 
can be supplied with no difficulty. . 

For the case of Theorem VII let us assume. F(z) integrable and thai 
~ F(a — 0) and F(a + 0) exist. The series (15) is to be identified with the 
series (5), and (13) with (5) after the terms are grouped as in Theorem HI 
The sum that appears in (17) i is, then, for £ = a, 


= a [mel (a) ey) tem DH ee 
O PGP ms z=, 


We shall prove that (18) formed for the furiction Fily) defined in (6) anc 
for a dyadically irrational has the limit zero as n becomes infinite. 
Let us notice that ton é 


al * [meP ey) Fm — O pi 
+ PaPa) [dy = 1. 


This follows directly from, (3) and.(4). «The value of the ‘ated in (19 
is unchanged if we replace a by any chon irrational b. Choose 0 < l 
< 2~, so that all the functions go, ¢1, Pa, +++, Gw-1 are positive for z=b 
Then the integrand in (19) can be ha mealy to mely), so (19). is 
proved. ` 

' Let us consider the integral as) | formed for the function Fily) to be 
: divided as in Aa where as before 


| (19, 


io 


pti 
aes r , 
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and let us denote by (20), (21), (22), (23) respectively the entire integral 


and its three parts. Then (22) can be made as small as desired simply by 


proper choice of the point Ê P’ for in the interval (5 p t 1 


|F 0) — F,(a)| uniformly small, we have established (19), and we have also 
e 





) we can make 


nf aa [mei(a) Cy) + (m — B 
i , . ce ae mu) Fady = 


if merely n>», 
The integral (21) is the average of m integrals of the type that appear 
in (8): 


~ 


je FOE, vey, A E eee 
0 . + 


Thus the entire integral (21) approaches zero as n becomes infinite. Treat- 
ment in a similar way of the integral (23) proves that (20) approaches zero. 
It is likewise true that (18) formed for the function F2(y) also approaches 
zero as n becomes infinite. This completes the proof of the second sentence 
in Theorem VII for a dyadic irrational; we omit the proof for a dyadic 
rational. The uniformity of the continuity of F(x) gives us readily the 
remaining parts of Theorem VII. l 


at 
§5. Not Every Continuous Function Can Be Expanded in Terms of the ¢. 


The summability of the expansions of continuous functions in terms of 
the functions ¢ is another point of resemblance of those functions to the 
Fourier sine and cosine functions. Still another point of resemblance 
whichewe shall now establish is that there exists a continuous function whose 


expansion in terms of the ¢’s does not converge at every point of the interval.- 


Our proof rests on a beautiful theorém due to Haar,* by virtue of which 
the existence of such a continuous function will be shown if we prove 
merely that 


f? ikea nla (24) 


is not bounded uniformly for all n and k. The point ais a point of divergence 
of the,expansion of the continuous function and for our particular case may 
.be chosen any point of the interval (0, 1). We shall study (24) in detail 
` merely for a dyadically irrational; the integral (24) is independent of the 
point a chosen if ais dyadically irrational. . 


* L. c., p. 335. This condition holds for any set of normal orthogonal ET and is 
necessary as well as sufficient, if a slight restriction is added. 


Q 
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The integral (24) is bounded uniformly for all the values n if k = 277, 
so it will be sufficient to consider the integral 


p= f * |@(a, y) |dy. 


The following table shows the value of c” for small values of n and *for 
each value of k: 


n= 2 1 1 


n=3 1 ol 14 © I 
n=4 1 1 4o 1 g “i S T E 
n=5 lL, 1, 1}, 1, 14, 13, 14, 1, 14, 14, 24, 1}, 25, 14, 1$, 1, 


We have the general formulas 


A) = Pa cat) =], 
& = oor 
att) = 1 + c0] +3 i, 


so the c are not uniformly bounded. 
TueoreM VIII. If a point a is arbitrarily chosen, there will exist a 
continuous function whose y-development does not converge at a. 


e 
$6. The Approximation to a Function at a Discontinuity. 


We have considered in § 3 and § 4 with a fair degree of completeness the 
nature of the approach to F(x) of the formal development of an arbitrary 
function F(z) in the neighborhood of a point of continuity of F(x). We 
shall now consider the approach to F(x) of this formal development in the 
neighborhood of a point of discontinuity of F(z). We study this problem ` 
merely for a function which js constant except for a single discontinuity, 
a finite jump, but this leads directly to similar results for any function F(x) 
at an isolated discontinuity which is a finite jump, if F(x) is of such a nature 
that the expansion of F(x) would conveyge uniformly in the neighborhood 
of the point of discontinuity were that discontinuity removed by the addi- 
tion of a function constant except for a finite jump. 

Let us consider the function 

l OS2<a, 
fe) = 19 0, a<azi. 


If ais dyadically ; rational, f(x) can be expressed as a finite sum of functions 


g,* and thus is “represented uniformly, if we make the definition f(a) 


* A discontinuity at z = 0 or x = 1 is slightly different [compare the first footnote of 
§ 2]. Under the present definition of the ¢’s it acts like an artificial discontinuity in the 
interior of the interval and has no effect on the sequence representing the function. 


CONGRUENCES DETERMINED BY A GIVEN SURFACE.. 
e i - By CLARIBEL KENDALL. 


$1. Introduction. 


It has been shown by Professor Wilczynski* that a non-developable 
analytic surface S may be regarded as an integrating surface of a non- 
involutory, completely integrable system of partial differential equations 
of the form l 
(1) Yuu + 2bys + fy =z 0, 

' You t+ 2a'Yu + gy = 0, 


where the subscripts denote partial differentiation, and where the coeffi- 
cients, which are seminvariants, are analytic functions of u and v satisfying 
the integrability conditions ` 


i din + gu + 2ba, + 4a’b, = 0, 
(2) bow + fo + 2a'bu + Abay, = 0, 
` Guu — foo — 4fat, — 2a'fu + 4gb, + 2bg, = 0. 


Then the curves u = const., v = const. form an asymptotic net on the 
surface S. We shall assume that in general a’ *0, b = 0, thus excluding 
ruled surfaces from our discussion.f 

Under the above conditions (1) has exactly four mney independent 
solutions 
8 y= fF(u, 0) | &=1,2,3,9) 


+. 
which are interpreted as the homogeneous coördinates of a point y on the 
surface S. The semicovariants of (1) aref 


(4) Y, Yus Yv, Yuv n 


Substituting the values (3) for yin (4) we obtain four points y, Yu, Yrs Yur 
which are not coplanar since no relations of the form 


ay + By + yy + by? = 0 (k = 1, 2, 3, 4) 


can exist among them. For, otherwise (1) could have at most three linearly 


*«“Projective Differential Geometry of Curved Surfaces,” first memoir, Transactions of 
the American Mathematical Society, Vol. 8 (1907), pp. 246-7. 

t Loc: cit., p. 260. 

ł “Projective Differential Geometry of Curved Surfaces,” sond memoir, Transactions 
of the American Mathematical Society, Vol. 9 (1908), p. 79. ‘We shall hereafter refer to this 
paper as Second memoir. 
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independent solutions. Hence these points may be used as the vertices 
of a local tetrahedron of reference for the purpose of studying S in the 
neighborhood of the point y. An expression of the form 


T = ayy F Yu F ayo + asyur, 


where di, Qz, a3, a are analytic functions of u and v, assumes four values 
7%, 7, T®, +® corresponding to the four values of y. Hence r determines 
a point whose local coérdinates may be defined by writing 


tı = a, T2 = da, Vs = g, T4 = ay. 
Consider the case when two such points 


ayy + aru + Ast + aayues 
by + bon + bs + baYur 


are given for every point y of the surface S. If we associate the line J, 
determined by 7; and 72, with each point of S, these lines form a congruence. 
Wilczynski and Green have considered such congruences in cases where _ 
the lines / pass through the point y or lie in the corresponding tangent plane. ' 
In this paper we shall consider the more general problems connected with 
the congruences determined by the lines | when / has an arbitrary position 
relative to S. General formulas will be obtained for the torsal curves and 
the guide curves (to be defined later), and for the focal points on 1, These 
general formulas will.tlfen be applied to certain special congrifences in 
connection with which various configurations of the lines themselves will 
be studied. i 


ll 


T1 


(5) 


T2 


§ 2. - Determination of the Developables of a Congruence. 


For each point y of the surface S the points (5) determine a line } whose 
homogeneous line coördinates are 


Wik = aby ote a,b; (4, k = l, 2, 3, 4). 


We wish to find the curves on S along which y must move in order that 
the corresponding line J of the congruente may describe a developable. 
These curves will be called the torsal curves of the surface S with respect 
to the congruence. Let u and v increase by amounts du and de, where du 
and. dv are infinitesimals, in such a way that the point y will change to 
y + dy, a new point on one of the torsal curves. Then the points rı and re 
will move to r; + dr; and ra + dre respectively. The line joining rı + dr: 
to Te + drs is a generator of the developable consecutive to ri7. and must 
intersect 7:72. Therefore 71, tz, dTi, dra must be coplanar. Now 


dri = (71) udu + (Ti) edo, dro = (To)udu + (r2),dv. 
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Hence, using (5) and 1, 


dr, = (Aidu + Aido)y + (Aadu + Ajdo)yu 
(6) + (dadu + Asdi)jys + (Aadu + Aid) yuo, 
dt, = - (Bydu + Bidv)y + (Badu + Bido)yu l 
_ + (Bsdu + Bodo)y, + (Badu + Bidv)yus, 


where 
Ay = (a1)u — faz + (2bg — fo)ax, Al = (@)s — gas + (20'f — gu)au, 
Ag = (d2)u + ai + 4a’bau, Ag = (a2), — 2a’as — (g + 2an)as, 
d = (d3)y — 2ba, — (f + 2b,)as, A3 = (da)o + a + 4a'bas, 

(7) Ag baa (a4) u + a, f A; T (aa) + a2, 
By = (b:)u — foe + (2bg — fr)bs, Bi = (bijo — gba + (2a'f — gu)bas 
By = (be)u + bı + 4a'bb,, B; = (bz), — 2a’by — (g + 2a4)ba, 
Ba = (b3)u — 2bbs — (f + 2by)bs, B3 = (bs) + bı + 4a'bba; 
B; = (ba)u + bs, By = (bs) + bz. 


A necessary and sufficient condition that the points T1, 72, dr, dr lie in a 
plane is that the determinant of the codrdinates of the four points be zero. 
Expanding the determinant we obtain . 


(8) Ldu? + 2Mdudy + Nd? = 0, 
where 


L = wy2(AsBq) + wgldaB:) + wul ABs) 
+ 93(A1 By) + wa2(A1Bs) + wes(A1B2), 
2M = = wl 4;B4) + (A3B,) | ae w1s[_(A4B2) + (A,Be) | 
+ wul (A2Bs) + (42Bs)] + wal (4B) + (A1B4) ] 
ye + wel (4iBs) + (A;Bs) | + wal (ABs) + (A;B2) ], 
== = wi2(AsBi) + wgl ABa) ag wu(A2B3) 
i ` + weg (Ai Bi) F w(di B; 3) + was( ASB!) . 


Here (ABO), etc., are the determinantal . expressions | A;B, — A4B3, ete. 
We may then conclude 

The torsal curves of the surface «ith. respect to the congruence are determined . 
by (8), a quadratic differential equation which determines. a net of curves on 
the surface S. l 


§3. The Focal Points of the Lines J. 


Each line Z of the congruence belongs to two developables of ‘the con- 
gruence, and the two points in which / touches the cuspidal edges of these 
developables (viz., the focal points of the line /) will now be.found. Any 
point on the line l is given by an expression of the form i 


(9) . e = Ati + UTs, 
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where 7; and 72 are given by (5) and A and u are arbitrary functions of u 
and x. If ¢ is to be a focal point of l, then the tangent plane to- the surface 
formed by all the points ¢, as u and v vary, must contain the line 1. Hence 
Ti Tù Gu, Gy Must be coplanar. Noting that 


Gu = dati F pute tt Mra F wld 
Py = ATI + HoT? + A (Ti) + LlTo)vs e 


- jt follows that since 7; and rz are coplanar with pu — AuTi — pute and 

— MT — HoT? they are also coplanar with A(71)u + u(T2)u and A(ri)e 
+ ulte). So that a necessary and sufficient condition that these points 
lie in the same plane is that the determinant of the coérdinates of the 
points Ti, 72, (T1)ut+ u(r2)u, A(T1)» + u(T2)» be zero. Expanding this 
determinant and using (7) we obtain l ` 


(10) LN + 2M yp + N'e = 0, 


‘ where 


L! = @32(A3A4) + wul dida) + wrs(A2A3) 
F wal A144) + wa (Aida) + wuld da), 
2M’ = wol (AsBy) + (B:4)] + ors(44B9) + (B443) ] : 
+ wul (A2Bs) F (B2A3) | + weal (A1B4) + (B1A4) | ` 
+ wal (ABs) + (B143) ] + wsl (41B) + (Bi As) } 
sees) + ws(BaB3) + w (B2B3) .. 
+ on(Bı By) + w4e(By B; 3) + «34(B,B2). i 


Here we have determinantal quantities similar to those in (8). The two 
values of A/u obtained from ee substituted in (9), give the focal points 
of the line J, viz., 


ig 


a) - gi = MTI Mite, Pz = MT, F Met. 
Their product cetermines a covariant 

(12) N'ti — 2M! tyr. + L'r 

We may then conclude 


The focal points of the lines I. of the congruence are given by the factors of 
the covariant expression (12). 


' $4, The Guide Curves of the Congruence. 

With each point y of the surface S is associated a unique plane through 
it, viz, the plane containing the line / determined by rı and r. This 
plane intersects the tangent plane at y in a well-determined line unless Z lies 
in the tangent plane or passes‘through y. We shall now find the family. 
of curves on S which will have these lines as tangents. These curves will - 
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be called the guide curves of the surface with respect to the given congruence 
since the line Z acts as a guide in determining the position of the plane. 
The equation of this plane is í 


(13) wgat F wst F Wgt = 0. 
IP intersects the tangent plane v4 = 0 in the line 


3409 + watz = 0, vi = 0. 


If u = u(t), v = v(t) is the equation of the desired curve through y, the 
condition that this line be tangent to the curve gives 


(14) ‘wag + wade = 0 


as the differential equation of the required curves on S. 

Miss Sperry* has developed the differential equation for the union 
curves on the surface S, which are curves such that the osculating plane 
of a point y on the curve will contain the generator of a congruence when 
this generator passes through the point y and does not lie in the tangent 
plane to S aty. We now desire to find the condition under which the guide 
curves are also union curves. 

As before let the equation of a curve on S be given by u = u(t), v = a(t). 
Fhe osculating plane of this curve at one of its ee y is 


(J 
2 2 3 3 
(15) 2wa x — 2u wo'z — (uv — wo” + 2bu" — 2a’d”)ay = 0, 


where accents indicate differentiation as to t. If (13) and (15) are to 
represent the same plane, 
(16)" Quo? — W wo — wu — 2bu!? + 2'0” 

Ws 49 Weg 





w = 0, v = 0 is a solution of these equations but in ‘this case the co- 
ordinates of the point y’ would be (0, 0, 0, 0) which is not admissible. 
Assuming wu’ > 0 and introducing u as the parameter instead of t we obtain 


dy _ wy do \? ay dv 
(17) Tu — ites , 2Qaog (z) = W34 É 2 — 2b + 2a (2) |: 
Substituting the value of do/du from the first equation of (17), which is the 
game as (14), into the second we find l 


(18) 2eoratvaswas — wyw (42) a F wa (cas) u : 

+ w9a(@a2) = 42W34(W34)p + boa + 2a’ wu = =0 
* “Properties of a Certain Projectively Defined Two-parameter Family of Curves on 

a General Surface,” American Journal of Mathematics, Vol. XL (1918), pp. 213-224. 
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as the relation that must be satisfied by the line codrdinates of l in order 
that the guide curves may be union curves. 

Condition (18) is satisfied by ws = w, = 0. Two cases may arise 
depending on whether w = 0 or w < 0. If wos = 0, we see from (16) 
that the solution is u’ = 0, v’ = 0, which has been excluded. Geometrically 
this occurs when the line / passes through the point y.` As stated abote 
this case has been considered by Miss Sperry from another point of view. 
If wes = 0, the solution of (16) is w = 0 if v Æ 0 and is v = 0 if w Æ 0. 
This is the case when the line / lies in the tangent plane to S at y and does 
not pass through y.- 

We may then conclude 

The one-parameter family of guide curves of the surface with respect to the 
given congruence has (14) for its differential equation. In case (18) is satisfied 
the guide curves are also union curves. When l passes through the point y 
on the surface S or lies in the tangent plane to S at y, the guide curves are in- 


determinate. 
§5. The Osc-scroll-fiec Congruences. 


-We shall now apply these results to some special congruences closely 
associated with a given surface. We begin by recalling what Wilczynski 
calls the osculating ruled surfaces of the first and second kinds, respectively. 
One of these, Rx, is the locus of the tangents to the asymptotic curves 
v = const. along a fixed gurve u = const., and Rz is the locus of the tangents 
to the asymptotic curves u = const. along a fixed curve v = const. The 
differential equations of Rı and Rz referred to our local tetrahedron ef 
reference are given in Wilczynski’s second memoir, pp. 81-82. 

We shall have occasion to use the invariants of weights four, nine, md 
ten for Rı and Ry. Expressed in terms of the coefficients of (1), fer Ri 
they are* 

6, = Fal? — 2a'al,, — 4af — 40”b,), 





(19) = 4(C? + 8a’CCw — 8a’C.C.), 
Py 19 = rig bs — Ch, 
wheret l . 
xj toe 
(20) C = Baly — sa- 32a""b. 


In obtaining 619 and 4 use has been made of the relation 
(21) 20,04 — a’ (8a) = 160°C.. 
The corresponding invariants 61, 9, Oio for Re are obtained from (19) by 


* Second memoir, pp. 81, 84. 6, and 61. were obtained by C. D. Meacham, a student 
at the University of Chicago. s 
ł Loe. cit., p. 84. 
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the transpositions , uv l 
(22) i (ab), (fg), (wo), (0404), (CC), 


where C” is obtained from C by the same transpositions. 

The vanishing of 64 is the condition that R, have coincident branches 
to®its flecnode. curve, and 6, = 0 is the corresponding condition for Re: | 
Consider for the present the case where 6, + 0. Then R, may be referred 
to its flecnode curve. Let us denote the: flecnodes on the generator yyu 
of R, by 7 and ¢ and let the lines nr and ¢s* be the flecnode tangents of Rı 
at 7 and ¢ respectively. .To every point y of S there belongs such a line yr 
and hence we obtain a congruence associated with S. Similarly {s generates 
a second congruence. Relative to the osculating ruled surface Ra two other 
congruences are determined in this way provided that the branches of the 
flecnode curve of Rs do not coincide, i.e., provided 6, < 0. We shall call 
these four congruences the osc-scroll-flec congruences, and we shall designate 
the congruences determined by yr and ¢s by T; and I’; respectively and the 
corresponding congruences associated with Re by Ts and Ty. Referred to 
our local tetrahedron of reference, n, r, {, s are given byt 


— 32a! VO, = (Say — VOY — 164’yu, 

— 32a’ V0,r = 64a” by + 2(8a), — VOs)¥e — 32a’ yus, 
32a’ VO, t = (8a, + Voy — 16a’yu,0 
32a’V0, 8 = 64a”by + 2(8a, + VO.)y» — 320"yur. 


(93) 


Hence, for the congruence T;, the two points Tı and 72 of our general theory 
are given by ; i i 
e Tı = (8a, — Vody — 16a’y,, 


24 E y 
A = 64a”by + 2(8a, — VO) yo — 320'yus. 


The corresponding formulas for the congruence Ti differ from (24) merely 
in the sign of the radical. 

Substituting (24) in (8) of § 2 end aking use of (2), (19), (20), (21) we 
find that the torsal curves for T; are given by 


[(64)2 — 1600,0 Jdu? — 4(0:)u(80'Cu + C-V0,)dudo 


25 ES 
ea + 4(8a'Cu + CV0,)%de? = 0. 


By changing the sign of the radical in (25) we obtain the torsal curves for 


* Wilczynski, ‘‘ Projective Differential Geometry of Curves amd Ruled Surfaces,” 
Teubner, Leipzig, 1906, p. 124. We shall hereafter refer to this work as “ Proj. Diff. Geom.” 
The quantities r and s are there referred to as p and vs. 

t Second memoir, p. 84. 
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[ (6s)? — 1606.6; ldu? — 4(8.),.(8a’C, — CVO.) dudo 


26 
G ) + 4(8a'C, = 0V0 d? = 0, 


The torsal curves for T, and Ty may be obtained from (25) and (26) by 
means of the transpositions (22). 

. When 6; = 0, R; has but one braneh to its fleenode curve. In that case : 
the single flecnode tangent may be determined by* 


2a'f = any — 2a'yu, 

2a's = Baby + 2alys — 4a"yuv, 
where ¢ is the flecngde. I’; and I; coincide and the torsal curves for this 
congruence are found to be ; 


2o. 4a” bidu? — Cd = 0, 
a conjugate net on S. 


The focal points of the osc-scroll-flec congruences are found by. factoring 
the covariant expression (12) of §3. For Tı when 64 = 0, this covariant is 


(28) - (64b? — Ga)ri — 128bbrira + 64b?7, 


aside from a factor 8a'C, + C Va which is, in genes different from: zeg 
Its vanishing makes bı = 0. But 6; Æ 0, 5 = 0 is the condition that A; ” 
have a straight line directrix.| An examination of the equations of the | 
ruled surface R; when referred to its flecnode curves{ shows that the flecnode 
curve ©, is also an asymptotic curve on Rı and consequently is a ‘straight 
line,§ the straight line directrix of Rı. Equation (25) shows’ that in this | 
case the torsal net reduces to du? = 0. As y moves along u = congt., Ry 
remains the same, the flecnode curve is a straight line and ‘is, in fa¢t, the 
line nr; hence we see that the developable generated by ar reduces to a 
straight line and consequently the congruence I’, degenerates into a ruled 
` surface. : 
For the congruence T; we obtain He same expression (28) for he focal 
points, but with the factor 8a’C; — C V6, omitted instead of 8a’C,, + CvV6;. 
Its vanishing would cause ĝi to vanish and Ti would degenefate into a ` 
ruled surface. If both of the factors of #19 vanish, R, will have two straight. 
line directrices and: hence will belong to a linear congruence, and T: and T; 7 
will degenerate into ruled surfaces. 

* Second memoir; p. 86. 

{ “Proj. Diff. Geom.,” p. 167. 


. t Second memoir, pp. 83-84. 
'§ “Proj. DiffyGeom.,” p. 150. 
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= [f(a — 0) + f(a + 0)]; this follows from the evident possibility of 
expanding f(x) in terms of the functions fo fo FY, > 

If the point a is dyadically irrational, f(x) cannot be expanded i in terms of 
the ©. The formal development of f(x) converges in fact for every value . 
of x other than a and diverges for z = a.* The convergence for x # a 
follpws, indeed, from Theorem IV. We proceed to demonstrate the 
divergence. 

Use the dyadic notation 


a=S+S +S z+. an= Oor 1. 
The partial sum 


SPE) = vole) | Sed + exe) f Sereda 


: 1 
+o + ote) S JOPO 


is in the sense of least squares the best approximation to f(x) that can be 
formed from the functions po, ¢1, =+, ¢@. It is therefore true that when 


; = 27-1, on every subinterval (ż z 2 ar ` Jon on which f(z) is constant, Sæ) 


is àlso constant and equal to f(e). On that subinvenval (z ‘ net) 
wbich contains the point a, S® has the value 





On On, a K 
ara — m = Bt p Tat Be, (25) 
whiche lies between zero and unity. Thus SP(x) [n > 1] is a function 
with two points of discontinuity and which takes on three distinct values 
at its totality of points of continuity. 

The infinite series corresponding to the sequence (25) is 


a isy, e 
(pratat t (B+ He 8) 
+(§ +3 aie) (26) 
(8 +3 ao a a) ae 


Not all the numbers a, after a certain point can be zero aad not all of them 


* This was pointed out for the set x by Faber, Jahresbericht der deulschen Mathematiker- 
Vereinigung, Vol. 19 (1910), pp. 104-112. 


REG 
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can be unity, so the general term of the series (26) cannot approach zero 
and the sequence (25) cannot converge. 

It is likewise true that the sequence (25) is not always summable and 
if summable may not be summable to the value $. Thus if we choose 


Part at Oe Ae oe Oh aAa 
=ghytot yt gto t at : 


the sequence (25) is summable to ‘the sum 3. Likewise the sequence - 
S(x) for z = a and where we consider all values of n and k, is summable to 
the value 2. : 

The general behavior of S®(x) for f(x) where we do not make the 
restriction k = 2"! is quite easily found from the behavior for k = 271 
and the relation 


1 i 1 : 
P Pwdy = of Pady, 
PO [fread = PO f oO . 


which holds for all values of 7, k, and n. 

In fact there occurs a phenomenon quite analogous to Gibbs’s phe- 
nomenon for Fornier’s series. For the set o, the approximating functions 
are uniformly bounded.. The peaks of the approximating function S® dis- 
appear -entirely for k = 2°~ but reappear (usually altered in height) for 
for larger values of n. 

It is clear that thedacts concerning the approximating curves s for f(c) 
hold without essential modification for a function of limited variation at 
a simple finite discontinuity, and that the facts for the summation of the 
approximating, sequence hold without-essential modification for a function 
continuous except at a simple finite discontinuity. 


“$7, The Uniqueness of Expansions. 
We now study the possibility of a series of the form 
apolt) + aple) + +++ + Qayn(z) + «+> (27) 


which converges on 0 <= æ = 1 to the sum zero, with the possible exception 
of a certain number of points x. Faber has pointed out* that there exists 

` a series of the functions x{"(«) which converges to zero except at one single 
point, and the convergence is uniform except in the neighborhood of that 
point. 

We state for reference the easily ‘proved 

Lemma. If the series (27) converges for even one ipada irrational 
value of x, then lim an = 0. 


n=O 


*L.c., p. 111. 
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This lemma results immediately from the fact that ¢(z2) = +1 if z 
is dyadically irrational.* 

We shall now use this lemma to establish 

Tarorem ÍX. If the series (27) converges to th sum zero uniformly 
except in the neighborhood of a single value of x, then a, = O for every n. 

“We phrase the argument to apply when this exceptional value 2, is 
‘dyadically irrational. If 2; > 3, we have for 0 =z £ $, 


apola) + mgle) + +++ + angal) + * 
. (@) + aply) + (a2 + as) ei(y) + li + as)ea(y) + - 


for every value of y = 22. Then we have from the witormity of the 
convergence, 


a+ a, = 0, AE E PETE E (28) 
If x, <3, we have for 3 <2 £ 1, a 

aopo(2) + arpr(z) +++ + anpala) toe = 
or for0 Sy 5 1, y = 42 — 3, 
(ap — a1 + a — as) poly) + (a4 = as + as — ax) er(y) 

F (Gin — Ginga F- inte — inta) Pa lY) Fes 

From the uniformity of the.convergence we have _ 
t% — 41 + Gz — ag = O, 
u — ds + Og — a = 0, 


. 
-i 


or from (28), ; 


S m= — a= —h= h, 
U = — a = — h = a, 

If zı > $, we have for § Sz £ 3, . 
apolt) + geile) +--+ = 


or for 0 =£ y £ 1, y = 8z — 5, 
(ao — Gy — Gy + as — 4 -+ as + ag — aeol) : 

+ (dg as — to + au — Gia + an + a — Gy) oily) +s = 
Then each of these coefficients must vanish, and hence 


ao = — a1 = — KH eK HSK — aS OE ay. 


* This lemma is closely connected with a general theorem due to Osgood, Transactions 
of the American Mathematical Society, Vol. 10 (1909),.pp. 337-346. 
See aleo Plancherel, Mathematische Annalen, Vol. 68 (1909-1910), pp. 270-278. 
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Continuation in this way together with the Lemma shows that every 
a, must vanish. This reasoning is typical and does not essentially depend 
on our numerical assumptions about xı Then Theorem IX is proved. 
The reasoning is precisely similar if instead of the hypothesis of Theorem 
IX we admit the possibility of a finite number of points in the neighborhood 
of each of which the convergence is not assumed uniform: ° 
THEOREM X. Ifthe series 


apolt) = aigi(x) + +++ + Gngn(%) n° ++: 


converges to the sum zero uniformly, 0 Sa = 1, except in the neighborhood of 
a finite number of points, then 0 = a) = Gg = +++ = Op = °°, 


HARVARD UNIVERSITY, 
May, 1922. 
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When 6, = 0, the congruences Ti, T{ coincide. The focal points are 
given by (28) aside from a factor C which is, in general, non-vanishing. If 
C = 0, the congruence degenerates into a ruled surface. 

The focal points for the congruences Ts and T4, whether distinct or 
coincident, are obtained from (28) by means of the transpositions (22). 

erom the theorem of §4 we find that the guide curves are given by 

v = const. for I; and Tj, and by u = const. for Ts and 13, as is obvious 

geometrically. The quantity ws, = 0 while wa Æ 0, for T; and Tj, and 

wag = 0, o4 0 for Ta and T4, hence the condition that the guide curves 
be union curves is not satisfied and the union curves do not exist. 

In order to interpret geometrically special cases arising out of the 
discussion of the equations which have just been found, it will be convenient 
to give some geometric properties which follow when certain of the i in- 
variants are zero. 

As previously mentioned, 04 = 0 is the condition that R, may have 
coincident- branches to its fleenode curve. It is also the condition that the 
focal sheets of the osc-scroll-flec congruences associated with Rs coincide, 
as may be seen from the equation obtained from (28) by (22). In this 
case the cuspidal edges on this focal sheet are asymptotic curves on that 
surface. We also noted that 6, = 0, 619 = 0 is the condition for R, to have 
a straight line directrix. Corresponding conditions hold when 6, = 0 and 
wën 04 Ò, Oio = 0. The conditions C = 0 and. C’ = 0 correspond to 

. the cases when the asymptotic curves v = const. and & = const., respectively; 

belong ‘to linear complexes.* If C= G’ = 0, 6,% 0, 61% 0, Ri and Ry 
belong to linear congruences with distinct directrices. If C = 6, = 0, 
C’ = 64, = 0, these linear congruences have coincident directrices.t 

By an examination of the discriminant of (25) for 6, # 0, and of (27). - 
for 6,°= 0, we find that the torsal curves for I’, represent a one-parameter 
family of curves instead of a proper net in a number of special cases, which 
may be interpreted geometrically in the light of the foregoing properties. 
Among these special cases we find several where the asymptotic curves on 
S are torsal curves. When u = const. is a torsal curve, I’; degenerates into ` 
a ruled surface. When v = const. is a torsal curve, the focal sheets of T: 

_coincide. An examination of (25) shows that the asymptotic curves of S 
cannot both be torsal curves under the same conditions. Furthermore, 
the torsal curves form conjugate nets under special, conditions which may 
be interpreted geometrically. Corresponding conditions hold for the torsal 
curves of Ti and we can readily find the conditions under which these 


* C. T. Sullivan, “Properties of Surfaces whose Asymptotic Curves belong to Linear 
Complexes,” Transactions of the American Mathematica Society, Vol. 15 (1914), p. 178. 

4 Second memoir, p. 88. 
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curves coincide with the torsal curves of I}. Similar conditions hold 
relative to the torsal curves of the I, and T3 congruences. 

` We shall now return to some general considerations regarding the 
osc-scroll-fiec congruences. The tangents to the two torsal curves of T 
at a point y of the surface are the lines joining y to the two points 


+ (doldu)yye, Yu + (do/du)eys, e 


where (dv/du); and (dv/du)z are the two roots of equation (25) regarded as a 
quadratic in do/du. Let t and t, be these two tangents. The directions ` 
conjugate to 4; and t are obtained by joining the point y to the points 


al (do/du) yo, Yu T (dv/du) oye, 


respectively. Using the term employed by Green* we shall call these two 
new tangents the reflected tangents of ¢, and łą The totality of these 
_ teflected tangents determines a new net on S which may, with Green, be 
called the reflected T'\-curves. They are determined by the differential 
equation 


(29) [(0,)2 — 16070464 ld? + 4(84),,(8a’Cy + CVO,)dude 
+ 4(8a'Cu + CV6,)%de = 0, 


an equation differing from (25) in the sign of the middle term only, since 
its roots are those of (25) with the signs changed. The torsal curves of Qj, 
the reflected IT')-curves® and the asymptotic curves at any point y of the 
surface S thus constitute three pairs in an involution. The Jacobian of 
the torsal curves of I’; and the reflected T';-curves gives the double elements 
of the involution, which constitute, of course, a pair of conjugate tangents, 
namely 

(30) ` [(64)2 — 1606.64 du? — 4(8a'Cu + CVI = 0. 3 


We may then say 

The torsal curves of each osc-scroll-flec congruence, the corresponding 
reflected curves, and the asymptotic curves at any point y of the surface S con 
stitute three pairs in an involution. The double elements of the involutions so 
determined give four unique projectively defined conjugate nets on S, one relative 
to each of the osc-scroll-flec congruences. Their differential equations are 
given by (30) and the equations obtained from (30) by changing the sign of ` 
the radical and by the transpositions (22) applied to these two equationa.’ 

The focal points of the line nr for the I';-congruence were found to be 
given by ne expressions 


En = Ati + wire, Er = AeT1 + ura 


* Memoir on the general theory of surfaces and rectilinear congruences. Transactions 
of the American Mathematical Society, Vol. 20 (1919), p. 93. s 
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where A;/u1 and A2/p2 are the roots of the quadratic equation 
GADA? + 128bb,Ap + (64b? — 62)? = 0, 


provided 1 0. A point which proves to be of considerable interest is 
obtained by finding the harmonic conjugate of 7, i.e., Tis with respect to g1 
ane s. It is given by 

a =:1/21/m + M/T + 72. 


From the above quadratic equation in A/u and from (24) this is found to 
be the point 


gy 2 = (C Sub +6400? + be Viy + 16a’bvyu 
+ 2b(8a, — VO.)y, — 32a'by x. 


The corresponding point on {s of the congruence T; is given by 


(32) 8 =X Babe + 640"? — be Vady + 160'boyu 
+ 2b(8au + VOY — 32a’ bye. 


Relative to T; and T4 we obtain the two points a’ ane 8’, found from (31) 
‘and (32) by the transpositions (22). 
The equation of the osculating quadric Q of the surface S at the point 
y is* 
(33) zita — totg + Qa’bx? = 0. 


It can readily be shown that the lines aß and ap’ lie on this quadric and that 
they intersect one another at the point where the directrix of the second kind d't 
intersects the osculating quadric. af intersects the side yy. of the local, 
tetrahedron of reference and a’f’ intersects the side yy». 

For each point y on S a line af is determined even when 6,= 0. If 
6, = 0, œ and 6 coincide but the line af is then the line joining a = £ to 
the point where d’ intersects the osculating quadric. Similarly for œp’. 
Consequently we have two new congruences associated with S. The torsal 
curves for these congruencés are given by 


HC? du? — Bb0 + 328 bdudo + (67 — 2°b*0,)de? = 0, 


(34) (02 — Wag du? — a'h (C+ 32a”b)dudv + Ba’ Odi = 0, 


respectively. If 0, = 0, the torsal curves given in the first equation of (34) 
. determine a conjugate net which coincides with the torsal net for the 
coincident Ts and T3 congruences. In this case the focal sheets of T and 
T; coincide and aß becomes the line joining the coincident focal points on 
nr and fs. The line a’8’ is now the line j joining a’ = 8’ to he point where d’ 


* Second memoir, p. 82. 
t Loe. cit., p. 97. 
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intersects the osculating quadric. Similar conditions hold if 6, = 0. If 
these conditions occur simultaneously, i.e., if 6, = 0, = 0, the torsal curves 

of the two congruences reduce to du? = 0 and to dv? = 0, respectively. 
The focal points on af and a’f’ are given by the factors of the covariant 
expressions 
(35) 2YAC'B? — Ba! b*aB — (0g + 16°09), og 
Ma? CR? — Ba bba h' — (b03 + 160° C0a”, 


respectively. For 0; = 0, the focal points on a8 separate œ and 6 har- 
monically. Similarly in the case 6, = 0, a’ and p’ are separated harmonically 
by the focal points of the line a’8’. When 6, = 64 = 0, the focal points of © 
af are coincident with £ and the focal points of a’6’ are coincident with 6’, 
i.e., the focal sheets of both of these congruences coincide. 

The guide curves for af and a’f’ are found to be u = const. nada v 
= const., respectively, as is obvious geometrically. s 
§6. The Congruences Determined by the Pairs of Complexes 

i Ci, C’ and Ca; Cu. 


Associated with a point y of the surface S there are four complexes,— 
the two complexes C; and Cg which osculate the ruled surfaces Ri and Rz 
respectively and the two complexes C’ and C” which osculate the asymptotic , 
curves of the first and second kinds respectively. Four of the pairs of com- 
plexes obtained from th®se are in involution, i.e., their bilinear invariants are 
zero.* Professor Wilczynski has consideredt more in detail the congruences 
obtained from the directrices of the congruence common to the osculating 


‘complexes C’ and C”. These. he called the directrix congruences of the 


first and second kinds. We shall proceed to consider the other three pairs - 
which are in involution. They are the pairs Ci, C’; Ca, C”; and Ci, Co. 
The first two pairs may be considered together since they are symmetrically 
situated with respect to the surface S. 

The equations of the complexes Cı and Cs rererted to our local P 
hedron of reference are given byt 


(36) Cy : arw + agw + aruwa + awg + 34034 + aawa = O, 
where 


ay, = 0, ay = 28a"C, au = ay = Xa (a Ou + 0), 
ası = — abC, — an = — [O(0, + 64087) + 27a'aC.], 
* Second memoi® p. 95. 


t Loc. cit., pp. 114-120. 
t Los. cit., pp. 85, 86, 89. 
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with the invariant 

(37) A = Glg, + ada + Quang = a!" 19; 

and . 

(88) Ca: Browse + bwg + buw + baw + bews + bews = 0, 

where 
bis = 258°C", bi = 0, bis = — bag = 27b(bC’, + bC”), 
bsa = O" (04 + 6452) + Xbb, ba = PBO’, 

with the invariant 


(39) B = bizbz4 + Bisbas + Drabes So 2°676 10. 


In writing down the above coefficients and invariants use has been made 
of (19) and (21). The equations of the complexes C’ and C” are* 


Wy 9 a Beshie au s 
with the invariant A’ = — b, 
(41) 0: — aywa + awya + d'on = 0, 


with the invariant A” = a’. It is to be noted that (38), (39) and (41) 
follow from (36), (37) and (40) respectively by applying the transpositions 
(32). and by interchanging the subscripts 2 and 3. e 

Consider the congruence determined by the linear complexes C; and C’. 
It will have two directrices, dı and di, say. For every surface point we 
have two lines so determined. Hence dı and dj will determine congruences 
associated with the surface S. We shall speak of these as the d,-congruence 
and the dj-congruence. The equations of these directrices referred to the 
local tetrahedron of reference are found to bet 


aits + (au + 16a’ V8;0)24 = Q, 


(42) bastı + b(a — 16a’ V810) — (basa + 16a'by V0) 24 = 0, 
for d; and E i 

; — 16a’ V610)14 = 0, 
(43) Qygt%3 -+ (aia a 10) 4 


bays + blass + 16a’ V810)x2 — (base — 16a’b, VO.0)es = 0, 
for dj. In finding (42) and (48) it is useful to note that 


; arsar — aña = Baho. 
TERERAA e 
* Second memoir, pp. 92, 94. 
+ In obtaining these equations use has been made of equations (67)—(69) on pp. 94-95 
of Second memoir where (69) should read A” ar — (A’, A” )w + A’ = 0. 
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Since equations (43) differ from (42) only in the sign of the radical, we shall 
discuss the d)-congruence in detail and obtain results for the other by 
changing the sign of Vôo. 

As the two points (5) determining dı we may take the points of inter- 
section of dı with the planes a, = 0 and z3 = 0. d, intersects the edge yyu 
of the local tetrahedron of reference, as must obviously be the case siMce 
yyu is a line of both C, and C”. After substituting from (36) we have 


Tı = (Sa'Cu + SaO — VOu)y — 16a’ Cyn, 
(44) 72 = (32ab?C ~ b, VO0)y 
+ (8a'bC, + SbalC + bVO10)yo — 16a'bCy uv. 


Let 7; and a, be the points in which d; intersects the osculating quadric Q 
whose equation is given in (33). 71 is given in (44) and 


o1 = [8(a'byCu. + asbeC — 8a’b?C) + bo VOi0 ly — 160'b,Cyu 
— 2b(8a’C,, + 8al + VOi0) Yo + 32a’bCyu. 


` Let rí and of be the points in which d; intersects Q. The codrdinatés of 
71 and oj are obtained from those of 1; and o; respectively by changing the 
sign of V 61. It can readily be shown that the lines oy0/, t101, and ra, lie on 
ihe quadric. Moreover, the line 010; coincides with the line aß of §5. It can 
easily be verified that rı and r; are the complex points* on yy. and hence 
are harmonically separated by 4 and ¢, the flecnodes on yy,. Then since nr, 
ts, 710 and ro} are all generators of the same kind on the osculating quadric, 
cı and o, are harmonically separated by œ and 8. In § 5 we-saw that af, i.e., 
104, passes through the point where the directrix d’ of the second kind intersects 
the osculating quadric. Similar conditions hold relative to the lines de- 
termined in the same way from the complexes Ca, C”. - 

The torsal curves for the dj-congruence are found, except for a non- 
vanishing factor C/a’@.610, to be 


(45) 


(46) Lidu? + 2M dude + Nide? = 0, 
where bare 
Lı = PCL C(64P + 32a'°(8s)uCu)? + 16a°C019(16a’"6404 — (04)2) 


— 284'°0'6610 Vio], 
2M, = 4a'bO [4a 0'0? — DOOP + 320"(64) Cu) ], 
Ny = a0 [400,03 — 62094 — 160°C0.810V O10], 


il 


in which A 
P = C0 — 2a? Cuu — 2a/aie.. 


* “Proj. Dif. Geom.,” p. 208. 
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The torsal curves for the dj-congruence are obtained from (46) by changing 
the sign of byo. 
Since Mı does not contain Vin we have by subtracting this equation 
from (46) and dividing by a non-vanishing factor 


(47) ; 16a’C’dw? + bid = 0, 


a conjugate net on S. It ts the only conjugate net of the involution determined 
by the torsal curves of the dı- and do-congruences. There is a corresponding 
conjugate net relative to Cs and C”. At any point on S the four tangents 
determined by these two nets are harmonically related if 28’bCC’+6,6,=0. 
The focal points on d; are given by the factors of the covariant expression 
(48) 173 <= 2M init: + Niri, 
where 
t Li = BCD, 2M; = 28C(b,D + E), 
Ni = Xb, CE + COD + 8a! T V610) 
+ 2% CD — 25a'bC’O,(810 + Sa’C,¥ bro), 
in which 
T = Babbo + 2CuP + 0,0, D = 2%a"bC y+ bP — 4a’ TVo 
E = a'bC6s(84)u — 2a? C0,010 + a’C'6 10 Yro. 
The focal points on di are obtained from (48) by changing the sign of Voro. 
” The guide curves for the dı- and dj-congruencegare given by v = const. 
and these curves are not union curves. 
‘The torsal curves, the focal points, and the guide curves relative to the 
complexes Cz and C” may be obtained at once by means of the transpositions 
(22) together with the transposition (10, 910), (80, 69). 


§ 7. The Congruences Determined by`the Pair of Complexes Cı and Ca. 
The equations of the linear complexes C, and Cz, whose bilinear in- 
variant (A, B) is zero, are given in (36) and (88). The following relations 

(49) l aiba = bi2đz4, aol bibas — Dis) = B°O1o(Gisdea — aia), 
between 019 and 64, and the coefficients of (36) and (38) are useful in ob- 
taining further results. As in the case of § 6 the equations of the two 

directrices of the congruence determined by Cı and C; are given by 
— ea'bia VOsox2 + bars VOia%s + (bare VOo — ea’bsgVO10) 25 = 0, 

(50) ea’bie VOi0t1 + (bare VOo + €a’bysVO10)2'3 

+ (bas Vbo — EQ bos VO10) 24 = 0, 


where e = + 1. Let 6; be the directrix determined by using e = + 1 in 


ve : 
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(50) and ô, the directrix corresponding to e = — 1. It can be shown 
readily that the points of intersection of 6, and 5: with the coördinate planes 
zr = 0, ta = 0, z4 = 0 are harmonic conjugates with respe to the osculating 


quadric Q. 

For the points rı and r: determining 6; we may take the points of 
intersection of ô with the planes v = 0 and z; = 0. The expressions for 
these points are l z 


71 = (baz Valo = a'ba, VOx0)y 

— (bau Võro = abia VO 10) yu — aby VO oY ue 
To = — (baza VOo — a'bza VO10)y. 

+ (bars V 640 = abia V0.0) Ye =- basa VOY uv. 


(51) 


An examination of the elements entering into the equation of the torsal 
curves of.the congruence determined by 6, shows that we obtain the same 
equation over again if we apply the transformation (22)'to it. In this 
sense we may speak of the torsal curves of the 6;-congruence ås symmetric. 
Similar conditions hold for the Sy congegno These nets may be repre- 
sented by 


(æi Võro È a Toae + 2(81VOi0 + Pe VOio)dude 
+ (Y1 Vbo + Ya VOi0)de® = 0, 
(— a Vbo + æ Wio)du® + 2(— B1 Ybr + B2VO{o)dudo 
+ (— 11610 + ya VO) de® = 0, 


where Yı, Y2, 82 are obtained from ag, a1, 8; respectively by (22). 

If 610 = 0, 619 Æ 0, the invariant of the complex C, is zero and hence C; 
is a special linear complex unless 61) = 0 by virtue of C being zero in which 
case the complex C% is indeterminate. Excluding that case we see that 
the congruence determined by Cı and Cs has two coincident straight line ‘ 
directrices.* This directrix is given by the two points whose codrdinates are 


(53) (Gea, — G14, 0,0), (asa, O, — Gis, Gis). 


It is easy to verify that this line lies on the osculating quadric since 61) = 0. 
In the case we are considering we have but one congruence associated with 
the surface S instead of two. Its torsal curves may be obtained from (8) 
without a great deal of algebraic work. It is obvious geometrically that 
its guide curves are v = const. since the directrix intersects the line yyy. 

If 610 = 0, C ¥0, w #0, we obtain a congruence puzati by the 
line determined by the points whose coördinates are 


(54) : (bas, 0, — bis 0), (bas, — bya, 0, Biz). 
* Second memoir, p. 163. 


(52) 
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This line lies on the osculating quadric since 81o = 0 and it intersects the 
line yy». Consequently the guide curves of the congruence determined by 
it are u = const. 

If O19 = 0, O19 = 0, C = 0, C = 0, the two complexes C; and C are both 
special and the congruence determined by them degenerates into two 
sytems of œ? lines, viz., all the lines in the plane of the two axes of the 
special complexes and all the lines through their point of intersection.* 
This point of intersection is the point in which the lines. (53) and (54) meet 
since in this case (53) and (54) are the two axes which are generators of 
different kinds on the osculating quadric. 

Returning to the general case we find that the guide curves of the Sie 
congruence are given by 


(55) ` ban VOjqdu kg a’by VO iodo = 0, 
and of the'ôz-congruence by 
. (56). l bars Vbiodu + a’bi2VOredv = 0. 


Hence the guide curves of the surface S with respect to these two congruences 
together constitute a projectively defined conjugate net on S, namely, the net 


(57) a? oldu? — BC" hode = 0. 


ote Loe. cit., p. 163. ê 


LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH A 
CONTINUOUS INFINITUDE OF VARIABLES.* k 
By I. A. BARNETT. 
The purpose of this paper is to extend the theory of the linear partial 
differential equations 


(1) ap (T; tM, 3 Un) + Difilrs Ux, ; Mn) S, =0, 
(2) D filu ae tn) SE (241, see Un) = 0, ` . 
$t Uli 


to equations which involve a continuous infinitude of variables. Since 
.both of these equations involve the known functions fı, ---, fn linearly, 
this suggests immediately the use of the Stieltjes integral for expressing the 
equations in the transcendental case. The equations to be studied are 
of the form ; 


a’) Engu] + S AE r ele n J= 0 
and 


1 
(2") f JEE, wast, u] = 0, 


where £ is a real variable, u is a continuous function of the variable $’, f a 
given functional operation, F the functional sought, and » and b stand for 
certain associated functionals of F. All of these symbols will be defined 
more precisely in § 1. 

Equations similar to (1’) and (2’) but involving derivatives of functions 
of lines have already been studied by Velterra who considers the equation 


(3) an mJ “dy. T: flé 7, JETE, 7, ude = 0, 


where F’ denotes the Volterra derivative of the functional F with respect 
to u.f 


* Presented to the Society in two papers, (1) at Chicago, December, 1918, and (2) at 
New York, April, 1920. 

t Volterra, "' Equazioni integro-differentiali ed equazioni alle derivate funzionali,” Atti 
della Reale Accademia dei Lincei (1914), Vol. XXITI, serie 6, Ist semester, p. 551, 
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In §1 some preliminary matters concerning differential equations in- 
volving functionals, implicit functional equations, and Fréchet differentials 
will be stated which will be found useful in the sequel. In § 2 solutions of 
(1’) will be shown to exist. This will come out as an application proved in 
a previous -paper.* In § 3 there will be considered the question of finding 
al@the solutions of a particular type. This will necessitate the use of an 
implicit functional equation studied by Lamson. Finally, in the last 
section analogous questions will be considered for the homogeneous equa- 
tion (2’). 

$1. Some Preliminary Lemmas. 


The notations and definitions of the following lemma will be found in 
Diff. Eq. It is a condensation of Theorems I, HI and IV. 
Lemma 1. If the functional fLé, r, u] is such that it possesses in the set 


(Ao) ° OSF= 1, |T — To] Sa, |lu — ull = @ f 
a difference function A, satisfying 
JT, 7 i] == JE, Ny u] T Alé, ñ, um, a; 7 =) 4 — ul, 


which difference function besides having the linearity and modular properties 
designated by (2) and (3) LDiff. Eq., § 2] has also the modified continuity 
property (1°); then there exists a set of elements Bot 

e 


(Bo) OSES1, [|r —7]S8, |to— To0lSB, |juo— uol! 8, 


-in which the unique solution u = LE, T, To, uo] of the functional equation 


a, EN =Mb nu] 
. T 
reducing to u = uo for T = To ws defined and continuous with respect | ‘to all 
of its arguments and possesses a difference function BLE, 7, To, Uo, T, To, to; 
T. To to]. 

One may simplify the statemept of Lemma 2 by the iollowing 

Definition. The difference function TLE, 7, u, %; %] is said to have a 
reciprocal for T = To, u = % = Up if there exists a functional Te; Tyu, à] 
with the properties (1), (2) and (3) of a difference function (Dif. Eq., § 2) 
such that _ 

Tté, To, Uo, Uo; r[é, To, Uo, Uo; aJ] = ($) 


*“ Differential Equations Involving a ‘Continuous Infinitude of Variables,” this 
JOURNAL, Vol. XLIV, p. 172. This paper will be referred to as Dife Eq. 

t The set (Bo) is in a form somewhat different from that used in Diff. Eq. (§3) butit . 
can always be taken in the form given here which for the purposes of the present paper is 
more convenient. 
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and with the further property that the vanishing of T'LE, To, wo, uo; ù] 
identically in ¢ implies that &(€) = 0 identically in £. i 

If now in Lamson’s theorem* one interprets the range P to be the 
variable ¢, the class WM as the class of all continuous functions defined for 
the interval 0 = ¢ =1, and the modulus ||u(£)|] to be the maximum of 


the function u, the following lemma results: e 
Lemma 2. If, in the implici functional equation 
(5) GLE, 7, u] = 2(£), 


the given functional G hus the properties 


(1) Equation, (5) is satisfied by the element (To, Uo, 80); 
(2) G is real, single valued ard continuous in its arguments, 
(3) It has a difference function T(E, r, u, %; ù] for all (E, r, u, %) in the set 


OSfS1, |r—nmlSo, llu- ulls, lā- wl|S o; 


(4) For T= To w= Ü= w, T has a reciprocal T; . 
then there exists a constant oı = o such that the equation (5) has one and only 


one solution : 
u = HE, 7, z}. 


The functional H is uniformly continuous in its arguments and reduces to 
to for % = Zo. o 

The lemma as stated is really not a special instance of Lamson’s result 
since the left-hand side of equation (5) contains a parameter r but with 
the hypotheses of Lemma 2 one could carry through step by step the proof 
given by Lamson and show that the conclusions of the lemma result. 

Remark.—One could prove that the solution H[¢, 7, z] has a difference . 
function in its domain of definition. This proof could be effected by using 
Lemma 4, Dif. Eq. (§ 2), and a method of proof similar to Theorem IV of 
the same paper. 

Suppose now that u(¢; a) is for each fixed æ of the interval 0 Sa S1 
a continuous function of £ and for each fixed £ of 0 S — = 1 a differentiable 
function of a. Suppose also that the functional F[E, 7, u] has a difference 
function ®[£, 7, u, 7, %; 7, 4] so that 


FE, 7, a] — F|, r, u] = O[f,7,u,7,%;7-7,a— ul, 
where u = u(t’; a), i = u(t’; &) and f; has the properties (1), (2) and (3). 
(Dif. Eq., $2) . 


"K, Lamson, “A General Implicit Function Theorem,” this Journan, Vol. XLII, pp. 
243-256. 3 
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_ Definition —&[E, t, u, 7, u; 7, &] is called the differential of FLE, r, u] 
at the element (r, u) with the argument element (7, %). 

Lemma 3. If a functional F[t, r, u] has a difference function &, then 
d/da FE, 7, u(t, œ) ]is the differential at the element (E, 7, u) with the argument 
function (0, du/dc). 

oy hypothesis 


FIt, r, ut Au] — FI, r, u]= Le, T, a, a + Aa) ] — FLE, 7, w(t’, a)] 
= |t, 7, u, T, u + Au; 0, Au] 


and hence by the linearity property of the difference function 


FLE, spite Mia ud) _ afér, u, T, ut Au; 0,5 | y 
Q 





Thus by the continuity property of ® it follows that as Aa— 0, the right- 
hand member tends to the expression ®LE, T, u, T, U; 0, ta] as desired. 

It would follow from Riesz’s representation of a linear functional that 
the preceding lemma could also be written in the form 


Ere rua fe dealt, fr u] 


and as Fréchet has pointed out there could be but one representation if it 
is specified that ¢ is identically zero for £’ = 1 and that its discontinuities 
in ¢ are regular. This will always be supposed în what follows. The 
functional will be called the functional associated with the differential © of F 
or, more simply, the functional associated with F. 

Corollary.—If the function u(£, a) is taken to be u() + aii(é), then 





d 3 ae, , 
Ta LE, T, u + ati ]|.—0 = A f Udel t, E, T, ul. 


§2. Existence of Solutions of the Non-homogeneous Equation. 


Consider the equation 


(1’) oe Ln u] F f T, uldeglé, T, u] = 0, 


where ¢ is the functional associated with F. One can now prove the 
following theorem. ; 

THEOREM 1. Suppose olt, 7, To uo | is. the unique solution of the func- 
tional equation 


oul, T) = flé T, ul, 
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of the kind described in Lemma 1, then for each fixed 1’ in |r’ — to) £ B, 
the functional 

(6) FLE, r, wu] = LE, 7’, 7, u] 

. is defined and continuous in the set of elements 

0221, |r — tol = y, |u — wol £ y, 


where y i8 some positive number. Furthermore, F has a ey egente function 
P[E, 7, u, 7, t; 7, T] and satisfies equation (1’ ). t. 
onppons i 


u= AET T, w3 


iş the solution of equation (4) passing through the initial element (7’, u’). 
Then it follows immediately from the uniqueness of the solution that 


(7) w = oL, 7’, r, w] = o, 7’, 7, olé, 7, 7’, wT. 


Now, by Lemma 1, 2[£, 7’, 7, u] possesses a difference function with respect 
to the arguments 7 and u. It follows readily from this that d0/dr exists. 
Hence, differentiating both sides of (7) with respect to 7, and making use . 
of Lemma 8, one finds that 


Dee RE eee 
= ares, TT, u] + ae T, D, V; o2], 


or 


rer, ntf BIP, r, r, udal, &, 7’, gang 


where PA is the functional AENT with o£, r’, 7, u] when all but tHe last 
argument are kept fixed. But in view of (4) and (6) the last reinigt may i 
be written - 


Sen ul+ i fle. wMeelE, #1, ul) 
where ¢ is the functional ociste stth F. 
Corollary.—If the associated functional ¢[E, ¢’, r, w] has a continuous 


derivative gl£, £’, r, u] = d¢/d#’, for all points of the interval 0 = # £ 1, 
then there exists a solution of the equation ; 


Ar T; - +f fe, T, uls elt t, T, u] = 0. 


This is in essence Volterra’s result already cited, for the functional d¢/dé’ 
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could be readily identified with the Volterra derivative of F with respect 
to u. : 
Example—Consider the equation 


O°. Font [| [xo nuoi} defn r u= o, 


where K(y, ©) is symmetric. Here the functional f[$, 7, u] of equation 
(1’) is given. by 


E n w= | KG Dude, 
and the corresponding equation (4) is 

Ou, 1 E 

FED = EEDU, 


with the initial condition 


ul, To) = wl). 


Now it has been shown* that the un ique solution of this system is 
given by 


Le r] = wÒ + E OEA — 1) f pd, 


` e 
where the A, are the characteristic numbers of K and the g; are the corre- 
- sponding normed orthogonal characteristic functions. It follows therefore 
‘by the theory just developed that 


. FUE, r, u] = u) + Oaa OOL 


is for every £ of the interval (0, 1) a solution of equation (8). -This could 
be readily verified directly. ; i 


§ 3. The General Solution of Equation (1’). 


Tt is desired in this section to obtain a solution of equation (1’) in terms 
of which all others of a certain type are expressible. The following theorem 
is first proved. 

TaeorEeM 2. If FLE, r, ET is for every & of (0, 1) a solution of equation 
(1') of the kind described in Theorem 1, then 


@) G[r, u] = LOFE, r, wT] i 


z Se paper by writer, “Integro-differential Equations with the Constant Limits of In- 
tegration,” Bull. of Amer. Math. Soc., Vol. XXVI, pp. 193-203. 
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where L is an arbitrary functional eliminating the argument £ and possessing 
for each fixed element (r, u) of the set defined by the inequalities 


(10) l |r — To| = 8, |u — ull £ £, 


a difference falh ALF, F; F], is also a solution of equation a ) defined and 
continuous in (10). - 

In the first place, one could readily verify that G has a difference function 
with respect to r and u. This follows from the fact that both F and L 
possess difference functions with respect to their arguments. Hence it 
follows by the Corollary to Lemma 3 that 


Tlr t a ut atin =E S adele, r 


where y is the functional associated with G when the argument 7 is kept 
fixed. But by (9} and Lemma 3 the left member of the precéding relation 
may be written 


Sie eee ee ee an - (Zg panei) 
da J a=0 b Jg s Ay a=00,A\}; ? 


where A is the functional associated with the differential AÇF, F, F] of L. 
Applying again the Corollary of Lemma 3 to the last expression, one obtains 
finally 


. 2 ar, u] + T a(b)devLé, ra u] | 
= f l airs t,uj+ f a(HdeLé, n, 7, u] lana F). 


Substituting now f[&, 7, u] for a(£) and remembering that F is a. solution 
of equation (1’), one sees that the right side of the last equation vanishes 
identically in 7 and u, proving that 


1 
ocr, uj T f JE Ts »MevLé, Ty u] =0 


as desired. ' 

On the basis of the implicit function theorem proved in Lemma 2 one 
is now able to give a method for expressing all solutions of a certain type. 
This is embodied in the following theorem: 

THEOREM 3. If FUE, 7, ulis a solution of the kind iiaa in Theorem 1, 
then any solution, Lr, u] of equation (1) possessing a difference function 
Alt, u, 7, i; 7, & | in the set of elements defined by (10) is a continuous functional 
of F when in F the element (r, u) is thought of as fixed. 
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Consider the functional equation 


(11) FRE, r, u] = 2(). 


It is desired to show that this equation satisfies all the hypotheses of Lemma 
2 and hence can be solved for u. In the first place it is clear from the 
defnition (6) of F that equation (1’) is satisfied by T = To, U = to, 3 = Up. 
Furthermore, since F[E, ro u] = u(f), it follows that the difference function 
of F has a reciprocal for r = rọ and u= ŭ = uw. Finally, F has all the 
required continuity properties. Hence, Lemma 2 is applicable and one 
may ‘conclude that 


(12) u(t) = HE, r, 2) 


where H is a continuous functional of its arguments for 0 £ $ £ 1, and for 
r, z in a suitable neighborhood of r = To, 3 = Uo. 
Substituting (12) in L[r, u], one obtains 


Lr, HE, r, 2J] = Mr, =] 


and it remains to show, in order to prove the theorem, that M does not 
involve 7 explicitly. Proceeding as in the proof of the last theorem, one 
may obtain the relation 


or, uj+ f F [n, T s U Jh ALn, 7, u] bd 
= i E OF f fLE 7, uddelt, n, 7, u] | dyu[n, F], 


where u is the functional associated with the differential of M[r, H which 
can bë shown to exist since both L and H have difference functions (see 
Remark, Lemma 2). But L and F are by bypothesis solutions of equation 
(1^, so that 

ðM 

5 = 0 


as desired. 
§4. The Homogeneous Equation. 


Consider now the homogeneous equation 


(2) Í "fl, wld, u] = 0, 


where ø is the functional associated with the differential >> of the unknown 
functional S[E, u]. 


4 
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Let F[E, 7, u] be a solution of equation (1’) of the kind described in 
Theorem 1. Consider an arbitrary functional GLFLE, +, uJ] of F. In 
other words, when the arguments 7, w‘are kept fixed in F, then for every F 
whose modulus lies between suitable limits, G yields a real number. This 
arbitrary functional will then depend upon 7 and « and will be denoted by” 
H[r, w]. Let it be assumed that H[7, u] has the following properties, 

(1) There exists an element (To, t4) for which 


Hr, uo | = 0. 


(2) Hr, u] as well as H,[7, u] are continuous functionals of their 
arguments for i 
|r — Tro] Z e, |u — u| £ e, 


where e is some positive number. 


(3) 2H n FO. 
T |u=wo 
(4) H[r, u] has a difference function in |r — mo|Se, |F — ril] £ 6, 
[ju — wll e |ü — wll Se. 
It can be readily shown that such functionals H exist. For, it is clear 
from the defintion of FLE, r, u] that 


EAE eee 


ðr bens 
and excluding the case for which w(t) = 0, it follows that if one takes 


H[r, u] = Ft, T, u] z uo(E), 


where $, is a value of & for which w(t) = 0, then the functional H will 
satisfy the conditions (1), (2), (3), (4). f 
Consider now the functional equation 


(13) HEr, u] = 0, 


where H = GLFLE, 7, uJ] and has the properties (1), (2), (3), (4). If one 
applies to equation (13) a theorem proved by Bliss,* one may show that 
. there exists a unique solution 


(14) t= K[u], 


where K is a continuous functional of u in a neighborhood ||u — uol| 
= ô < e reducin$ for u = u to r = ro It could be shown furthermore 


* Bliss, Transactions of the American Mathematical Society, Vol. 21, April, 1920, p. 90. 
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that Khas a ‘difference function. . The ‘associated functional of the func- - 
tional K will be denoted by bu]. . Substituting (14) in FLE, r, uj, one 
obtains 


(15) "REE, KEA, w= SE, u] 


an@it is desired to prove that S-is a ie of the equation a! ). 

In the first place it follows that |since both K and F have difference 
functions with respect to their arguments, S has a difference function with 
respect to u. Leto be the associated) functional of the differential )° of S. 
By Corollary to Lemma 3 one obtains from (15) the relation 


(16) ie wOideoLt, ul = 5 =f wd, u+ Í adek K, u]. 


But from 
ALK uli u]=0 
one finds 
(17) fa@anls. K +E f ade = 0, 


where 7 is the functional associated with the differential of H when the r 
is kept fixed. Furthermore, since Hr, u|= GLFLE, 7, w]], it follows by 
Theorem 2 that H is a solution of equation (1’); Le. 

¢ ® 


2H, a+ f sa K, uJ =0. 


Hence, substituting for &(£) in (17) JL, u], and making use of the preceding 
relation, one finds that (17) reduces ti 


ff fle «eae, w] = 1 


at every element for which 0H/dr|.,,,., 0. Substituting fl, u] for 
a(&) in (16) and making use of Sedan and of the fact that F is a 
-solution of equation (1’), one obtains finally that 


a oF. 

S TE wot m =H E0 

> 

as desired. The following theorem has therefore been proved: 

THEOREM 4. If FLE, r, u] is a|solution of equation (1’) of the kind 

described in Theorem 1 and if G is an arbitrary functional of F 
GUFE, 7, 7 = H{r, ù]. 
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such that H satisfies conditions (1), (2), (3) and (4), then 
| SE, u] = FE, Ku], w] 
as a solution of equation (2’) where KLu] is the unique solution of 
` H[r,uj=0 
forr. l 


Remark.—The arbitrary functional H[ r, u] should be chosen so that 
> the implicit functional equation H[7, u] = 0 is easy to solve. ‘ 
Tsrorem 5. If Lu] is any solution of equation (2') possessing a 
difference function Alu, &; %], then L is a continuous functional of SCE, u]. 
described in Theorem 4 where u is thought of as fixed. 
In the first place it is readily shown that if L u] is a solution of equation 
(2’), then LLF([E, r, w[] is independent of r. For, by Lemma 3 


To [Sele r ulile a 


where u is the functional associated with the differential of LLFLE, r, uJ] 
= M| r, u] with respect to the second argument. But 


oe T, u]= == HEA T; ul, 


so that 


on =f fle, T, U uf, T, u] = 0, 


since by hypothesis L is a solution of equation (2’). 
Since L[F[E, 7, w]] is independent of 7, it follows that 


IFE, T, uJ] = Iju] for T= To o. 
ILFLE, 7, uJ] = LES[E, uJ] for r= K[u]. 


Hence it follows for all functions u of the type considered that 


Lu] = US, «Jl. 
This completes the proof of the theorem. 


As an illustration of the results of this section,- consider the equation 
associated with (8), 


(18) Í ! l Í " KẸh, puna | deln, u]= 0. 


Tt has already been proved that a solution of equation (8) is given by 


and 


FE n u] =u) HÈ EO — 1) Í pud. 
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Take for the arbitrary function GLF'], the expression 
l 1 i a : ane 
S Oen wl, where f aO x 0° 
and the function H[7, ai easily found to be 
= 1 l 1 
Hn J= f aed a 1) [Oud 
0 7 o 


à 1 mi ; 1 
= f onl) uo(E)de = eH Í ox(éu(Odt — f ' pE ual) dE 


: 1 A/M I 
f Eul 

= A zA 1 
f gule) 


so that 
W 1 
STE uJ =u) + D e) f oiQuQdt 


is the “general solution” of equation (18). 
As some particular solutions, one may take 


- 1 DY p 
P S DEN a 
S e@ste, we =(*——— } S D jk 
i A Seow] l 


* It is well known in the theory of integral equations tbat this expression could not 
be zero for all the characteristic functions unless u were identically zero. 

t Cf. p. 203 of article by writer entitléd “ Functionals Invariant under One-parameter 
Continuous Groups of Transformations in the Space of Continuous Functions,” Proceed- 
ings of the National Academy of Sciences, Vol. 6, No. 4, pp. 200-204, April, 1920. 


ON THE ORDERING OF THE TERMS OF POLARS AND. TRANS- 
VECTANTS OF BINARY FORMS. a « 


By L. Isseruis. 


The reduction of transvectants depends on the possibility of inserting 
between any two terms of a transvectant a series of others such that any 
twò consecutive terms possess the property which is technically known as 
adjacence. It is asserted without proof, that this is possible, by Gordan 

` (“Vorlesungen über Invariantentheorie,” Zweiter Band, § 42, S. 44), by 
- Clebsch (Binäre Formen, § 53, S. 185), and by Grace and Young (“ ee l 
of Invariants,” § 50, p. 51). 

In 1908 I gave a'short sketch of a method of effecting the actual ordering 
of the terms, and in the present paper I develop one such method in full 
and illustrate it by ordering the 56 terms of the transvectant , 


T ee) (ea), (dex)*(ea')*}*. 


I gladly acknowledge my obligation to Professor M. J. M. Hill, F.R.S.,. 
of the University of Landon. He drew my attention to the importance of © 
the problem in his lectures on the Algebra of Invariants and indeed himself _ 
dévised a method of ordering the terms of a polar differing somewhat from 
that given in Section 2 below. 


. §1. DEFINITIONS AND NOTATION. «© ` ` 


Two terms of a polar are said to be adjacent when they differ only in 
that one has a factor of the form (aax)(as,y) while in the other this: factor 
is replaced by (aay) (cee). 

Two terms of a transvectant are said to be adjacent when they differ 
merely in the arrangement of the letters i in a pair of symbolical actori; 
Two terms can be adjacent in two ways: ; 


(i) © Papap) and P- (api) (arb), 
G) P-(ciBj)(6nz) and P- (arpha), 


where the letters a1, a2, --- belong to one of the two forms of the trans- 
vectant and the lètters 61, 2, --- belong to the other form,. while P repre- 
sents a symbolic product. 
We have to discuss a method of arranging the terms of áj the ordinary 
54 r 


, and 
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Solar : ; 
= {(ae)" (a2) +++ (apt)"P} y 


CIA 


I 


e omit a numerical factor, where y(0/dz) = RE + y2(0/d22). 
Sii) the mixed polar l 


Q= CICAK Si CICR n . (a@px)"?} 


and (iii) the transveetant’ 
T = [(are)™(age)™* +++ (apt) "2, (bia) ™(bae)™ ++ (bar) F 
in such a manner that each term shall be adjacent to its neighbours. 
It isto be noted that the rth polar of ` 
f = (aiz)™*(agu)™ -+ - (apr)? 
is 
(mtmt tenp 
(nı + ne + +++ + np)! 





and that e 
l aie ie te AG 
crear + ny)! ¢ 


is a mixed polar of f, but in what follows these numerical factors and the 
numerical coefficients of the various terms will be omitted, because their 
-values do not affect the ordering of the terms. — 





§ 2. To ORDER THE Terms OF THE POLAR - 
. i 
p=(s y Š J Cina) +++ (aya)*] 


Let D,.denote an operator which polarizes powers of (ax) only, with 
regard to y, then : . 
= (Di + D: T -++ + Dy)'L(aiz)(aex)™ +++ (ap2)”r]. 


Consider the terms which arise from operators which are alike except that 
one factor D, of the first is replaced in the other by D,, thus _ 


Dt Dp: D\D# «++ Dre e.. D 


DED- DDH ... Dre » en 
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where n +r t e tituto +r = r. The terms of the polar . 
arising from these are 
Ty = (m2) (ayy) +++ aay ay) aa) (aiy)* +++ (apr) apy)"; 
= (ayx) (ayy)! . ee ee yjet 
7 * (apt) (apy? 
and are adjacent since the factors (a,y)(a.z) of the first are replaced by . 


' (ayy) (ast) in the second. Call the operators I and II consecutive operators; 
we must therefore arrange the terms of 


(Di + D: + +--+ + Dy)’ 
consecutively. Now it is obvious that the ordered development of 
(Di + D2)" is Di, DD, Dt*D2, ---, D3. We shall denote this by ` 
(Dı + Da)" and then (D; + D,)* will stand for D3, D3"D,, ---, DaD; Dj. 
To obtain the ordered development of (Dı + D: + Ds)’ we first order 
(Dı + De)’. In the first term in which Dg occurs, replace it by Dz + Dz, 
in the second term in which it occurs replace it by Ds + Ds, in the third by 
D: + D3, and so on alternately: In this manner we obtain 
b Di (Dy + Ds), Dy*(Ds + Da, «++ DTD: + D)”, 
. DTD, + Daet, ++, 


which.becomes an 1 ordeged expansion of (Dı + D: + Ds)" when each expres- 
sion as Dy**(Ds + Dz)** has been expanded into a group of ordered terms 
of which the last is DY” DF and DTD, + Da) is expanded into an ` 
` ordered group whose first term is Dj-**1D#** and this is consecutive to 
DDF., 

We shall prove by aduetion that this method is perfectly. ‘general. 
Let us assume that . 


(Di + Ds +. wk D,Y 
Das been ordered. To order ite terms of 
(Dı + Da +>- -h Do + Daa)” 


replace Dp by Dp + Dp: in the first term of (Dı + Da + +--+ + D,Y in- 
which it occurs, in the second term in which it occurs replace D, by 
Dpp + Dy, in the third by Dp + Dp and so on alternately and we shall 
obtain the ordered expansion of 


(Di + De + + + Dp + Do)” 


DYD} aad D:D) iwa D} = Tia 
DYDY- DID... Dy = T; 


For let ‘ 
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be two consecutive terms in the ordered expansion of (Dı + D+ - 
+ D,)’ where A= r. When the substitutions of D, + Dpr and 
Dyi1 + D, for D, have been made, then Tı and T, become 


E = D*¥D* are DyDi tee (D, + Dpr)”, 
2 T, = DBD}... DDt... (Dpr + Dp)”. 


On expanding the last factors we get two consecutively arranged groups 
of terms of the operator (D: + Da + -+ Dp + Dp)”. The last term 
of the first group is 

DYD}: .-. DD}... D% 


The first term of the second group is 
DMD»... Dep -++ Da, 


and are themselves consecutive, so that the two groups together are a part 
of the ordered operator (Di + D: + +--+ + Dp)”. The above supposes 
that the suffixes s and ¢ are neither of them equal to p, we must therefore 
consider specially me case in which -Tı contains D**D}? and T, contains 
Da pet, i 
Here f 
Trs D}: ages Dy pia Dž4D%r, 
Ty = Dp- D ... DDN, 
After substitution - 


w1 = D} D} - Dèr AD, + Dr)’, 
T = Dp- Di ss DAD £ DA 


The last term of T'_, and the first term of T; are 


DM... De dat DD: 
and 
Dp «++ DIE +++ Desi 


and so these are consecutive. 

Now (Dı + Ds)" and (Dı + Da + D3)" have been ordered, hence 
(Dı + D: + D + Da)" can be ordered, and so on. It isimportant in what 
follows to notice that when expanded in this way (Dı + De + --- + D yY 
commences with DI and ends with Dj where k is one of the integers 2, 3, 4, 
-++ p and can be made any one of them we please.* : 


* The method adopted by Professor Hill for ordering (Dı + Dot eee + D,)" is as 
follows. The ordered arrangement of (Di + Da) is Dj, DID», -++, D§, call this the 
direct order for (Dı + D2)" and Dj, Dj—'D,, ---, Dj the reverse order. A direct order for 

5 : pe 
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§ 3. ON ORDERING THE TERMS or A MIXED Porar, 


Let the mixed polar be 


DN (yay a (8Y GAY graye cbead™ -oan 
( Ja TONE (v5) CIRC 1 (bax) (byx)™*} 


and let the result of ordering 
(vz) [Cray ++ bea) 
Ox ¥= VF) $ 


as in § 2, be dı + Ag+ ++: + Ai + Az + gea 
We may put.. ` i 


(sy = Ot D+ + Do" 
= D4 -+ D? 


when ordered as in § 2 where ¢ is one of the numbers 2, 3, -++ q. Then the . 
ordered development of > i i 


CINCIN COO 


Oz J yon OX J yn 
is . 
DE ee Da, As + DR PP vende rae 
+ (D+ +++ + Dy, Ane i pi (D+ -+ Diyn Aa +e 


where D; + --- + Ditis Di + --- + Di written in reverse order. To 
prove this we-first observe that by § 2 


(Dī: + cee Di?) yay 42-1 st 


is a group of consecutive terms; it will therefore be sufficient to prove that 
D dai and DiAz, are consecutive terms. 


(Di + D: + Ds ari . 
(Dı + Da)" in direct order--+-.[(D: + Da) ™! in reverse order] D; 
+ [(Di + D1)" in direct order] D3 -+ 
When the direct order for (Dı + D: + D;)" is established, we get a direct order for 
(D; + Ds + Ds + Dy) by writing (Dı + Ds +-Ds)* in direct order 


+ [(D: + D: + Ds)" in reverse order]D, 
+ [(Dı + Dı + D3)" in direct order] DÌ 


es and so on. : 
It can be proved by induction that this method is general. From this can be deduced, 
- the ordering of a transvectant in which one of ane two forms contains only a single binary 
form. : 
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Now Azi and As, are either of the form , 


Ari = Hoir) by) bur) (boy), 
Az = Hiba) by) brx) buyi), 


or of the form indicated“ in the special case below, H pone a symbolic 
product not involving (b:z). 


Hence, , 
l Di*Ases = H (bya) (biy) biya)” (Out) (bey) 


Dida = H(b ee)" (bir) (biy) (bee) buy) ` 


and are consecutive. 
Special Case-—We must dents that this still holds in the special case in 
which ¢ is wor». We may, when t = u, write 


Age-1 = H(byx)™— (buys) (bey); 
An = H(bye)™*'(byys)**1(052), 


and 


so that 
A Didesni = H (bue) (buy) (buya) (bsy) = K(bux) (bey) 
an 


` Diag = H(byx)™ n buy) buy)” b2) = K (buy) (bs2), 
so that the adjacence holds in this case also. 


Thus the mixed polar 


CM GA (bae) (ba) ve (bax) 


can be ordered; denote the result by 

Bi Bias Pet Bae: 
Let Dj? + +- + Dg be the ordered development of the operator in ` 
(x) or of (Dy + De +++ + Do" and let Dis + «++ + Di be the 


same reversed. . 
Then the mixed polar 


(GEL OEY OE ortam oan. 


will be ordered if we expand it in the form 


Dit it Dinbi + DH E Dien Bt + > 4 
M E A DPE + BeBe + 


As before, (DP -+ --- + DP)ynB2 is a group of consecutive terms; 
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it will therefore be sufficient to prove that 


PBa and DiBa 
are consecutive terms. 
Now B1 and Bz are either of the form 


Bosi = H (brey e bry) (bry) bur) (bry) } + os i 
Ba = H(byx)"-*-**(Byas)™*(bays) (by) (bay) where y is either yı or Yo 


or of the form considered in the special case below. Therefore, 


De Boe = H (bra) nn (bay) (bry) (bry) (bur) (bey), 
DiBa = H( by) ™ bry) (brys): (brys) (bux) (buy) 
and are consecutive. 


Special Case.—The special case in which k is u or v can be treated as 
before; thus suppose k is u and that in (buy), (bey) y stands for ys, then 


Basi = H(but)™ (buy) (buya) (boys) 

By = H (bue) buy) buy be), . 
so that’ i 
DEBoy-1 = H (by) ™ #9 (by yi) (buy) ** (buys)? (boya) = K (but) (byy2) 

and 


e - 
Di2Bos a H (buar # 8-1 y) (buya) (buys)? (bet) is K (buys) (bsx), 


so that the adjacence holds in this case. - 
We shall show that this method of ordering the mixed polar is perfectly 
general. 
General Case.—Let the ordered development of the mixed polar 


ð os ð a ð G my MI... Mg 
(95%) (vas), O) CO Ce) 


¥Ya-4 
be 
Pit Pat ee t Pha t Pat: 
and let ' 
(vå) o DitDit + DaI Det + DP 
T) y= R : . 
when ordered, Dp + -.-- + D? being the same written in reverse order; 


Then the ordered arrangement of the mixed polar 


ð Tk ð Tit a n 
ða az D y bimba >. mg 
€ dx = (v Ox i (v ax i (bya)™( bya) (bat) 
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(Dit + DPP: + (DPH + DP + 

+ (D? + o + DPAP DP eee DP t e 


As before, we must prove that 


-@ 
a, : D Po. and D}P2, 
are consecutive. Let . f 


P eh = A (bye 3 (By) (Beye) -e (biye) (buz) (bys), 





Po = (buys) (box). 
Then f l l 
DitPap =H (byt) y N bga) +> aga) ga)” 
; (bux) (boys) s 





D} Pos 2 > - ~ (buys) (by), 


and are consecutive. 
In the special case in which wu is t 


Pui = H (byt) PNA b ays) bya)" ee (bays) o (biya) (bey), 


Pa = Hajany) o (byt -e (byr) bat), 

so that = . ; e 

DitPos1 = Hbr bgy) e e (by) ee (biyi) (biy) bsy:) 
o = K(b:x)(beys), 


D?Po. = Heban (by) +++ (byys)*? 
A s+ (biya) (biy) bet) = K (bys) (bsr), » 


so that the adjacence holds in this case. Hence the terms of a mixed polar 
can be ordered by the above method in the general case. 


§ 4. THe ORDERING OF THE TERMS OF A TRANSVECTANT. ` 
When it is required to caleiilate the transvectant: 
T = {(ayz)™(age)™ -- + (apx) "r,  (r)™(bae)™ : -> (b g)™#}" 
we first order the terms of the polar | 
{ (ay) ™*(agx)™4 - «+ (apt) *} yr 
A the result replace i by fg and yz; by — Ay when 
(hartar = tme = (By)™(bya)™2 +++ (ber) ™ 
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` and multiply the new result by (hejett tmr, This gives T when all 
the factors containing h have been evaluated. A factor such as (a,h)*! 
+++ (ah) (hamt "+ is evaluated by polarizing (b:2)™(b:2)™ --- 
(b,z)™, A1 times with respect to yı, Az times with respect to ys, --+, Ap 
times with respect to yp and then putting 


ji 7 el rm pa ... Yp = — ün 
Yr = Qij Y22 = + Aa Yp = dp 


or symbolically i 
T= Elaa (apy (52) 


AL 


a (v3. * {(aa)™Gaa)mt +++ (ba)") 


Mbt ee thr. 


Let Dy, be an operator which polarizes (b.x) only, with respect to yx, then 
we may put f 


Al 
(uz) = (Du + Dr oes + Di), 


As 
(uz) = (Da + Da + +++ + Dog)’, 


A 
(È) = (Dp + Dp + +++ + Dpa)™. 
T is thus arranged as a sum of groups of terms. The factors preceding the 
operators are already arranged so that if one is H(a,x)*(a,t)* the next is 
H(a,x)*"(a,e)"! reducible to K(a,v) and K(a.2) where H and K are prod- 
ucts of linear factors only. 

We must now develop the operators of form 


a\s e a> 
(3) TA 


(Du + De + +++ + Dig) +++ (Doa + +++ + Dp) ™ 


or 


so that when the operations have been carried out 
(i) in each group every term is adjacent to its neighbors, 
(ii) the last term of any group is adjacent to the first term of the next 


group. 
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§ 5. Let the transvectant 


T= +++ + Hla) (Du t +--+ Di)“ 
- (Dat -+ D,a) (Da + e + Di~ 
- (Da + + + Dp) (bia)™ +++ (bgt)™} 
+ Haw)(Dy + +++ + Di” as 
aie (Dy + Te + Dd (Di + “eae, + Deg)" 
e Dat-e Dyq)"*{ (b12)™ oe (bg) ™} 
+ tees 


where H is a product of factors of type (az). . Denote the expanded forms 
of the operators in the terms written down above by Pı + Pa + +--+ Pa 
and Qi + Q2 + --- + Q,. Then 


‘ A (a,x)-P,,-(biw)™ --- iS : 

(i) Haa Q bai (Bqn)™ must be adjacent aus of T 
and 

x Hlas) > Py-(byt)™ +--+ (bax)™ | a i 
(ii) O Haa) Pag (iv) «++ ba)" must be ‘adjacent terms of T. 


One way of satisfying (i) is to expand the operators so that the first operator 
(Dy toss + Dig) +++ (Dart +--+ + Dp)” always starts with DAD} 
++ Dž (i.e., a product of D’s with second suffix 1) and always ends with 
Dy ++ -'DDi +++ Da Gie, a product of D’s with second suffix g). 
For then we may write the second operator as 


(Dia + Diy se (Daa ee so Dis)**"(Dea ee Da) 
i ; 6 (Dra + oe + Dp)” 
so that the last term in the first group is 
H (asx) DN nl DDN an Dy { (b1t)™ rate (bat)! } payman 
and the first operator in the second group is 
Haw) Di o DRUD ee Daf bia) +++ (baa) 


} LA Sies CL hadat iiid 
and these are adjacent for they are of the form K (asx) (b qa:) and K (aix) Pae 
where K is the same in both. 

Condition (ii) can be satisfied in either of the following two ways. 
(a) If Pa = ADuv and Piz; = ADuw where A is the same product of D’s 
in both, or (b) if P, = ADusDtw and Pı = ADuwDto. For if (a) holds, 


H(a,x)Px{(bit)™ +++ (bgt)™} = K bux) (brdu) 
H (asx) Paya {(bi2)™ «+> (bge)™} = K (brx) (buy), 


and 
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where K is the same in both. And if (6) holds, 


| Haye) Pe{ Div) =- (ba2)™) = K betty) (buai) 
H(ast)Prpr{(br2)™ «++ (bgt)™} = Kout) (bot), 


where K is the same in both. Therefore in both cases we get adjacent 
terms of the transvectant. ~ ° 
§ 6. Thus we can order the terms of the transvectant if we can expand 


Du eee Dia)” (Da + ea F Dz,)™ o (Dp aasi Dp)’ 3 


so that (i) it starts with Dì DA --- D; (ii) it ends with DYD} --. Dy»; 
and (iii) any two consecutive terms are either of the form ADuo, ADuw or 
of the form ADuo Diw,ADuwDtv. We shall show later* that the-general 
case can be deduced from the case q = 2. We shall therefore commence 
with this case. So we must arrange 


(Dir + Di) (Da + Dog) +++ (Dpi + Dp)’, 


go as to satisfy conditions (i), (ii), (ii) above. Omitting numerical oa 
cients we expand (Dy, + Dı)™ in the form Dù} + D}y"Dy + Di*D} 
+... + D}. We shall find it convenient to write for this 


-a t dg e+) + aner 


° 
(Da + De) = DA + DAD + --- + DA 
bi + be + - see + bya, 


and soon. We are now concerned with the development of ` 

(ay + at +++ + Gaga) (br + be H e+ H baa) le H ea Foe + aya) e 
in such a manner that (i) it starts with a,bic:---; (ii) it ends with 
Gy, 41Drgt12ag41 °**3; gnd (iil) two consecutive terms are either of the form 
Pa, and Par where P is the same in both, or of the form Pa,b, and 
Paysibis. Of course any of the letters a, b, c, --- may be used instead of 
‘aor b. If the first form is used the adjacence of the corresponding terms 
of the transvectant.is of the same kind as that of (e8)(yzx)-K and 
(wy) (8x)-K, but the second form produces terms whose adjacence is of 
the same kind as that of (aß) (yê) K and (a6)(y8)K for 


= DY kH p- 2 
a Dah Diz 
80 that if Pag = MDy, then Par a MD. But if Pa,b: = MDD, 
‘then Paryıbi-ı = MDD, showing that condition (iii) is satisfied. 
 #§9. 


Similarly, take 


li 
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First let all the exponents or all the exponents but one be even (in the 
latter case put the factor (Da + D.z)* say, with the odd exponent ^s, 
first). Multiply out by the rule ` 


(utot ere ae gb Pe) 

=(utot:--+atypt utet Hot wg 
+Hutot o tetyrt. 

= up+ op + -+ ypt ygt egt -o tH ugtHurt ort 

and if there are more than two factors, the first two are to be multiplied 


together by the rule and then the result is'to be multiplied by the third factor 
in accordance with the rule and soon. Thus 


(dy t de + e+ + Gye) (br + be + ++ + baa) (er + oer + +++ + 42) 
ss [ (ax Hat + Ay +1)by + (arga +- + aı)bz ; 
+e teat t Aart a) Orga ea apes! F am) 
in which bı multiplies the a’s in direct order since M + 1 is odd. The 
complete product is 


(aibi + = + Gy 4104541) 61 + (Gat 1Dagtt + ++ + abi) + --- 
+ (abi + +--+ Ay DrgptCrgets 


- 


. ending thus since As + 1 is odd. 
It is clear that with any number of factors this rule will give a product 
commencing with abc --- and ending with arh bart Cagtt +++ and any 
two consecutive terms will be of the form Par, Pass. 
§ 7. The case in which several of the exponents are odd cannot be done 
so simply. It is sufficient to consider the expansion of 


(a t i a ba H re eh ea H e H tte ee gatos 


where Ax, Ag, Az, ++ are all odd, for when this has been multiplied out so 
as to satisfy the conditions (i), (ii), (iii) of § 6, the product can be multiplied 
in turn by each of the factors containing an odd number of terms without 
any difficulty. 
So we consider 


(m + +++ + aa) (bi + +++ + Bam) (es + ee +++ E Cen) +, 


where there is an even number of terms in each factor. 
Now (a; + a@2)(b: + 62) may be expanded by the scheme 


Ley yb; + aiba + debi + abo. 
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This satisfies the conditions (i), (ii), (iii) and the two middle terms. will 
ultimately produce terms of the transvectant whose adjacence is of the same 
kind as that of K(a8) (vô) and K(ad)(v8). For (a1 + a2) (br + 52) (e1 + c2) 


we use the scheme 


or @by¢, + aibice + arbece + aybee1 + a2by01 + adobice + azbzc1 + aebeco where 
. again all the conditions are satisfied and the adjacence of the middle terms 
is as in the previous case. l 


Similarly 
(a1 + a2) (bı + ba) (c1 + ce) (di + de) 


is arranged by the scheme 


and so on, where in any vertical column (say the fourth) the entries di, do 
e and dz, d, occur alternately except that the last two entries are alike. 
§ 8. Now consider the product 


(a, + a + a3 + as) (bı + bz + bs + by) = AB. 
Bracket the last fwo terms in each bracket together, thus: 
AB = (a, + ay + as + a) (bı + be + bs + bs), 
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and so begin‘by treating the product as though the factors contained an 
odd number of terms. So 


AB = b(a + a + as + a) + ba(a + as + a + a) 
+ (ba + by) (a1 + as + as + a) 
= bya; + biaz + bias + bias t bea + baas + bza + bza 
-+ alba + ba) + alba + bs) + (as + aa) (ba + ba). 


- Now we can deal with (a3 + a) (bs + ba). It will commence with abs 
which will be “ consecutive ”?” to ab, where we use the word consecutive 
for brevity to denote that these operator terms are correctly ordered for 
producing adjacent terms of the transvectant, and it will end with a4by. 

In the same way 


(a1 + as + as + a) (bi + ba + bs + ba) (Cr + cs + cs + ci) 
© = [bia + 10 ordered terms + abs + azsas(bs + by) Jer 
+ [ (bs + bs) (ai + as) + arbs + 10 ordered terms + bya; Jez 
+ ayby(cz + ca) + brae(cg + ca) + +++ + aabs(cy + ca) 
+ (ca + ea) (bs + bs) (as + a). 


can be consecutively arranged, and starts with a,b,c; and ends with aby. 
This can be generalized. 


(ar + ag t --- + aape + apa aep) (bi + be + Abert bei Pho) 
= blat + -+ dap) + be(dep+ + -+ a)+ - "+ be g2 (dep + ser +a) 
+ (beg + bso) (ait at - ot aapa dip F ona) 


The last product i is 


ay(beq-1 + beg) + da(beq + beg1) +--+ dzp—2(beg + bog) 
l + (bze-1 + ba¢)(Qap-1 + 2p) 





and therefore ends with azpbz4. 
Similarly , 
(a+ dg + +++ + aap) (b1 + +t eH bag) (crt ea F ++ + Core F Cora t Car) 
R (aibi se dep—ab2 9-1 + begs + bag Gap—1 + azp) (c1 + +++ + Cer) 
= cılabi. + ain a Gap—202 9-1 +e + be g@2p) 
-+ ca (same reversed) 





-+ cs (same direct) - 

ats 228 

+ Cor (same siete 

+ (Cora F Cr) labi + - atk eas + begat bs dap-1 + Gap) 
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and the last line is 
Obs (Cora + Cor) bees + Oap—2b2q-1 (Car + Cori) 

+ (Cons Cor) (bo g—1 + bza) (ap + an 


therefore when tbe product in the preceding line is ordered, the whole 
product now under consideration will be ordered and starts with a,b,c, and 
ends with depbeqCor. . 

§ 9. We can therefore in all cases “ order” the operator 


= (Du + Diz)"(Dar + Das)? +++ (Dpi + Doe)”. 
The transition from this to the operator 
= (Du + Diz + Dys)(Dar + Doz + Dag) +++ (Dpr + Dos + Dys)*? 
is effected as follows: . 


In the last term of A each term of the form Dz is replaced by Dre + Dis, 
In the term before by Drs + Drs 
In the term before that by Dig + Dis, 


and so on where k = 1, 2, +--+ p. 
Then since A begins with D} :-: Dè and ends with D} - Dé, 
therefore B begins with ++ Dì and ends with (Diz: + Di)" tee 


(Dp + Dys)”, iLe, B ends with Di, +--+ D'a. 
Let two consecutive terms in A be 
AD{3;D93 +++ Di3 and A' DDH e D's where A, A’ 
are products of D’s whose second suffix is 1. These become in B say, 


A(Di + Di) (Da + Da) (Doe + Dos)? 
and : . 
A’ (Dis + Dys)"*(Das F Da)" --- (Dis + Dp)”, 
of which the first ends with AD{;--- D;3 and the second begins with 


A’Dti... Dt and these are “ consecutive ” since the original terms were so. 

Similarly when (Du + Diz -+ Dis)" +++ (Dp + Dp + Dps)** has been 
expanded so as to satisfy the conditions @, (ii), (tii) we can deduce the 
correct expansion of 


(Du + Dt, + Dis + Dy)™ --- (Dor + Dp + Dos + Dy)” 


as follows: 
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In the last term in which Dss occurs replace it by Dis + Du, 
In the term before replace it by Dis + Dis, 
In the term before that replace it by Dis + Du, 


and so on, and we obtain an ordered expansion starting with DADA --- D% 
and ending with D},D% --- Ds, 

It is evident that the method is perfectly general, and we thus succeed 
in ordering the terms of the transvectant of any two binary forms. 

As an illustration we will order the 56 terms of ' S 


! = {(ax)"(bx)*(cx)?, (dæ) (e2). 
§ 10. Let 
= {(ax)™(bz)"(cx)?, (dz) *(ex)*}3. 


The polari operator is (Dı + Da + D;)*. Now 
(Ds + D:a) = D3 + DD: + D3Ds + D3; 
- (D: + Dy + Dy) = Ds + D3(D: + Dy) + Da(D, + D2)? + (D2 + Dy)’, 
reversing this, we find 
(Di + D, + D)? = Di + DiD, + D,D? + D} + DD; + D:D:D; 
+ DiD; + D,D3 + D:D} + D3. 
Let D1, polarife (ex) with regard to yı 


220i YD 
Das Eo a s. Ys. 


Let Diu polinis (dæ) with regard to yı 
T 
Dy — ~ Ys 








Also let Yu=. Giyn= b 
Yiz = — 81) Yn = — 0i 


Y= o 
Yar = — Cy 








Then 


T = (ax)™"*(bx)"(cx)?(Dir + Diz)? { (dar) *(ex)'} l 
+ (ax)"*(ba)*1(ca)?(Da + Da) (Diz + Drs)*{ (dx)*(ex)*} 
+ (axy""1(ba)"4(ex)?(Dir + Daz) (Dor + Daa)*{ (dx)*(ex) 4 
+ (ax)"(ba)*-*(c2)(Daz + Dn)’ { (dx)*(en) 4} 
+ (ax)" (bx) (e2) Dy + Das) (Doi + Des)*{ (dz)*(ex)!} - 
+ (ax) Hbr) (ex) "(Dist Di) (Daa+ D21) (Daat Dax) { (det) *(e)!} 
+ (az) (bz) (ex) (Dn + Dsa)(D1s + Di)’{ (da) (ex) 
+ (ax)""(bx)*(ox)”-*(Daz + Du) (Daz + Dai)? { (dz)*(ex)*} 
+ (ax) (bx) e2) ?(Dn + Da) (Dai + Da:)*{ (dx) *(ex)*} 
+ (ax)"(be)*(cz)”-*(Daz + Dai)*{ (dz)*(ex)*}. 


OomnN am oh w pie 


oy 
© 
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Thus 3 
T= 7r t Tnt -+ T+ To. 


The operator in Ti 1s D? il + D? 2 Dyg + Dy Dis + D3, 

in T: is Di (Da + Das) + DuD(Dat+ Dy) + Di 2 (Du + Di) 
in T; is D} (Du + Diz) + DaDu(Diu + Du) + Di(Du + Dis) 
in T, is Diz + DiDa + DaD + Dis 
in T; is D} 2 (Dz1 + Dz) + DoDe2(D3z + Ds) + DaDa + Dz) 
in Te is DigDesDa2 + DiaDoDn + DiDaDa + DaDaDa 

` + DuDaDa + DaDaDs + DuDaDa + DuDudDa 
in Ti is Di 11(Dai + Dss) + DaDi(Dar + Dry) + Dis (Dar + Dz) 
in T; is DÌ 32(D12 + Di) + DaDa (Du + Dis) + (D + Dy) Dix : 
in Ts is D3 (Dz + Da) + DaDs(Da + Dn) + D3:(Dn -+ Dy) 

_ in Tyis D3 32 + DD + DaD + Di. 


Performing the indicated polarizations and remembering that (ay1)y,,<09, ny=—« 
is (aa) we easily obtain the following development: 


Ta = (ax)""*(bx)"(cx)? { (dx) (ex) (da) + (dz) (ex) (da)? (ea) oS 
. + (da)**(ea)**(da) (ea)? + (dax)*(ex)**(ea)*}, 


T = (ax)"-*(bx)**(ccz)? {(dæ)" (ex) (eb) (ea)? + (dz) (ex) (db) (ea)? 
+ (de)™ (ex) (da) (db) (ea) + (dx) (ex)? (da) (ea) (eb) oe 
© + (da) *(ex)' (eb) (da)? + (dx)™*(ex)'(db) (da)?}, 


3 = (aay iba)" (ex)? {(da)*(en) (da) (db)? +- (da)*~*(ex)*~*(ea) (db)? 
+ (dx)? (ex)**(db) (ea) (eb) + (dx)™* (ex) (da) (db) (eb) Z 
; + (da) (ex)? (da) (eb)? + (de)" (ex) (ea) (eb)*}, 


T, = a D LEE (ear)**(eb)® + (dæ) (ex)2(eb)*(db) 
+ (dx)? (ex) (eb) (db)? + (ex)! eyes 


= a)" (ba) (ox) (dz)-*(ex)" (do) (db)? + (dz)? (ex) (ec) (db)? . 
+ (dx) (ex)? (ec) (eb) (db) + (dx)**(ex)**(de) (db) (eb) 
+ (de) (cap (de) (eb)? + (dar)*(exr) (ec) (eb)"}, 


Te = (ax) (bx) (cx)? { (dx) *(ex)**(ea) (eb) (ec) l 
+ (de) (ex)? (ea) (eb) (de) + (dz) (ex) (ea) (db) (ec) 
+ (dx) (ex) (ea) (db) (de) + (dæ) (ex) (da) (eb) (de) 
a Co eee) (eb) (ec) + (dx) (ex) (da) (db) (ec) 
+ (dx)**(ex)'(da) (db) (de)}, 
= (oor raf (dx)*~*(ex)*(da)*(de) + (da)**(ex)* (da)? (ec) 
+ (de) ex) (ec) (da) (ea) + (da)**(ex) (de) (da) (ea) 
+ (dz) (ex) (de) (ea)? + (di) (ex) (ec) (ea)?}, 


bee 


4 


. 
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= (az)" (bx) (cx)? {(dæ)" (ex): (ea) (ee)? + (dz) (ex)? (da) (eo 
+ (dæ)? (ex) (da) (ec) (de) + (da)*(ex)* (ea) (ec) (de) 
+ (dæ)™? (ex) (ea) (de)? + (dee) (ex) ‘(day (de)*}, 
= (ax) (bx) (ox)? *{ (dx)™=(ex)" (db) (de)? + (de)**(ex) (eb) (do)? 
ga (dx) (ex)? (eb) (de) (ec). (dee)* *(ea)** (db) (de) (ec) 
+ (dx) (ex) (db) (ec)? + (dæ)* (ex) (eb) (ec)?}, 


To= (az)"(ba)(cx)?-*| (de)* (ex)? (ec)? + (dex)**(ex)'*(ec)*(de) 

l -+ Ga) (ex) (ec) (do)? + (da) (en) (de)*}. 
These are the 56 terms of {(ax)™(bx)*(cx)?, (dx)*(ex)*}* so arranged that 
each term is adjacent to those on either side of it, the numerical coefficients 
being omitted throughout. 


. LONDON, ENGLAND, 
28 April, 1919. 





-À CLASS OF NUMBERS: connecrED WITH PARTITIONS. 
By E. T, Birt. 


L “Tae Nuwpans A. 

From their common origin in-the elliptic theta and Koi functions 
the theory of ‘partitions and that of the representation of an integer as a 
sum of squares must be’ closely related. The- innumerable relations thus ` 
‘suggested depend upon eight new systems of integers 4 which we define in 
§ 1, express in terms of known arithmetical functions and calculate by simple - 
recurrences in § 3. These numbers are functions of two integer parameters, 
the rank n and the degree r. . The numbers‘ of degrees 2, 3, 6, 9 are con- 
nected: with the class number for binary quadratic forms of a negative 
determinant and, more generally, those of degrees r, 2r (r an arbitrary 


constant integer > 0) are related to the representation of an integer as'a _ 


sum of r squares. The connection with partitions is effected through the ` 
concepts of the index and degree of a partition introduced in § 1, It will 
be seen that the subject, which is new, is of great extent. 

§1. Consider all those partitions of the integer n > 0 in which no 
part appears more than r times. If iri a particular one there are precisely 
a; parts: “each of which, occurs exactly j j times, the r: indek of the partition 
is ‘the hypercomplex number (a1, az, «++, G;), and the partition is said to . 
be of degreé r. , 

The number of partitions of n having (a1, as °---, ay) as index will be ` 
written Anla a2, --+, @), and if a, £a, ++, a are either constants or: 
functions of a single parameter, we shall write N E ee 


(0) Akan tay e te) = E Aalan da +i, arabes at, 


>. extending to all (a1, ag, ---, a) for n constant. 
.When all the parts in each of the partitions enumerated by An(a1, a2, 
‘++, dy) are restricted to be odd, 0 will be written in ple of A, 


(2) On(22, Es tes ate) 3 = >, O,(a1, Qa, °° ` aprir? 7 “2, 


The functions (1), (2) have the conventional value 1 when n = 0. 

Since in any partition of n no part can appear more than n times, n is 
the maximum degree of any partitionofn. Hence when r= n in (1), (2), 
there is no restriction upon the number of times that any part may occur - 
in any of the indicated partitions. 


l * -73 . 
6 eoo , n we 
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Observing that the exponents n, 2n, 3n, --- of q on the left of: (3) can 
_be written n, n +n, n+ n + n, ---, we have 


) Ita Hag + ag + + + ag) =) Aalen Ba s t), 


As always henceforth it is assumed- that such a value of q has been chosen 
as to render absolutely convergent t the product and series. It is easy to 
. show that such a q exists in all cases treated- in this paper. Similarly, 
EEE OR -++, we have Su >t. * 


H (1 + zg” + CZT aidin ae m eq”) T 2 ore ay ses, z): 


There i are ie distinct divisions of the subject according as ti 2a, ° a 
are or are not numerical constants. Here v we consider only the important 
cases in which 

=, er % = (= vO , (e= 1, 2, u r) 
{3}, = (= 1h} eed Bi en), 


. sucka © is the binomial coefficient ane — Pn @) = (8) = 1, and {7} 
is the rth figurate number of order s, 


(} = (4) = CF). 


> Leta r aie positive integers. The first ates of A numbers com- 
prises the four systems 


Aj(n, r) = A,(— G) (3); TN (5), ame J (= YOL a 
Ax(n, r) Eg Al) (3), (5), vty 6), 

Aln, r) = 0G) O D 5 O : 
- As(n, 1) = ON G G@, — Go (O 


` of rank n and degree r, and the second class is 


doln, — 1) = AML b {3} 
Aln, — r) = Al- {i 
A(n, = 1) = OM {i), 
Asln, = r) = On({i b 


of rank n and O — r. ` These are definitions; neither set is ihtained: 
from the :other by changing the sign of r.: The reason for ‘the notation 
appears 'iú.a moment. In each of the relevant. partitions in A,(n, ‘r) no 
pait occurs more than r. ae while i in, A;(n,.— +) there is no such re-, 
striction. $ > i } EEE 

The product P to n= L 2, 3, -+,/or io m = =], 3, 5, |, WE 


® Bote var - i 7 -o a $ è oo 
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write in the usual notation so 


gy =a- a= Tate!) p= a+, 


| te Ta — 9"); 

where q; = qj(q), and see by (3), (4) that S i 
(6) af = DP Ayn, r) G = 0, 1),. 
e + ge = D PAn £1) G =:2, 3), 


> extending to n = 0, L 2, e, and the upper signs or the lower being 
taken throughout. With. (5) we have the well-known identity 


(8) . gggs = qi Vog = 1, 
- from which and (5) we get . 
(9) _ Ailn, 8) = (~ 1)*Aa(n, — s) = A;(n, — 8) (¢ 20). 


We may therefore confine our attention to methods for computing 
(10) a Atty) G= 0,1). 
For easy reference we collect here the expansions of 3; = (q): 
(11) d= g) = b= Lam, 9) = Le (— mmg, we) = Leg, 
2 extending to n = 0, +1, +2, m= eee a+ 5, +++, -and 
(a|b) being the Legendre-Jacobi symbol. We have also ` . 
(12) t= au v5 2Vgq, 82 = 2Agqogi, D= Goat, 
whence, solving for qj, we get i 
(13) g8 = 91/2 Ùq, of = 2 Vg 83/002, gt = 03/4 Vg dos, q5 = 2 Vg 08/0201, 
and therefore by the transformation of order 2, 
(4) gh 2NA B= 24g Bald). 


§2. To illustrate the definitions we verify for n = 5, 6 a result proved 
in § 5: l , : ' 
D (= 1)ertasgerte: Anla, az, ds) = 0 or (~ 1|m)m 

according ‘as n is not-or is (m? — 1)/8 where m > Oisodd. When n = 5 the 
value of the right is 0, since.41 is not a square; when n = 6 we have m = 7 
and the value of the right is — 7, All the partitions of 5 are 5, 41, 32, 311, 
221, 2111, 11111, the last of which is of degree 5. The 3 indices of the rest’ 
are respectively (1, 0, 0), (2,0, 0), (2,0, 0), (1, 1,-0), (1, £ 0), (1, 0, 1), so- 
that ‘As(2, 0, 0) = As(1, 1,.0) = 2, A,(1, 0, 0) = As(1, 0, 1) = 1. Sub- 
stituting these in -the left-of the above relation, we find — 3 + 18 ~ 18 
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+3=0. All the partitions of 6 are 6, 51, 42, 411, 33, 321, 3111, 222, 2211, 
21111, 111111, of which the last two are of degrees 4, 6, and the 3 indices of 
the rest are respectively (1, 0, 0), (2, 0, 0), (2, 0, 0), (1, 1, 0), (0, 1, 0), 
(3, 0, 0), (1, 0, 1), (0, 0, 1), (0, 2,0). Hence As(2, 0,0) = 2, Ag(a1; az, a3) = 1 
for each of the others. Proceeding as before we find — 3 + 18— 9+3 
— 27+3—1+9=-—7. The sum-on the left of the given identity is 
Aj(n, 3). 

§3. Denote by ¢,(n), ¢3(n) the sum of the sth powers of all, of the odd, 
divisors of n. ‘Taking logarithmic derivatives of (6) we find 


(15) ndon, £1) = F rE (An — s, £r), 
(16) i ndiln, 1) = =r) U@Ain— s, +r), 


in which $> (as always henceforth in sums involving $ under the sign) 
extends to all values of s = 0, rendering the first arguments in the double 
argument functions positive. From (15), (16) we can write down the forms 
. of the functions (10) as determinants involving tı, ți. It is unnecessary 
to transcribe the results as the recurrences (15), (16), together with (19) 
to (21) offer a more practicable method of pomputaion 

From qjqj* = 1 we have 


(17) A;(n, — 1) = — 2, A(s, r)A;(n — 8, — 1), 


and hence the expliciteform of the A; of negative degree in terms of the . 
corresponding A; of positive degree. We omit the determinant forms. It 
is therefore sufficient to discuss only the computation of 


(18) A;(n, r) (j = 0, 1), 
although (15), (16) are at least as useful as (17). 

To eliminate all tentative processes from the calculation of (18) we must 
find recurrences for £1, {1 in (15), (16). These can be found in many ways; ` 
the following is simple. Write b(n) = :(4n) + [1(4n) or t(n) according . 
as n is even or odd, and y(n) = 2¢i(n) — t(n) Then after some easy 
reductions of the logarithmic derivatives of the first and third of (12) 
we find 


(19) b(n) — 20:n — 1?) + 26,(n = 2) — -e = (= 1)"="ne(n), 


where e(n) = 0 or 1 according as n is not or is the square of a positive 
integer, and 


(20) n(n) + m(n — 1) + min — 3) + +++ = ne(8n + 1), 
the numbers 1, 3, --- being triangular. From (19), (20) we compute the 
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6;(n), m(n) by rapid recurrences, and hence t(n), tiln) from 


(21) Sr) = §242n)—mm)] $m) = 402a) + mm), 


` The computation of the A numbers has therefore been effected non- 
tentatively. i 


II. RELATIONS WITH CLASS NUMBERS. 


§4. A few will be sufficient. With the usual conventions* let F(n), 
F,(n) denote the number of odd, even classes of binary quadratic forms of 
negative determinant ~ n, and write D(n) = nO) = Fi(n). Then there 
are the classical expansions 


(22) da= 12>) Dn), A) = 8L F(8n+ 38), 
. POR = 4) gF (4n + 1), 
Pll = 40 AF (4n + 2), 
> extending to n = 0, 1, 2, ---. From (8), (12) we find o> 
(23) 2Vq 03 = digh, b= 4 Vy digi, gia} = digh, . qds0} = 2 Vy vigl. 
Translating these as they stand we get 
(24) 12D(n) = È (— 1)*(2s + 1) Aan — s — 8, 6), 
(25) F(8n + 3) = $ (— 1)"(28 + 1)Ai(n — 48 — $8, 6), 
(26) 25> (— 1)*Aa(s, 2)F(4n + 1 — 4s) 
= È (— D's Aln — s — è, 2), 
(27) È (— 1)4a(s, 2)F(8n + 2 — 4s) 
= E (~ 1s + I)Ailn — $9 — 4s, 2), 
(27.1) 2 (= 1)*Aa(s, 2)F(8n + 6 — 48) = 0; l 
while if we divide the first and second of (23) by q3, gf respectively and 
apply (9) to the first result we find 
D I (= 1)tAils, 6)D(m— 8) =0 or m(— 1m), 
(29) È Ailn — 28, — 6)F(8s + 8) =0 or m(— 1|m) 
according as n is not or is (m? — 1)/4 where m > 0 is odd. 
We notice from J3 = gigi, 33 = 8qiqiq'4 the following, easily seen to 
be the same as (24), (25), 
(30) 12D(n) = È, Aols, 3) a(n — 2s, 6), 
(31) F(8n + 8) = >> Ao(s, 3).Ai(n — s, 6). 
In any of the above the Ag can be replaced by their A equivalents by 
means of (9). See also (37), (38), (49) to (54). 
*H. J. S. Smith, “Report on the Theory of Numbers,” Art. 135. 
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II. RELATIONS WITH SQUARE FUNCTIONS. 


§5. The number of such relations may be multiplied indefinitely. 
We therefore give only a few representative specimens. 
© Denote by N(n, r) the number of representations of n as‘a sum of r 
squares whose roots are Æ 0, and by M(n, r) the like number-in which all 
the squares are odd with roots >0. ‘Then M(n,r) = Oifn Æ r mod 8, and we 
- have | 
82) B= Vga), (Gg) = 2D or Mn+ r, r), l 
> extending to n = 0, 1, 2, ---, with the convention that N (0,7) = 1. 
Interpreted as it stands, the first of the identities (13) gives the result 
in § 2. Raise each of (14) to the rth power and use (82): 
(33) E (= 1)*41(3, 8r)N(n — s, r) = (— 1)*M(8n4+ r, r), 
(34) S Als, 8r)I1(8n + r — 83, t) = (— 1)*N(n, r). 
Raising the last two of (12) to the rth power and taking ogee 
derivatives of the results, we obtain recurrences for M, N: : 


(35) nM(8n + r, 1) = rX m(s)M(8n + r — 8s, r), 
(86) > "nN, r) = — 2r} (— 1)*i(s) N (n —83,'), 


with which (19), (20) are to be used. ` These may be solved to give M, N 
explicitly in terms of 1, 6 if desired. 
The special cases r= 3 of (33), (34) may be noticed. By (22) we have 


(87) 12° (— 1)*A1(s, 9)D(n — 8) = (— 1)*F(8n + 3), 
(38) >> Als, 9)F(8n + 3 — 88) = 12(— 1)"D(n). 


Another important square function of frequent occurrence is the follow- 
ing. Let R(n, r, t) denote the number of representations of n as a sum of 
r squares of which precisely ¢ are odd with roots > 0 and occupy. the first ¢ 
places, the roots of the r — t even squares being & 0 and not fixed as to 
order. Then 
(39) POO =X Do Rant r,r t, r). 


If wished, R can be easily expressed in terms of the corresponding 
function in which either or both of the signs and poritiona of the odd squaes 
are free. From (39) or the definitions, 


(40) Rn, t, 0) = Nin, t),  R(8n+r, r,r) = Mn ds, r,r); 
while from the last two of (12), 


(41) $ (— 1)°Ay (8, 2t)R(8n + r = 4s, r +t, r) 
; = >> Ad(s, r + NAi — — s, 2r), 


i 
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from which, observing that A;(0, 0) = 1, A; io 0) = On > or we > have 
by (40), 

(42) > M8n+ r,r) = >> Als, DA n — 8, 2r), 

(43) DY 14l, 2r) N (2n — s, r) = Ao(n, 1); 


while again from the last io of (12), 
44) E (— 1)*Anls, 2r)R(4n — 8s + rr+t,r) 

=> Ads, r+ Jan = 28, D, 
whence by (40), 


(45) N(n, 1) = >> Als, r) A(n — 2s, 2r), 
(46) Di (— 1)*4:(s, Žr) = M(8n + r — 8s, r) = Ao(n, 1). 


Some special cases of the above are of pariieglar interest. From (22), 
(89) we have 


(47) R(4n+1,3,1)=4F(4n+1),  R(án+ 2,3,2) = 4F(4n + 2), 


and therefore on putting (r, t) = (1, 2), (2, 1) in (41), (44) and using the 
result that 
(48) ’ An, 3) =0 or m(— 1|m) 


according as n is not or is (m? — 1)/8 where m > 0 is odd, which follows 
from the first of (13), we find the remarkable relations 


(49) 455 (— DAs, 4)F(8n + 1 — 48) 
= Di (= I@s+ 1) Auto = deen $e) 2), 

(50) 45 (— 1)*Ai(s, 2)F(8n + 2 — 48) 
= $ (— 128+ DAi(n- — 98 — 33°, 4), 

(51) 430 (— 1)*Aa(s, 2)F (4n + Ee - 88) 
= E (— D28 + 1)A:(n — 8 — 8, 4), 

(52) 42 (— 1)*Aa(s, 4) F(4n + 2 — 8s) 
© = DY (— 1)"(2s + 1) Aa(n — s — 2, 2); 
while in a similar way (42), (45) are seen to be the generalizations of (31), 

(30) respectively, and from (43), (46) we get* 


(53) - 125 (— 1)*Ax(s, 6)D(2n — 8) = 0 or m(— a: 
(64) > S 1)*A2(s, 6)F (8n + 3 — 8) =0 or m(— 1|m) 


according asn is not or is Coie? — 1)/8 where m > 0 is odd, and (30), (31) 
give (24), (25). i : . PI h fy 


* The left of (53) i is not'an integral multiple of 12 since DO). = Aby the usual cons 
ventions, 
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$6. Another special type deserves notice because most probably ‘it 
“contains only a finite number of distinct relations. It is well known that 
the number of representations of n as a sum of 2, 4, 6, or 8 squares, and the 
like for 8n-+ r (r = 2, 4, 6, 8) when all the squares are odd, can be ex- 
pressed in terms of the real divisors of n alone. For certain special forms of 
- n the same holds also for 10, 12 squares, but it is not at present definitely 
settled, although certain considerations give a strong presumption in favor 
of its probability, whether these exhaust all such cases. Again it is well 
known, being implicit in the Fundamenta Nova of Jacobi, that R(4n + r, 
r+ t, r) is also so expressible when (r, t) = (1, 1), (2, 2), (2, 4), (4, 2), (3, 3), 
(4, 4). The appropriate functions of the divisors in all.of the above cases 
are given in convenient form in (among other places) a former paper.* 
Using these in conjunction with the formulas involving M, N, R, we can 
readily write out the system of relations between numbers A and functions 
of divisors. To save space we omit the results. 

§7. Thus far we have used only the simplest identities from the 
rudiments of the elliptic theta functions as the point of departure for 
obtaining relations between the numbers 4 and square functions, and the 
ease with which a profusion of results can be so obtained is sufficient evi- 
_ dence of the extent of the theory. We must, however, allude to two 
further sources of relations, each of which is incomparably more prolific 
than that which we have used. The first is the theory of transformation 
and the related modular equations, examples of which are contained in the 
second, viz., Jacobi’s memoir* on infinite series in which the exponents are 
contained simultaneously in two different quadratic forms. Not attempting 
here an exhaustive analysis of the relations deduced from Jacobi’s expan- 
sions, we shall conclude with two examples. In Jacobi’s formulas $> refers 
to all integers +, k from — © to œ. 

As a first example consider (loc. cit., p. 238) Jacobi’s result which can 
be written 

l : Plg) = D (— 1) goon, 


and denote by U(n, r) the sum $ (— 1)¥** taken over all solutions of 
n = LiL + 3) + (10k; + 1)}], which we need not define verbally. 
Then proceeding as before we find 

(55) > Aole, r)Aoln — 58, r) = U(40n + 10r, 7), 

(56) Aln, t) = > Als, — r)U(40n + 10r — 200s, 7), 
(57) Aln, T) = >> Ao(s, — r)U(200n-+ 10r — 40s, r). 


+ AMBRICAN JOURNAL OF MATHEMATICS, Vol. 42 (1920), p. 168. 
¢ Werke, Vol. 2, pp. 219-288.. 
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When r = 1, we have by Euler’s theorem A(n, 1) = 0 or (— 1)* according as 
n is not or is (3a? + a)/2 where a & 0, and evidently A(n, — 1) is the 
total number P(n) of partitions of n, also U(n, 1) is the excess of the total 
number of representations of n in the pair of forms 


(201 + 3) + (20k + 1)%, (20i + 13) + (20k+ 11? Gk B 0) 
over the like number for the pair l 
(20i + 13)?-+ (20k + 1), (20+ 3) + (20k+ 11)? G,k 30), 


and from (55) this excess is equal to the excess of the total number of 
representations of 24n + 6 in the pair of forms 


(128+ 1) + (12k + 1), (1264+ 7+ 2k k=O) 
over the like number for the pair 
(127+ T+ (2k41), (A+ 1)?+ (12k+ 7 (i,k SO); 
while from (56), (57) the value of either sum 
> P(s)U(40n + 10 — 200s, 1), >> P(s)U(200n + 10 — 40s, 1) 


is 0 or (— 1)* according as n is not or is (8a? -+ a)/2,a@ 30. Conclusions 
somewhat similar to the first of these can be read off by (48) from (55). 

From the modular equation for the transformation of order 7, Jacobi 
obtains (loc. cit., p. 288) a result equivalent to e 


ELOLE = qo (gq) D> (— kg EHH, 
whence we find . 
(58) J Aole, r)Aa(n — 188, 1) = F Aole, — r)E(24n + 17 — 96s, 1), 


` in which E(n, r) is the excess of the number of representations of n in 
the form 


D [sla + 8+ 140%. +H] (ay BO) 
over the like number for 

S [Bla + 1)? + 14(128; + 77] (a;, b, B 0). 

tt 


When r = 1, E(n, 1) is the excess of the number of representations of n in 
the first of the following forms over the like for the second, 


3(4a + 1) + 14(12b + 1),  3(4a + 1)? + 14(12b + 7} (a,b = 0), 
and we have ae 


' (9) >> (— DQ — 9a — 27) = X, P(s)E(24n + 17 — 96s, 1), 
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where @(n) is the number of ‘partitions of n into distinct odd parts and 
the sum on the left refers to all a S 0 rendering n — 9a — 27a? positive.” . 
It. is a feature of this subject that all indicated computations can be 
performed non-tentatively. In particular, all of the arithmetical functions 
occurring can be calculated by recurrence. For example, taking logarithmic 
derivatives of the rth power of Jacobi’s identity, we find’ for E(n, r) the 
recurrence f 8 


(60) nE(24n + 17r, r) = — X Mlet 1)E(24n + 17r — 249 — 24, r), 
where M (n) = — t(n) if n = j mod 28, j + 0, 14; 


n=O mod28, a(n) = t(n) + sn(3)+ uaa) 
n = 14 mod 28, M) = O(n) + 140 (z) ; 


and ți, {4 are to be calculated as in (19)-(21). ` 
*" December, 1922. 














: NOTE ON A NEW TYPE OF SUMMABILITY. 
By NORBERT WIENER. 
We have 
= TE Em co ep OSE. OO, (1) 
From this it may be deduced at once that . 
me a i 3 ` 
TE = sin? x + 32 2e y, „pinne He (2) 
2 4 = ne oo 
whence > l , 
EE SE stit Point o sitt o l. (3) 
m T n 4 n e n ' 
Moreover, f 
l Bi NOR ak 
Jim = n= 0. (4) 


This suggests that given a series 2, ün, We may consider 
Mag) = ion ay sit An a int? ° 
ao T n 4 n : 

: he ee pu to att j (5) ° 
as a generalized sum of the a,’s. T nis definition is of the sort called linear 
and regular by Carmichael * and Hurwitz,t since (3) and (4) hold, and 
series (3) is a series of positive terms. Hence it eraldati every con- 


vergent series correctly. 
Let us now apply our method of summation to the Fourier series 


The nth partial sum of this is, as is well known, 





ë aa is 





: F Bull. Ain, Math. Soc., Vol. 25 (1918-19), p. 97. 
-4 Ibid., Vol. 28 (1922), p- 20.. 
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Hence we get for (5) 





aay er sin?” : Ko dë. (8) 


ao T I 2rk? . èr e 





This leads us to consider the series 
ak sin (2k + 1)u 


T mS psi’ sin u 
2n% 1 
= — 2a cos =) (sin 2ku cot u + cos 2ku) 
T i Ark? 
a ip | cot | sin 2u — sin tu cos | 
T talr n 


+ cos 2ku — cos 2ku cos | 
_ ms al cot u| sin 2ku — 5sin2k( w+ =) 


~ fein 2k (u ~*) | 
+ cos thu — 3 008 2k (u +2) — 5.008 2k (u— =) } 
2 n 2 n (9) 
= py cot ul — 2 A “log (4 sin? x)da ; 
wt(1/n) ; u—(1/n) | J aa 
+ f log (4 sint ajde + f log (4 sin? x)dz | 
0 0 
n T? 1\ 
tilef- mt §)- (#45) 
epee] 
n 6 nj. n 6 
= jacot ul f a log (4 sin? x)dx 


+ ie 168 (4 sin? x)dx | — z l 


2a 
sin? fon 1 


estas —> 
= B yin? i sin? & 2mn 


dr? 


where & lies between u and u + , & between u — and u, and 0< u 


< m. As n increases, expression (9) converges uniformly to 0 over (e, 
m — €). Moreover, in the neighborhood of u = 0, expression (9) is positive, 


while it never bas a negative value less than aa . Series (9) is even in u. 


2r°n 
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The partial sums of series (9) are subject to the formal transformation 


2nt 1 ¡pa sin (2k +.1)u 
2 
1 amp © n sin u 


one | es + 1 sin? cos 2u 
n T n 





r 

+ Toy de obs 2u + LE es 4u 
8r n 4r n ár n 

+ 


E: sin? + -sin 5 cos 2u 





18r Or 
L343 1 aa 
+ gp Sin z cos 4u + ot z 098 Gu (10) 
1 m Ll . om 
dant a T må z 008 2u 


+- + hist cos 2mu | 
am n 


mil ae + cos 2u 3, asin? 
a | T 2xrk* n 


-} cos aa goti -+ 668 Sa sia | . 
= Tr n nm n 


This suggests an investigation of the series ` 


2n à 2 Oe Arak 2s E) 
ils + La 11 
2) Deeper nt Pcs Ai 2s asin a (11) 


The sum of the squares of the coefficients of (11) may be shown to converge, 
since the mth coefficient is of the order of 1/m. Since the coefficients of (10) 
are positive, less than those of. (11) and convergent to those of (11), it 
follows that the sum of (10) converges in the mean to the sum of (11) with 
increasing m. Hence series (9) can be integrated term by term when 
multiplied by any summable function of summable square. Consequently 
if f(z) is a summable function of summable square, we may write for (8) ` 





sin (2h + 1)2 


2 in 2k . 
fay, JOT = r met . t= x S e: (12) 
sim 


2 
Let us write (12) in the form lim EE )dx. We have already 


Aad 





shown that over (— r, x — ©) and (2 + 6 7), 


lim G,(2, 2’) = 0 (18) - 
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uniformly in z, and that G,(a, 2’) + ais positive. Mořeover, 


f7 One, 2de = "zf S pii 7 as _ 
l reje- A Epona f 


ae Erie iy Ga) 
gao a aes 
l n 3 ny R 


Fror all these facts it follows that if f(z) is continuous at g = æ’, . 


lim [fl2)Gq(e, a!)de = lim EG )| Gate z’) + E 


ner O ef er n—> oO 


Cae Fae lim | | TTO | Gate, #) +z |e 


n> ow — 


< A> dge 


Him fs [ Gate, + |e 


A vate . 
re) ne PE, 
= F lim is 2 LOO tee | 


= F- lim a (5 a! )dee = 


F being some quantity lying cient the upper and the lower bounds of 
f (x) over the interval (2’ — e, g! + e). Hence 


lim asf 3 Ha)Ge(a, 2"\de = fe). n, (16) - 
By an 2 obvious modification of this proof, if f(x’ a: 0) and Fla! _ 0) exist, : 
o imf 1G, ede = Ae’ + 0+ 1a! = 0). an 


In other ae at any point at which a summable function f of summable 
square is continuous, .its Fourier series may be correctly summed by the ` 
* method of this paper, and at any point at. which f has determinate limits 
to the right and to the left, its Fourier series is summable‘to the mean of 
these values. Since a function is bounded in the neighborhood of a point 
of: :continuity, and since the contributions to the partial sums: of a Fourier 
series at a pointe’ due to values of f for arguments outsifle CERTE ET) 
converge uniformly to zero, the -condition that f be. of summable Square, 
i unessential. 


: MASSACHUSETTS INSTITUTE oF TECHNOTOGY, et E 
November 28, 1922. ae 





ON MEDIATE: CARDINALS. 


By Dorormy Warma. 


` 


A “mediate adi is defined : in “Principia “Mathematica” as a 
-cardinal which is neither inductive nor reflexive and it is established 
% (124-61) that the multiplicative axiom implies the non-existence of mediate 
cardinals. The converse implication is not established, and there seems 
to be no reason to suppose it is true. The relation of the existénce of 
mediate cardinals to the multiplicative axiom is therefore one-sided and 
offers a contrast to the mutual implications of the comparability of cardinals, 
the well-orderability of classes and the. multiplicative axiom. In this paper 
it is proposed to investigate other classes of cardinals which are not Alephs, 
beyond the mediate cardinals of “Principia: Mathematica,” and instead of 
the one-sided implication’ between the multiplicative axiom and the non- 
existence of mediate cardinals to establish an equivalence between the axiom 
and the non-existence of certain cardinals which are not Alephs. 

If we use the term “comparable” in such a-sense that u is comparable 
with » when u is greater than, equal to, or less than v, a mediate cardinal in 
“Principia Mathematica” is a cardinal comparable with the inductive 
cardinals but not with Ao.* We wish to discuss the nature of those cardinals 
(if there are any such) which are comparable with Alephs less than Aç, 
but not with As for different values of & In “Principia Mathematica” 
it is found that a part of the multiplicative axiom is sufficient to im- . 
ply the non-existence of the monnaducave non-reflexive cardinals and i in- 
stead of the proposition’ 


Mult Ax. >. NC med = = 
there is the proposition *124-56 
Aye NC mult. > , NC med = A 


It seems worth while to pursue the same course with the aac to be 
considered in this paper. For this purpose, it is necessary to establish 
certain propositions of little interest in themselves. This is done in *1. 
ee š . pre g el. 2 as .- ee 
K and K are s classes of mutually exclusive ial dai = There. 
exists therefore a correlator S of x and À, such that if a eX, S‘asma. We 
* A has been substituted for tlie Hebrew Character ‘Aleph usually employed. 
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will put 
l Crp(S)'a = S'a sm a, Df. 
as in “Principia Mathematica,” *111-02. Then Orpa coysists of the 


class of correlators between æ and its S-correlate. It is established that 
under these circumstances ; 


Ree‘Crp(S)'”. > . &D'R e (8‘x)sm(s'h), 
so that if an R can be found which consists of a selection from the various 
classes Crp(S)‘a where a eA, D'E is a correlator of s‘x with sd. It follows 
that if a selection from the class of classes Crp(S)"A exists, s‘x and s‘d are 
similar. And this is certainly the case if Nc‘\¢ NC mult. Hence we get 
the proposition 
*1:1 :.NehXe NC mult. > :x, `e Cle excl. alkemia Ri'sm 
. D .stkemsn. 

x is a class consisting of A; classes of mutually exclusive classes, each 
having A, members. Leta bean A, and fan Ap œ $|" 8 and x will then 


be similar classes of similar mutually exclusive classes. It follows from 1-1 
that l 


Ne‘ke NG mult . > : B eA; . a e A, . x e Cle excla Agal CTA, 


t t es 
. 3.8 ams'a } “B. 


p 


Since s'e } “8 = 8 X a and Ne‘(a X 8) = Ne (8 X a) [P.M. x*113-02 
-141] we get the proposition 


#12 H:i. ApeNC mult. > :xeCltexcla Aa CIA, 
i> .sxe A,X Ae 


g and v are similar classes of mutually exclusive clagses. The cardinal 
number of any member of p is less than or equal to the cardinal of any 
member of y. Then Ne's‘y is less than or equal to Ne's\y. , 

For there exists an S correlating members of u with|members of ». If 
B ev, there exists a subclass of 8 having the same candinal as S‘f, the 
member of u with which S correlates 8. Putting 


CN(S)'8 = CEB a Ne's's, . - Dt. 
we have ‘ 
Bev. >. alON'p. 


And there are Ne‘y B’s and Ne‘y CN(S)'f’s. If Ne‘we NC mult, a selection 
v’ can be taken from CN». Then | 





i 
I 
| 
| 


alusmy'’a Clsm 
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Hence by 1-1, if Ne‘y e NC mult 
sums. 
‘Since s'y’ c3 it follows that Ne'stu < Ne's'y. Hence 


x13 bi: Neue NC mult. > :. p, v eCe excl. uwsmv:aep- Ber: 
_ » Dos. Næ <S Nep: > . Nesu S Ne's'y 
Tt follows immediately from 1-3, 1-2, putting » = vy} 4 “S where y eA, 
ô € Ao . 
#14 “bi: Neue NC mult. > :. p e Clè excl. a A;: een. Da. Nea l 
l <A,: D. Nc's'u SA; X A, 
By 1-3, if A, e NC mult, an A; X A;, where £ < t, is less than or equal 


to a class which is an A; X A, since it consists of A; classes all of which ` 
have less than A, members. And ; 


Ar X A; = A;. ©  (1-41)* 
Hence 
; A; XA; S Ap , [P.M. *117-6] 
But 
A; X A; > Ay. 
Therefore 
A; x A; a Ar, 
which with 1-41 gives l e . 
*l5 b:.€ SA e NC mult. > : A; x A; = Ay. 


x is a class of mutually exclusive classes no two of which are similar. 
The cardinals of the members of x are 


Artes Aytay Sesh Aray e, (< wp 
where the Alephs form an w,-series, having A, as limit. - x then consists of 
A, classes each with less than A, members. By 1-4 
Aç e NC mult . >. Ne's'e S A,X Ay. 

By 1-5 since £ < z l ; 
A,e NC mult. > i Ne's'k < A,. 


‘Therefore if P is the series of Alephs in order of magnitude and Z.A the 
arithmetic sum of a class of cardinals À, a 


#16 Eide CI(NCa CM) -tp e NC mult. >. 2A < lpr. | 


x e 
A is a class of Alephs whose limit in order of magnitude is A,. Suppose 
. “See Jourdain, .“The Multiplication of Alephs,” Mathematische Annalen, Bd. LXV, 
pp. 506-512. 
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(az). DA=a2.2<A,. Since A, = pA 


(An). 2<yn BÈ n< Ay. 
Hence 


“Therefore ~ (az) «<A, E= g. Hence with 
xl- Ftd e CIYNC > CQ): lips eNO mult. >. 


*2. 


(az). BA=a «<A 2. DAD 


x. 
-6 we get 


oN =. H 


We will make use of the definition in “ Principia Mathematica,” sae l 


spec ‘p= Ly < p.v.v > u] 


[P.M..*120-43] 


Extending the use of the words “ mediate cardinals ” to cover cardinals which 
are comparable with Alephs up to a certain Aleph, instead of using it for 


non-inductive non-reflexive cardinals, we have mediate 
degrees. 
med ‘y = p[p<p.2,.y>p.~(>p.v 
and 
NC med = s‘ med “NC. 
Ten 
spec ‘Ay = NC ind v NC refi, 


med ‘Ay = NC — ‘NC ind — NC refij 


cardinals of various . 


v< 2] Df. 


` Di. 


so that the non-indif&ttive non-reflexive cardinals are a particular case of 


We have 


spec ‘Ay v med ‘Ay = NC, 
spec ‘Ayn med ‘Ay = A. 


classes of mediate cardinals. 


Also 


spec ‘A, v (med ‘Ay v» med ‘A;) = NỌ, | 


spec ‘A, > (med ‘Ay v med ‘A;) = A, 
and generally : 
spec ‘A, v (med ‘Ay v med ‘A, -+ 


spec ‘A,- (med ‘Ay » med ‘A; -:: 
Further 


med ‘A, 4 med 'Ay = À 


unless y = y’ and spec ‘uc spec ‘vif u > v. 
Therefore from 2-03-03’ it follows that 


#*2-1 F. NC — spec ‘A; = 8‘ med “= “Ay. 
From 2.01.02 it follows that 


(spec ‘Ago spec ‘A;) v (med ‘Ay v med ‘A;) = NC 


vu med ‘A\) = NC, 
v med ‘AJ = A. . 


Hence spec ' 


2-01" 
2-011 


p= p' spec ‘= Ae 


2-11. 
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and generally from 2-11, ; 

p' spec te 2A; ú st "spec Cte =A; = Bt g 9.42 
and 7 
22 ` F. NC — p spec “È ‘A; = s' med “= ‘A;. 
Then from 2-1-04 
-s (NO — spec “Z Z ‘Ap = smed "Z ‘A; 
= § med Š Z ‘A; — med ‘A. 


ee 


` 


Thus 

*2-3 F. s (NC — spec “= “A,) = NC — spec ‘A; — med ‘A;. 

From 2-1 it follows that _ : 
med ‘A; v spec ‘A; vs‘ med “È ‘A, = NC. l 

Therefore from 2-2 we get 

X24 F. med ‘A; v spec ‘A; = p' spec we =A. ! 

Taking 2. 4 in the pardal case when E= {+ 1, we get 

#25 "med ‘Apu Y spec ‘Ap = p' spec “È ‘Az. 

Further we get the proposition : 

*2-6 Fi: A,eNC mult. ~ (attt ÍI = z): > . med 'A, = A. 


For suppose æ is a class containing subclasses having as cardinals all Alephs 
less than A.. _ There will be a well-ordered series of Alephs 


Antaw Ana pP Artas 
with A, as limit. And each of the classes 
a dlan Kaar aa Aaa 5% Uea Na 
will have at least onè member. ‘The number of these classes is less than A,. 


Hence, if A, e NC mult, a selection x can be made from this class of classes. 
From 1-7 it follows that s‘x will be an A;. It is therefore clear that if a 


class contains subclasses having as cardinals all Alephs less than A,, it also ` 


contains an A,. There can therefore be no med ‘A,. 
From **2-1-6 it follows that 


x27 H:A, e NC mit. ~ @o-o+l=2).2 NC — gpee'A, 
= s' med “= ‘A,. 


- 
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3. 


It has been established. that the following assumptions are equivalent 
Ginter 8e. 


*3-1 The Multiplicative Axiom. | >- 
*3-2 The Comparability of Cardinals.’ ` ee 
*3-3 The Well-Orderability of Classes.* ` 


It was also established that the multiplicative axiom implies’ the non- 
existence of med ‘Ao. It was not proved and there seems no reason to 
suppose it is true that the non-existence of med ‘Ay implits the multiplicative 
axiom. The consideration of the other mediate cardinals, however, shows 
that the truth of the multiplicative axiom would be implied by the non- 
existence of med ‘Ao together with the non-existence of the mediate cardinals 
corresponding to Alephs other than Ay. For we have | 


NC = Aleph. >:peNC.>.p ep spec Aleph. 
And therefore 


NC = Aleph. > . NC = p' spec “Aleph. (3-31) 
Since elia ge 
NC = Aleph . >. ene. D. p € Aleph 
> ipeNC. >,.av.veAleph. u € spect y, ` 
therefore 


NC = Aleph. > . NC = 3 spec “NO, 
which with 3-31 gives | 
_. NC = Aleph. > . NC = s‘ spec “NC = p‘ spec “NC. 
Further 
NC = p' spec “NC. > :peNC-veNC. > .p>vivip<p. 
This with the fact of the equivalence of 3-2 and 3:3 gives a fourth assump- 
tion which is equivalent to 3-1, 3-2 and 3-3, viz., 
3-4 NC = p' spec “NC = s‘ spec “NC, 
It follows that weNC. >. NC = spec' p. ‘Then from 2-1 it can be 
deduced that 
Cls = 1 » C™Q. > .s' med “Aleph = |À, 
Cl = 1 CEQ. > .s' med “NC =IA. : 
Finally from 2-1, if s' med “Aleph = A, ne Aleph | > . NC = spec ‘u. 
Hence NC =p‘ spec “Aleph = s‘ spec “Aleph. If u'e NC — Aleph, then 
there is some Aleph to whose species » does not belong and therefore 
NC + p‘ spec ‘Aleph.’ Hence if st med “NC = A, there are no cardinals 
not Alephs. Thus we have established the pees ie the statements 
3-1, 3-2 and 393 and 3-4 and the statement Pope ee 
#85 NC med = A. 


* See “Principia Mathematica,” *#258-37-39, and Hartogs,|“Uber das Problem der 
Wohlordnung,” Mathematische Annalen, Bd. LXXVI. 





PERIODIC OSCILLATIONS OF THREE FINITE MASSES ABOUT 
THE LAGRANGIAN CIRCULAR SOLUTIONS. -- 


By H. E: BUCHANAN. 


Introduction.—In 1772 LaGrange announced the particular solutions 
of the problem of three bodies in which the ratios of the mutual distances 
remain constant. These are the so-called straight line and equilateral 
triangle solutions: Liouville, in 1845,* investigated the stability of these 
solutions and found that for a small displacement the bodies would, in 
general, depart to relatively great distances from the starting place. The 
question still remained whether or not these displacements could be selected 
so that a set of periodic’ orbits would result. In this paper several classes 
of such orbits in the vicinity of the straight line-solutions are-shown to 
exist. In case one of three bodies is infinitesimal the problem has been 
treated by Moulton in Chapter V of his Periodic Orbits. The method 
which was developed there will be applied. heré when all of the bodies are 
finite. a 

The Differential Equations.—The general differential equations of mo- 
tion for three finite bodies whose codrdinates. are referred to axes ror SDs 
uniformly in the £y-plane are 








PE: dni _ = z (& §;) 1 aU 
ae Oy oh fate Fna 
dn; dës -a 2 mn) 1 0U 
eo dt ar È ry mi On: aa): 
PE; Se a ee = 
d? m ry ` miði 
3 





mMM; . r 
U=} omit DHELE GA, 
imal isl J= 1 fij 
where w dano the paar speed, m; one of the masses, and where the 
units have been chosen: so that the Gaussian constant is unity. _ 
Let the codrdinates in the straight line solutions be 
i 3 f= HP, Hi = ý; =. 0- ma Rie z 
ii “Connaissance des tterips,”: 1845. i p si 
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and make the transformation 
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= EP + ai, Mi = Yi c= PAN 
then equations (1) become . 
} 
G2 2o% = = (al + +) — om (z; + =g g) 
rey 
Py; 2 sa hos Z, M an y3) 
Je T 2w di = oy; A aa faa , i (2) 
Pi eia) p ack 
P Par al (= 1, 2, 33 jÆ 2) 
| 


These are the equations which define the oscillations. 
Expansion of the Right Members.—The right memb 
will be expanded as a power series in £i, y/, Z; 








rs of equations (2) 


The ae of convergence 
is the common region of convergence of the expansions of 


1 aTa 

Ta. Vet Om E h E G 
1 1 

ris Vet  — af — OP + GS — y+ G A 

E aes 1 
m Vat O——-O¥+ gw tea 


The first equation can be written in the form 
1 


| 








o a ae 


ate F 
(ya — y1)? + Ge — 21)? 





To 
ae 


T12 
with similar expressions for 1/rı3 and 1/r2s. 
will converge if 











(ya — yF + 2 — 3) _ za — 
tP Pt I 
a 2 + A 
gpa -ig 
(ys — y + e za) ne T3 
(z +E — ga sS tL, I< 


The three conditions on the left are satisfied if the line 


+ Pa 


Oya ; 


ia 
| 


It follows that the expansions 


joining any two of 


the bodies always makes an angle of less than 45° with the z-axis. 
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Inside the regions defined by these inequalities the right members can 
be expanded as power series in xi, yj, z, Then the differential equations 
can be written in the form 





Tet w = Fut Kat os 
å F 
Pii toi = Yet Yuto, (3) . 
Pai | 


qe Zut Zat ee @ = I, 2, 3), 


where the Xj, Yj Zi; are homogeneous functions of æi, yj, z; of degree j. 
Further X; is a function of y; and 272; Y; is y, times a function of y% 
and 2/2; Zj: is x, times a function of y‘? and 22. 

Tue SymMerry THEOREM.—By making use of the properties of X;,, 
Y; and Zj; we will prove the theorem: 

If all the bodies are projected from and at right angles to the x-axis, the 
orbits will be symmetrical with respect to this axis geometrically and in the time. 

If the initial projection is from and at right angles to the z-axis, then 


“=a, SO=0, Oon O= 0 =0, 
Bomo e 


and the solutions may be written 


Il 


x}. Pilti, bi, Ci, t), 
yi = Plai bi, ci t), 


zi = Olas bae D @=1, 2, 3). 


Equations (3) remain unchanged when ż is replaced by — t; y; by — y$ 
and zi by — 2;; but the solutions for the same initial conditions become 


x, = Pilti bi, Ci, — i), 
Yi = — Pilta ba ca — t), 
z; = 6;(a;, b;, Ci — ). 


The g; are therefore even functions of ¢ while the Y: and the 6; are odd 
functions of t. : 
The Parameters e and 5.-Applying to equations (3) the transformation 


wade, Y= iya sods, t= (1+ ôr, 
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we get 
oe 2e(1 + ô) F oH = (1+ ôP {Xu t Xa te} | 
ous oH a ROTE , f 
; ae ge = (1+ 6)? {Yu + & Yo: + +++}, (4) 
ey, 


= (1+ 8° Zi + e'Za: t +++} GF 1, 2, 3). 
P 

These hairs are valid for the physical problem proposed so long as 
the bodies remain in the regions of convergence previously determined. 
Let us generalize the problem by replacing e by ¢, a parameter which can 
take all values in the neighborhood of zero. We getia solution of the 
physical problem only when e’ = e. The method will be to find all periodic 
solutions when e = ô = 0 and discuss the analytic continuation of these 
when e increases to the value e’. 

The Center of Gravity Integrals and the Characteristic Exponents.— 
Equations (4) possess six integrals which define the position and motion of. 
the center of gravity. When the origin is at the center of gravity, as it is 
in equations (4), these integrals are 


miti + mar, + mats = 0, miyi + mays + mays = 0, 5 
mizı + mz + mz = 0 ©) 
and their first derivatives. By means of these equations it is possible to 
eliminate three of the nine equations of (4). We choose to eliminate the 
Xe, Y2 and zz equations, so that hereafter 7 takes only the|values 1 and 3. 
To obtain the generating solutions we put e = 6 = Q in equations (4). 
Evidently all except the first terms of the right members disappear. If we 
remember that as, yz and z have been eliminated by (5), “we obtain the 
linear homogeneous differential equations 3 





E: d 
a ot (a? + 2Ay)ay + 2Bizs, 
p d | 
a — 2w ve 2B + (a? + 24s)ts, | 
| 6) 
out 2 = (a? — Ax)yi — Brys, : 


dy 20 _ = Buy + ( - - As) | o 
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: ae — Ay Bizs, 
. dP : 
p (7) 
. Ta = Bm- As 
where 
Apo mm m, . 4 ™ ma F ms, 
j ria “Tis i ri T23 : 
L ad EPE eee 
neal a) 


and the r,;; belong to the circular solutions. 
Equations (6) and (7) are mutually. independent;, therefore we can treat 
them separately. Let us substitute 


= K ie", i = Le , Zi = M 8.. 
From equations (6) there results a set of equations linear and homogeneous. 
in K; and L,, and from equations (7) a set linear and homogeneous in Ms. 


In order that there shall exist a solution other than that given by 
K; = L; = M; = 0 we must have 


M — wt — 24), — 2B, ONG). 2 0 
—2B, M-o—2dy  - 0, re | =0, -@) 
Dw, <& 0  — w+ Aj, Bi Ti 
0, 2hw, B, 0 Xot] 
and 
et Ay, . By o ‘ re i iE 
Be ea ©) 


- The left member-of equation (8) is a function of X for if ` be changed* 
into — \ the function is unchanged. Lagrange* has proved that there.are. 
elliptical orbits in which the bodies all remain on a straight line. These 
ought to appear here as oscillations near the circular solutions. .Therefore 








we expect equations (8) to have a solution X? = — «°. „On substituting 

— o for X in (8) we obtain from the left member 
) . A, Bil l-4, By E 
Poad E Bu aA n 


The quantities w*, A1, Ás Bı and Bs are not independent, but are related 


* Tisserand, “ Méchanique “Céleste, ” VoL 1, Chapter 8; Moulton’ 8 Ceata Mechan- 
ics,” P- 217. d i 
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f 


by the equations which determine the circular solution, namely, 





wrt? — (ma + me) + MEV malE — EP) _ 0, 


8 
T13 ris 


tt a mP — P) $ EP (ma + ma) + mig? 








= 0, 
Tig T33 
- which become when expressed in terms of A’s and B’s | 
0) | 
ww sy. å = a By, a apl Á; = E By. (11) 


Ep 


The first part of (10) is clearly positive. If equations|(11) are used the 
second factor vanishes. ‘Therefore — w* is a root of (8). Further, if we 
put X = 0 in (8) the determinant breaks up into the product of two deter- 
minants one of which is the second factor of (10). Therefore (8) has a root 
X = 0 and can be reduced to a quadratic in A? the exact form of which is 


MF 28a" — A, — As) + Buf + Ardy — 2.4? — 242-4 5B,Bs = 0. (12) 
Since Bı and B; are positive and ¿f has the opposite sign to &{ equations 
(11) show that 
PA <0, A <0. (13) - 
Equations (11) also give 
| (a? — 4) (a? — A) = BBs. (14) 

Using the relation (14) the constant term of (12) can be grouped 
(a + As) (a? — Ay) + (+ Ad) (ot = As) + Ae Ay) 3 

F Asl — As) — 4B,By. 


The constant term of (12) is therefore negative and thé solutions for X are 
real, one positive and one negative. Call these roots — pj and p3. 

The forms of equations (9) and (10) show that (9)/ also has the root 
o? = — œa. The other root of (9) is o° = œw? — A, — Ag|which is negative. 
We denote w* — A; — Ag by — +°. From these specific values of the roots 





° of (9) it is clear that — 7° is less than — «°. If N in (12) is replaced by 


— °, the left member reduces to w*(2w* — A, — 4s) which is negative. 


- Hence — p?-< — v? and the relative magnitude of the roots of (8) and (9) 


whatever the values of mı, mg and m; are as follows: 


-p< —P<— a <0< A. 


The Generating Solution.—Having found the characteristic exponents, 
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we can write the general solutions of equations (6) and (7). They are 


y= Kye? Ky + Kye K ye + Kise? + Kige "+ Kir} Kier, 
“y= Kose! Kage P+ Kose” + Kose "+ Kase?" + Kage + Kort Keogr, | 

yi= Lunet Lie Lre” T+ Lur -+ Laet Lae ttt Lart Lis, 

Ya= Lae + Tage P+ Laet Lue + Laet Loe t+ Lort Lage, 

z=M ne tM + Muse" + M u, 

z= Mn +M "+ Mose” + Mase. 


(15) 


The solutions for z; and y; can contain only eight arbitrary constants. 
We may choose for six of them Ly +- Ing. Then the Lay, Ki; and Ky, 
j =1--- 6, are uniquely determined in terms of Ly, --- Lae by any three of 
the equations 

Qe so w? oe 241) Ky; bac 2BiK3; as! Dol; = 0, 

— 2B3Ki; + Q? — a — 243) Ka; — 2hwLa; = 0, 16) 
DoK + OF — A + An)Ly + Bily = 0, i 
2hoKs; + Bsly + ~X — a + ALa = 0 GG=1--- 6), 

because pii, — pit, wt, — wt, p2, and — pz are simple roots of (8) and there- | 


fore not all the first minors obtained by suppressing the column belonging ` 
to the Li; can vanish. 


To find Ka, Kis, Lay and Lig substitute t; = Kir te K;s7, Yi = La -+ Ligr 
in the differential equations (6). There results 


— 2wlns = (a° + 241)(Kar + Kier) + 2B1(Kaz + Kaer), 
— 2wLzs = 2B3(Kiz + Kigr) + (w? + 2A3)(Ko7 + Kogr), 
2wKyg = (W° — A1) (Lir + Lise) = By (Lz + Lasr), 
20K sg = — Bs(Lay + Lret) + (@? — As) (Lir + Loar). 
| Since these equations are identities in r we have 


2wLis + (a + 241)Ki7 + 2B, Kar = 0, | 
2aLeg + 2B3Kiz + (w? + 2.A3)Ksr = 0, 


Q0Kig — (w* — Ai)Iay + Bila = 0, | 


2uK 3g + Balar — (o — As)Ls7 = 0, (18) 
laf + 2A1) Kis +..2BiKss = 0, | 
2BsKis + ( + 2A3)Ksa = 0, ], (19) 
(@* — Aı)Lis — BıLss = 0, 20) 
a aaa Bslig + (a? ag Ag) Lg = Q, 
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In (19) the determinant of the Kis is 


eT ea A le u + 2aP(As F As) F A( ALA, = BB), i : 


..2Bs, a? + 2A; 


which is positive. Therefore Kıs = Ks = 0. In (20) the deteribinent of 


Lig vanishes, therefore 


an 
fA ig = ZB a= & 


Since Kis = Kz = 0 it follows from (18) that 


Lss = 


Dar = Ste 


Then (17) combined with (14) gives 


Ky=— Zl, Kn = — 2 Lu. 


3o $O 


m 


Hence we choose Ly, and Iag arbitrarily. In the samé way we choose 
Mi; (j = 1--- 4) arbitrarily and determine Ms, in terms of M aj by either 


-of the equations 


(P+ A)My + BMy=0, BMut (P+ ihe = 0, 


which give ° 
0) i j 
Ma = BM, Ma = 8 Mu Mu = a 
kc an Mu. 


(21) 


When dai/dr = y; = 2; = 0 (i = 1, 3) at r = 0, we get for the solutions 
xy = Ky cos pyr + Ks cos wr + Kis cosh per + Ky, 


Yi = La sin pir + Lis sin wt + Ls sinh pat + 


Bi = Ma sin OT + Mi sin PT. 


List, 


‘The generating solutions must be periodic. - Therefore we Have the following 


cases to consider: 
(a) pi, w and vp anini. 


Case 1. 2; = A = 0,- z; = Ma sin pr. 
k : 
Case 2. 2; = Ky cos wr, y= Lasin or,- a= 


4 : 
© Case 3. a= Ka cosp, yi =-La sin pT, zi = 


l 





Ma sin WT. 


0. 
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(b) w and » commensurable but pı incommensurable with them. - - 
Case 4. a; = Kig cos wr, Yi >- L; sin wr, a= Ma sin wr + Mi sin yr. 
(c) pı andy commensurable, but w incommensurable with them. 
Case 5. 2; = Ka cos pir, yi = La sinpi, © %= Ma ‘sin yr. 
(d) pt and w commensurable, but » incommensurable with them. l 


Case 6. 2; = Kacospiır + Kis cosor, yi = La sin pir + Lie sin wr, 
z: = Ma sin or. 4 


(e) pı, w and y commensurable. 


Case 7. a = Ka cos pir + Kiz coswr, y; = La sin pyr + Lis sin wr, 
zi = Ma sin wr + Mis sin vr. ` 


Transformation to the Normal Fori —For the akina proofs and for 
certain parts of the constructions of the solutions the variables of equations 
(4) are inconvenient. To introduce variables better adapted to our purpose 
we make a transformation of the form 


8 8 8 

= Do jus, a= S aajuts, vy = L Qajlbjy ete., 
j =i j=l i 
where the primes denote derivatives with respect to v. The determinant of 
the substitution must not be zero. It follows from the general theory of 
differential equations in which the characteristic equation has a double 
root zero that it is possible to determine the a; so that equations (4) assume 
the form 


w= + (1+ B)pywur + (1 + d)ePi(u;, z), 
ua Fo (1 + 5) pitts + (1 + 5)ePo(uy, 2x), 

= + (1 + Jarus + (1+ d)ePs(uj, 21), 
7 = — (1+ jwr + (1 + ô)ePalu, z), 

= + (1+ ôjorus + (1+ d)eP5 (uy, z:), ; +p (22) 

us = — (1 + dpa + (L+ ô)ePelu;, z:), 
uz = + (1+ ôjus + (L+ 8)ePr(u;, zi), - - ; 
us, + (1+ Sd)ePa(uj, z) G=1---8), @= 1, 3), 
aS cee ay faut eat ++} G= 1,3), 


avhere the P; are power series in the u; beginning seth teams of ic second 
degree. To. determine the constants a;; integrate equations (22) after all 
terms have been dropped from the right members except the linear ones. 


I 


l 


102 


The result is > 
w= Tyyett ou, Un = Inge Ot 
Wa = yet, Us = Laget t, 


ur = Lair + Lais(l + ô)r, us = Lng. 


On adding these eight equations we get the value of 
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uz = Ldt OT 


us = Ine tt, 


yı obtained from . 


integrating the linear terms of (4). The values of x1, 24, yi, Ya and ys are 


found by multiplying the Ly by certain constants ob 


equations (16) for K,; and L3; in terms of Li; 


ined from solving - 


The, La; are arbitrary 


constants of integration; therefore we choose them all equal to unity since 
this choice obviously does not make the determinant of the substitution 


zero. 


This gives the following form for the substitution: 


zı = alun — uz) + aslui — w) + as (tus — us) + arus, 


“ay = pred (uy + w) + weag(us + u) + pzaslus + 24), 
by (uy — Us) + bs(us — w) + bs(us — ue) + brus, 
za = pytby (uy + t4) + webs (ug + ua) + padbs(us + us); 


tg = 


Yr = Uy + uz + ug + us + Us + Us + ur + Us, 


Yi = prr(uy — w) + wi(us — Us) + palts — Us) + Us, 
= (ua + ts) + calus + ua) + cslus + Ue) +. ae + us), 
Ys = preili — te) + wees(us — t4) + pats(us — Us 


Ys 


(23) 


+ crug, 


where the a;, b; and c; (j = 1, 3, 5) are the ratios of the Ky, Ka; and Ls; 


to Lij, ay and by are 
Lg to Lair. 


e ratios of Ki, and Kaz to Ing, and cy is the ratio of 


Equations (22) are the normal forms for the equations of motion. In 


the normal variables the generating solutions become 
GQ) wzw=0 G=1---8), 
(2) uj = 0 Gg = 1, 2, 5, 6, 7, 8), 


Zi = M; sin VT 


- Ug = ae", 


= pur ` p — pitt 
Uy = ae," Ug = Po 


(3) 


(4) u=0. G=1,2,5,6,7,8), us = ae, 


Il 


(5) u = ae, UW = ag", 


w = ae, 
a = M; sin wr + N; sin vr 


a= 1, 8), 
Us = ae", a 
zi = M;sinwr.. i = 1, 3), ` 
u=0 G= 3,4, 5; 6; 7, 8), 


ai = 0, @= 1, 8), 


i= 1,3), 


w= 0 G= 3, 4, 5, 6, 7, 8), 


zi = M;snvr (i= 1,3), 

(6) u = ayer", U = aye", Ug = 8", Ug == aoe", 
. ù=0 G = 5,6, 7, 8), z: = M; sin yr, 

(7T) wy = aye", Un = meh, Uz = ae", ty = ae, 


uj = 0 G= 5, 6, 7, 8), 


zi = M:sin wr + N;bsinsyr (i= 1,8). 
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The Periodicity Equations for Solutions with Period 2r fv. eine to 
known theorems* on differential equations it is possible to integrate equa- 
tions (22) as power series e, ô, a;, 8; and y: where the æ; are the initial 
values of the w; 8; of z: and v(M,;-+ ,) of the zi. Instead of integrating 
as a multiple power series in all these parameters, it is more convenient in 
the computation to develop the solutions in the form 


oo š kes 
u; = X uye, zi = Dozy, (24) 
j=0 j=0 


introducing ô in connection with 7, and the œ; 8; and y: by means of the 
initial conditions. - 
The equations détermining tio and Zio are 


detaia hg = + ES 


uzo = — (1+ ô)prruso, uso = — (1+ 8)pzuso, 

Uso = + (1 + d)ertso, ur = + (1+ 6) us, (25) 
Uso = — (1 + jwis, Uso = 0, 

zio = — Áw — Bisa, 230 = — Bazu — Asz. 


Integrating and imposing the initial conditions we have 


yg = agt, ugg = at HDA, 
Un = age OHD PET Uso = age Pm, 


Uso + aget ber, urn = Az + ag(1 + 8)r, l 
up = ce Dr Uso = Og, 


o go = Meet + Me to t M ecto" + Mae pee 


where by equations (21) the M; are expressed in terms of the M 1. The 
Ms; are expressed in terms of the initial conditions by the equations 


Bı = Mut Met Mss + Muy 











Ba ia 2 e zt Mut Ma) 5, 
eae (Mi u My)w + (Mas aes Mu)», 
ne = (Mu GEZ Mao a+ (Mis — Mwy 7 


The solutions of (22) are 


* Moulton’s ‘Periodic Orbits,” par. 9. 
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uw = aeter + ePi(a;, Bs, Yis ô, €), a 
U = ae Deir + Palai; Bi Yi, 5, €), 
Us = ‘aye ther + EeP: (a, Bis Yis ô, e), A 
Us = aye iter + eP s(x, Bi, Yis ô, €), : : 
us = aetra + ePs(axi, Bi, Yis 4, e), i 
Ug = age Der +. Pe (ai, Bs, Yo 8; ©, 

Uy = ag + ag(1 + 6)r + S Bi, Yis ô, €), 
tg = ag + ePslas, Bi, Yi, ô , 6), ' 

z= Mao" + Mae HO" 4 M gHr + Mae miter 

+ Qile Bi, Yis-ô, €), | 


(28) 


I 


zi - (1 +} Salerro _ Mae"). | d o AEI 
3 + (Hiat — Ma Ery] + Qi (as, Bi Yi È, ©); a 
where P,, Q; and Q; are power series in the indicated arguments. 

Sufficient conditions for a periodic solution having the period 27/» are 


u(2)- us(0) = 0 es eee 


ni( =) — a0) = 0, z (2)- x0 =0 aay 


The Existence of Solutions with Period 27/.—Of the ten known in- 
tegrals, we have already made use of the six connected with the center of 
gravity. There are four moré to be considered, the energy integral and 
the three integrals of areas. By means of these four|integrals it will be 
shown that four of the ENE equations of (29) are redundant and can be 
suppressed. 

The integrals are explicitly 


“ (29) 





F, = Yala - — ği) — c = 0, 


= © miZ! — - Ba) — Co = 0,° 
(30) ` 
= Emcee — a!) — C3 = 0, 


F = 4% > Le + HP + E] 


"where the Žo Ji and 2; are the rectangular coérdinates ae to fixed 
axes whose origin is at the center of gravity of the system. These variables 
are related to those used in (22) through the equations; - 
i i = & cos wt — 7; sin wt, 
¥s = & sin wt + 7; cos at, 

B= E+ ex, = ey 
Ži = ei, t= (1+ ô)r, equations (23). 


o 8D i 
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Now let w = a; + u G= 1-8), 


a= (Mi+ yı) sin edocs z3= (Ms+ ys) sin ert £3, 
B= O(Mi-t+ yi) cospr + ti, 23 = v(Mg + ys) cos vr + th, 


where, from (21), M3 = [0° — A;)/B,|M, and where M, is taken distinct 
from zero. It follows from the initial conditions adopted at the beginning 
of this article that 


21(0) = v(0) = +++ 29(0) = 0) = ta(0) = 4O = %O = 0. 


Since c1, ¢2, C3 and h can be expressed in terms of the a;, 6; and Yy; as 
power series, the integrals can be written in the form 


F; = F;(0, +++ vs, ier Sa, tis ts, a1 te aa, Bi, Bs, Yo Ys) = 0 Gi=1--- 4), 


where e is divided out when it enters as a factor. These equations are 
satisfied at r = Qr/v by n = +++ = v = ți = ts = ti = t} = 0 whatever 
may be the values of ay, ++ a, bu Bs, Yı and ys. For this value of r they 
can be solved for vs, s, Çi, and {3 as power series in v -++ 07, £1, a «++ Qs, 
Bi Bs, yı and ys, and the solutions will vanish for v = --- = y = ¢, = 0 
whatever ay +++ a, 81, Bs, Yı and ys may be, provided the determinant 


Ove” Of,’ OE’. OLS 
ôF, OF, OF, dF, 
Ove” Ofs’ Of,’ Of] — 

oe OF, OF, OF; OF; (e 
Ove? Əs’ əf’ ðt 

OF, OF, OF, F 

Ovg’ Ofs’ OF’ ts 














is distinct from zero fora) = <: =o = ți = {== f3 = ars: = ag 
=b pE n= y2=b=€ = 0. Since F; does not involve 21, Za OF 83 
all the elements in the first line except the first one are zero. Hence it is 
only necessary to consider the first diagonal element and its co-factor. 
In computing the elements of the determinant it is necessary to eliminate 
the codrdinates and derivatives with the subscript two by means of the 
center of gravity equations. Then it is found from the explicit forms of the 
integrals and the transformations (23) that 


om = m1 + Quan) (EP — EP) + maob + 07) (EP — EP), 


Vg 
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— = — molit — ED) cos —— Hio i 





a mal — BP) sin E, 
8 





DEn a a — a 2™2, 





vo PLCs + m)Mı + ai 


` OF 4 


= 8 Tn 
at, = a pL mid + (mz + m) Ma], 


When these elements are substituted in (32) and|the determinant is 
reduced by the elementary rules for the simplification of determinants it is 


found that 





p = — ÎE mmm + m + m)s aw (EP. — EP) (Mae? — — Miko. 


Ovg me 


The factors of this expression are certainly all distinct tsi zero except thé 


j 


first and last two, which must be considered further. 


| There is no loss of 


generality in so choosing the notation that ¿P < P < P. Then it 


follows from the center of gravity equation - 


mak? + mgp +m = 


that #° is necessarily negative, Ł@ is necessarily ne and the next 


to the last factor of D is positive. It was remarked i 
It follows from (9) that + a? = A + As. Therefor 


(13) that a? < Az. 
ev? — 4,> 0 and 


Ms has the sign of M,/Bı. It follows from the definition of B, that it is 
positive. Henge both terms in the last factor of D have the same sign 


and this factor also { is distinct from zero. 


It only remains to consider ôF,/ðvs. It is found from equations (16) 
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and (21) ‘that 


_ tol — Ay) = wl? F245) 2 
"S (FF DA) (FF 2A) — 4BB, 3 


p, — Bolu? + 241) (o? — Ay) + 4oBB _ 2 P, 
BEG F 24) F 2A) — 4BiBi] 8a 








When these expressions are simplified it follows that 


1 | 3x 
1+ 2wa = — 5, 2b op = — SE 


and therefore that both terms of OF [0% are Postar Hence D is distinct 
from zero. 


Since the four integrals can be solved at t = ek for vs, fs, {1 and t$ 
as PORE series in D1 -+++ 0g, œt as Biu Be Yı ‘Ys vanishing for 
u=- oy = Ci = 0, ike K a 


Ue 6 — us = 0, z (Z )- 2(0), | z (=) 7 z;(0) = 0 @ = 1, 3) 


are a consequence of the remainder of (29), and therefore can be suppresied 
The Pee conditions are then 


-0= onfeGt Dour — 1] + Pila; Br Ye ò, €) » (i J F 4 j 


0 = onfe tee? — 1] + Pala Bes Yis 8, ©); 
O= afett)=r— 1T-+ Prey, Bo Ym 8 Os 
0= onfe oer — 1] + Pila; Bes Yrs 5, ©), - (33) 
= af cota? — 1) + €Ps(aj, Be, Yrs 5; €), 
0 = age tat — 1] -+ Palaj Bes Ye» 5, €), 
0 = asl’ + €Pr(aj, Bx, Yrs 5, ©), 
0 = 2; (2a/v) — 21(0) = My sin 2r(1 + 5) + Qla, Bes Yrs 5, ©), 


where Q vanishes for 8, = y» = e = 0 whatever the a; and 6 may be. 
The first seven equations of (33) can be uniquely solved for a1 +++ œs 
and œs as power series in az, Bx, Bs Yı Ya, ò and e vanishing for these quan- 
tities equal to zero. Indeed, the solutions vanish for e = 0. Suppose the 
results are substituted in the last equation of (33); it will then become a 
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function of az, 81, Bs, Vy Yz, 6 and e, vanishing with tebe quantities. The 
coefficient of ô to the first power comes from the first term alone ahd is Mi, 
which has been taken distinct from zero. Therefore, this equation can be 
solved for ô as power series in a7, Sr, yr and e, vanishing with these quanti- 
ties. That is, equations (83) are uniquely solvable for a «++ as, ag and ô 
as power series in a, Br, Y and e, vanishing with these quantities. There- . 
fore the periodic solutions having the period 27/p exist. 
_ Orthogonal Orbits with Period 2r/v.—We have demonstrated the exist- 
ence of a unique set of solutions with the period 2r/y by starting from 
general initial conditions. In the present article we ghall show that all 
orbits of this type cross the z-axis at right angles. The conditions for an 
orthogonal start are z| = y: = z; at t = 0, or i 





gi = 0 = (1 + d)puay(ar + ae) + (1 + ôjwaslazst as) 
+ (1 + ô)paas(as + as), 
ay = 0 = (1 + 8)pytbi(ar + æ) + (1 + ôjwibslas + a) . 
S . + (1 + ô)pzbslas + a), 
yı = 0 = a + ar + as + oy + ai + as + ar + as, 
Ys = 0 = ci(@ + a) + cslas + a) + cslas + 08) + er(d7 + œs), 
zı = 0 = Mut Me t+ Mist Mu, 
zs = 0 = Ma + Mat Mat Mu. © 


(34) 


è . 

The determinant of the œ; + a; of the right members of the first four 
equations cannot vanish for otherwise the determinant of equations (23) 
would vanish. Therefore the only solution of them is 





a + a = 0, ag + œ = 0, as + as = 0, ay + ag = 0. 
. Similarly, since My; are expressible in terms of My it follows that 
M, = — Mr, My, = — Mu. | 
Put . 
iv 


pas TEN là k "ane sak fr ao mun at = 7 
a= —m=— a, = — 4 =a, a= — a = a’'",| oF = — Q&Q =a”. 


By the symmetry theorem the conditions that the orbits be ‘periodic are 





“= y= 2 at t=~. 


i 
e . | 
These conditions are explicitly 
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0 = 2(14 ee pt +8)+20+ Dair sinw? +8) | 
$21 A Dype” sinhat HD+ Rl, a", a, al, a8, 6 

0 = 21+ Doniba’ sin p1% (1+ 8) + 21+ barbaar” sino? (ESA 
+ 20 H pba” sinh pa (1 8) + E T 


0 = 2a' sin pi — a+ 8) + 2a” sinw = (L+ 8) + 20” sinh p= (1 + 5) 
+ ER eRs(a’ ’ a’ , na", ae”, Yi, 6 , €), (35) 





0 = 2ca' sin p.m (1+ 8) + 2eqe’ sin w= (1 + 8) 
y . 


-+ Qeso’”’ sinh pam (1+ 8) + 2er" + cR, a”, a", a’, Yi 6, ©), 


0 = 2Mu sinw? (1+ 8) + 2M; sin r(1 + ô) 
+ ERs (a’, a", al”, al’, Yis ô, €), 
0= 2M {sin o> (I+ 8) + 2Mg sin r(1 + 8) 


e 
+ Rila’, a”, a”, a”, Ya 5, ©). 


. There are six equations and eight parameters a’, a”, œa”, a’, Yi, 5, €. 
Therefore two of them will remain undetermined when (35) are solved. 
We choose y and e arbitrarily. The determinant of the linear terms in 
a’, œa”, a, a” is different from the determinant of equations (34) only by 
having 16 sin pi(x/v)(1 + ô) sin w(r/v)(1 + ô) sinh pa(r/v)(1 + ô) as a 
factor. Since pı, w, pe and v are by hypothesis incommensurable, the deter- 
minant does not vanen: We can therefore solve the first four equations 
uniquely for a’, œa”, œ”, aY as power series in Y: ô, e Let the results ` 
of these solutions be substituted in the last two equations. The determi- 


nant of the linear terms in ys, ô is 


vB, 
r| ola — P)’ 
| B _ ey? — A] + 
(oo? — Phe? - B: 


— rM, 


sin @ — 
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which simplifies to 
G + oB)rMı ain o5 i 


. PE n= Pk 





Since w and v are incommensurable this cannot vanish. | Therefore we can 
solve the last two equations uniquely for ys and ô as |power series in yı 
ande. For any particular set of values of yı and e there is only one general 
solution and only one orthogonal solution. Therefore all solutions are 
orthogonal. ce 
Interpretation of the Arbitrary Constants of the Solution.—The five 
initial constants œr, 61, 83, Yı Ys and e were chosen arbitrarily. The e 
from the way it was introduced determines the magnitude of the deviations 
from the circular orbits; that is, the relative scale. It is properly called 
the relative scale, for whenever an orbit is found with a definite value of e 
there is an infinity of others of different dimensions of the same general 
shape and the same properties. ‘ 
The absolute scale of the circular orbits from which the bodies deviate is 
arbitrary.. It is obvious, therefore, that deviations from: given circular 
orbits can be made in such a way that the solutions Ze remain circular. 
That is, the final solutions depend on one parameter which is involved in 
the determination of he absolute scale of the orbits. a 
Tf the coordinate axes are not so chosen that the line|of the bodies is the 
z-axis and their plane the cy-plane, then it is always possible by properly 
determining three constants to rotate to this position. | Therefore three of, 
the initial constants account for the position of the codrdinate axes. : 
We are free to choose the origin of time, therefore adie of the initial 
constants is determined by its choice. l a 
To sum up, for general initial conditions there! are six arbitrary 
parameters: two connected with the position of the plane of the bodies, 
one with the position of their line in this plane, one with the origin of'time, . 
and one each with the relative and absolute scales. 
If the orbits existed only in the plane of initial motion theri the two 
constants going with the position of this plane would jnot enter.. In the’ 
orthogonal existence proofs we have determined all these constants except. 
the relative and absolute scales. A similar interpretation of the arbitraries 
can be made in all the following cases: l l , 
Case 2. Existence of Orbits with Period 2r /w.—We will now consider the 
analytic continūation of ig l l 


“ys 


T; = Ki COS WT, Yi = L; sin OT, Zi = M; sin wT, 
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or in the normal variables 
u; = 0 secs, Ug = ae”, Uy = ae 
: = M;sinor (i= 1,3). 
Let the initial conditions be 


u=a; (i= 1, 2, 5, 6, 7, 8), us = a + as, U4 = a + s, 
= Bi, zi =aty, © G= oM: @=1, 3). 
Integrate the equations of motion as power series in e, introducing a, Bi, 


‘yi, Ô as in the previous case. The solutions are exactly the same as equations 
(28) except the ug and wz equations which are: 


= (a + aget tar + eP (ai, Bi Yi ô, €), 
= (a + aje tOr + ePi(ai, Bi, Yi ô, e). 


Sufficient conditions that the orbits shall be periodic with period 27/w are 
u:(Z)}— w(0) =0 G=1---8), 


» (=) sna. A (=) S020 Ga15). 


Four of these periodicity equations are redundant. The argument. is 
essentially the same as in par. 10. The explicit forms of the integrals are’ 
given by equations (30). We propose to show that the equations coming 
from ug, Us; z and 23 can be suppressed by means of these integrals. Let 


u =a; F vi (i= 1,2,5,6,7,8), us = (a + ase” + vs, 
= (a -+ ape + va = (M: + yi) sin wr + ți, 
zi = w(M; + y:i) cos wr + ți @= l, 3), 


where M: = P/E? Mi and Mi ~ 0; a = 0. Following the argument of 
par. 10 the equations indicated: can be suppressed provided the determinant 


oF, OF; oF OF; 
ðv”? Ovs ie OSs : ath 
OF, OF, OF, OFs 

Lege ROVE, ðn? ats? AOC Voce icc nia Rs 
Avg tee Ovg : Of; -ath 
OF Pe oF, aF 
i k Ovg j ðv; ? GIE J Obs , 
The values of the elements of this determinant computed from equations 

















4 
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(80), (81) and (38) are as follows: 








aF, _ ôF, _ aP, _ aFa _ OFa_ AF; _aFs_ o 
Of, ðt Of; Of: Ove ðr, ðt i 3 
OF; _ 0) —_ #0) OF, 0). $0) 
ag malt? — D), ats wms( ES g )» 
aa me — EP)(L + 2wa) + mP — EP Cr 4+ 2wbr), 
2s = mH — HP lo + Baas) + male — Ngee + Zub), 
wt = 2am (E — EPa + PED — Eby, 
te = 2e*m (EP — &)as + 2am (E — ED Yds. 
Therefore D reduces to A | 
aP amj o 
OF OF; Ove” Ovg | 
ats ath Fa OF | | 
ðv Ov; 


Neither of the first two factors vanish. The third factor easily reduces to 


mE EY”) + ms( EY ome 
Mi (¿P— Hartm (iP — E br, 


EM Jer, 


my (EP — 


ED )eoe-+ ms, 
mı (e— EP) dst ms( 


The values of a7, by and c7 are given by equations (32). 
values a bı and cı, as obtained from equations (16), 


and cg can be obtained from a, bı, à by replacing pit 
wt — 2A, — 24s) 


— 2pıwBu (p? — 





ay = 


b = 


(P + a + 24) loi + w + 243)( — pi 


-A+A 
+ ptal? + o + 244) F 4B,Bs(t + oP + Ay) 





EP — EP wea 
w | 
We give below the. 


noting that as, bs 
by we 


J 


piw} l (41) 





C1 = 


where d represents the denominator of a. 
a short calculatien that 


b; = 


) 


Zprwr{ (p3 + a? + 2A1)(pi3 + a — A) — 2B,B; — 
d 


— By(p? + è + 24A) (p? + a + 245) + Sp%u* By + 4B3B, 
d 3 


From these values one finds by . 
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while from equations (32) . 
gD 
f b; = gom 
Equation (40) then reduces to l 
m — BP) + meP — EE ||} 
3 FO a 


The first factor does not vanish since every term is negative. We have- 
previously found l 


1+ 2wa = — 1/3 or 2wa = — 4/3. 


Therefore the.second factor reduces to 


[84]. 
2h 3 


It follows that the determinant (39) does not vanish and the us, us, zs 2 
equations can be suppressed. 

The necessary and sufficient conditions for a solution of period 2r/w 
are therefore 


0 = ay (etter) — 1) 4 ePy(ars, Bi Yi 8, ©), 

O = aglo Oter _ 1) +. Pala, Bs, Yi, 5, €), 

0 = (a+ oy) (e+ — 1) + ePi Bs Yi 6, ©), © 
0 = ag(e ter — 1) +. Pila; Bi, Yi 5, €), 

0 = a(t — 1) + ePolai, Bi, Yis Ô, ©), 


WL 
a3 








(42) 
2 
0 — aig + eP7(a, Bi, Yis ô, €), 
4 0 = My (et = 1) + M(t paes 1) + Mage trio) y 1) 
F Mul tO — 1) + Olea Bi, Yi Ò, €), 

0 = wMpu ette — 1) — wMiyle tE — 1) + vMi (e tO — 1) 

E yM y (eT EHO a 1) + EQ’ (ai, Bi Yo ô, e), 
where Ma, Mi, Mis, Mu are expressed in terms of B; and y; by the 








equations f l z - 
Bı = Mn + Mr + Muat Mu, 
p= Oe En arena E ce i (Mut Mu), 
(43) 
a + y = o(Mi — Mi) + rts — a 
a — Ay an 





cat ys = oe 5 Mn — Mn) + ni =e Mis Mid. | 
; : 


| 
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The first six of equations (42) can be solved uniquely for a Qs, 5, Os, Og, Og 
as power series in €, a3, 4, a7, i Y: since the determinant of the linear — 


terms in these quantities- does not vanish. Suppose. 


ese solutions are. 


substituted in the last two equations. Then the determinant of the linear 


terms in $1, Yı reduces to`’ 
fF AY (Z_ =)’ 
4(5=4) ¢ e yr, 


Since w and v are incommensurable by hypothesis, it 





i follows: that this 


expression does not vanish. Therefore the last two equations can be 
solved uniquely for 6; and yı, as power series in €, a, a a7, Ba, Ys. Thus 


the existence of an unique set of orbits with period 2r/w 
be shown that there is an unique set of period 2K (r/w) 


s proven. It can 
which include the 


case K = 1. It follows that all orbits of this type are reéntrant after one 
revolution. Further it can be shown, as in case 1, that a unique set. of 


orthogonal orbits exists. It follows that the orthogonal 
ones. ` 


analytic continuation of the generating solutions 


a= K:cospir, . y= Lisinpir, z= 0; 


or, in.the normal variables, of 


u = ae", w= ae, u=0 = 3,4, 
Zi = 0 (= 1,3). 


Let the initial conditions be 
u = a+ oa, U = a+ as, Uy = Qi @ = 3, 
z= b, = (i= 1,3). 


orbits are the only `~ 


Case 3. Existence of Orbits with the Period 2r/pi.—Let us consider the 


5, 6, 7, 8), 


4, 5, 6,7, 8), 
| 
| 


|- 


The solutions of the differential equations with these initial conditions are 


uy = (a + ay et eur d- eP1(ai, Bs, Yi, 4, ©, 
ta = (a+ a) D + Palate Bis Yo È, €), 
ds = a t +. Ps (as, Bi Yi, 6, €), 

u = ae FM" + 6Pylai, Bi, Ye 5, ©), 

us = age + Psl Bis Viy 8, ©), 

tig = a OD ear T EPslai, Bi Yi 8, ©), 

Uy = ar + asr + ePilæi Bi, Yis 6, ©, , 

us = as + Palai Bi, Yis 5, €),; 
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gi = Maer 4+ Mayet" 4+ M; aia + Myc oh oe . 
+ Qa, Bi Yis ô, €), 
zi = {oM po EA oM ne “uber 4 vM geo 

— pM ue PDS) GA + ee Q! (æi, Bi, Yis 4 , e). 


The M; are homogeneous and linear in the 8;, y: It will be proved that the 
analytic continuation of this solution exists only in the zy-plane. 

The periodicity conditions are of the same form as in the other two 
` cases. Without writing them out in full, it is clear that if 8; = y: = 0 the 
orbits are wholly in the zy-plane. -On the other hand, if 8;, y; are different 
from zero, we shall show that the solution is impossible. The linear terms 
of the z,-equations are homogeneous in fj, y: with a determinant different 
from zero. We solve three of them for f;, 83 and yı and substitute the. 
results in the fourth equation. Then ysis a factor and can be divided out. 
‘There is a term left independent of all the other quantities a;, 5;, e .There- 
fore the solution as a power series in the remaining parameters, vanishing 
with them, is impossible. > : 

The conditions for periodicity become therefore 


a (2)- w0) = 0 G= 1, +++). 


Again these conditions are not T R but now v only two of them are 
redundant. There are only two integrals when the problem is in the plane, 
"the energy integral and one integral of areas. It can be shown as in case. 
- (1) that the u- and w;equations are consequences of the others... 
‘The suppression of these two equations is possible provided the Jacobian 


OF, OF; 

dvs Ove 

OF, oF, 

Ovg : Ov, ; 

is different from zero for zero values of the initial constants, ô and e From 
the explicit values of the integrals (equations 30) we find 


Ft mP — BP) (Quay + D EEP — EY Gaby +), ; 


OF, 
Ove 
oe OF, _ 


D= 





= m (EP — EP (2am + pu) + male? — 2) (ub; cipu), | 


aP Ear F mii br}, n o 


Ove.” 
i = fm (iP — Par + “mal = Pbi). 
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The values of 2wa;-+ 1 and 2wb;-+ c7 are given in equations (82). 
- Multiplying the first row of D by 2, subtracting the second row from it and 
expanding we obtain i 


D= — w] mi (E ga P) + m(iP-— &) | {m (EP -Z iP) (3wa 
+ pit) + ms(&P — ef) (Bwb: + Zepu) h}; 
The first two factors are clearly negative. We shall prove that 3wa, + pu - 
is opposite in sign to 8wb; + 2cıpu. The values of a;, bı and c; are 
ERN 2pyar{p + a? — 24A: — 2As} JE, 
l (RF ot + 2407 o? + 245) — Spi? — 4B:Bs | d 














p = — rfo + o? + 241) (0% + o — Ar) — toia? — 2BBs} E, 
. d ; ; d 
(03 + a? + 2.41)(p} + oè + 245) (0? + a? — A) 
a — Apia*(pi + Zt 24s) — 4B, Bs(pi + w® — A) -C 


To determine the sign of 3wE + P we first divide out the factor 2p, 
then substitute for pf its value in terms of pî given by equation (12). After 
considerable simplification there results l 


at — 5a’ (d: + A) F pi(Ay + As) + 444s + 241 + 2.43. 


By substituting X = — Ai and = — As in (12) we find pj > A; and 
“pi > As. We have already proven 4; > œ? and Ag > a°. It follows 
that the last four terms are greater than LA, + 4a), therefore 3wa; + pıt 
is of the same sign as d. ` After eliminating pf by (12) and ai we find 


2p (a? — Aa) (0? + a? — 241 — 2.44) 
d : i 





b = — 








_ 8piw? — (dı + As) (ei + w? — 241 — 24s) | 
d f 


Then 


: Qpru(e? — As) — Seo! + 2u*(Ar + Ay) 
3wbi + put = — + (dı + Ae pit 3%? + 241 + 243) | : 





oe follows that 3wb, + pitc; has the sign opposite to that of d. Since 

— & is negative and {P — # is positive, all the terms in the third 
TN of D are of the same sign. Therefore the us and Us equations can 
be suppressed. | 
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Necessary and sufficient E TA that the orbits shall be periodic 
with the period 27/p: become aa Set as 


0 = (a + atear 1) + ePrlas 8, 6), 
0 = aglet tOr — 1) + ePs(ay, ô, €), 
Gm oy (et early) Ea 1) + Pilas 8, ©); 
j= cig (et tOr) — 1) + ePs(ai, ô, €), 

0 = (tD — 1) 4. Palan 8, €), 
0 = as(2r/p1) + Pelas, 8, €). 


There are six equations and the ten parameters, œi --- œg, ô e Therefore 
we can choose ai, œs, a, e arbitrarily and solve for the. others as power series 
in a1, a, œs, € Vanishing with these arguments. The equations have unique 
solutions since the determinant of the linear terms in a3, a4, as, 0%, Q7, 5 is 


(45) 


a(g tarp) = 1) (eA + Sex ie) fee 1) (eft + Sexe jor) is 1) (OHer) fae 1) 2r x 0 
. . 7. 1 


and since a3 = 04 = a5 = a = a7 = § = 0 is not a solution. This proves 
the existence of a unique set of orbits in the plane with the period 27/p1. 
We can show, as in cases (1) and (2), that all orbits of this type are 
reéntrant after one revolution, and are orthogonal. 
Cases 4, 6 and 7.—The generating solution for these orbits is 


a= Kycoser, y; = Lisin wr, a; = Misin wr + N; sin v7, 
or, in the normal variables, l l l 
u=0 (i= 1,2, 5, 8, 7, 8), Uz = ae“, u = ae", 
zi = M; sin wr + N; sin pr. 
Let the initial conditions bè 


Ui = ay (i= 1, 2, 5, 6, 7,8), ug = a+ as, Ug = a + mH, 
Zi = Bi, zi = ci + Yi where Ci = wM; + vN; 


With these initial conditions, the solutions of the differential equations (22) 
ayett + Pils Bs, Ya 8, ©), 

us = oge Ctr + EPs (ay, Bi Yi 5, €), 

(a + age t™ + ePs(ox, Bi, Yis 5, €), 
u = (a+ at + ePi(as, Bs, Yis 8, €)» 
ts = age te + Psl Bs, Yi Ô, ©), 


È 
= 
ll 


Š 
l 


Us = qag 1+ Hear + Pelai, Bi, Yi ô, e), 


° are not independent, but we do not need to discuss their 
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ur = ast + ar + Pras Bi Yo 8, ©), 
Qg + eP3(ai, Bi, Yi, 6 6), 


& 
i 


ny 
e. 
Ii 


+eQ; (ay, 
= (1 + d)tfoM att” — wM patre vM iget t | 
— vU urt) + Qila, 
The.M;; are the solutions of the equations’ 


B: = Mut Mi + Mi + Mu, 


























M pett + M ag er + Mi tan $ M. ee 


(46) 


Bj, Yi ô, €), 


Pi Yis ô; e). 


R aie 7 Aa Ma im (Mu F Mu), 

i ht wat My) 

(1 +ô) i 

at af = 2 A ` (Mu — Mi) +» LA (Miz — Mu), 
where cı = wM; as vN, ee = wM; + N;. By equations (13) we have the 
` relations ° 

w— A — 
M, = B; 1 M, N; = 4 z h 


Making use of ii relations, it is found that the Mi; are non-homogeneous í 


in 6; and y; 
The periodicity conditions 


u(T) — u(0)=0 (@=1.--8), 


EE OES 


ga a 
a 


2k'r 


v 





d 


4T- a0) =0 G=1,8), 


independence here. 


We can show that the orbits do not exist unless there are certain relations 


among the constants of the generating solution. 
of the u,-equations for a;, all the remaining a; to be 


We substitute these solutions in the equation. coming from us. 
It follows that the value off ô coming from the © 


of the arbitrary a; put nje. 


Suppose. we solve some 


chosen arbitrarily. 
In place 


us-equation begins with terms in ê. We substitute this value in the equa- 
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a 


tions a = 
a 2(T) —2,(0)=0 @=1,3) 


and divide out the factor e from each equation. Then, in each equation 
there is left a term independent of all the initial constants. One might 
make these terms vanish by choosing the constants of the generating 
solution properly, but the computation has proved so complicated that a 
full discussion has not been made. 

‘The same condition of affairs turns up in cases 6 and 7 and we are at . 
once able to say that no orbits exist in these cases except, possibly, when 
there are special relations among the constants of the generating solution. 

Case 5. Orbits in which pı and v are commensurable—We shall prove 
the existence of orbits of which the period T is the least common integral 
multiple of 2a/p; and 2x/y. The generating solution is 


ur = ae", ug = ag Pi", l -Ut = 0 CG = 3, 4, 5, 6, 7, 8), 
Zi = M; sin VT (i = 1, 3). 


Let the initial conditions be 


u, = a + ar, us = a +-a, ui = æi (t= 3, 4, 5, 6, 7, 8), 
zi = Bi, z= et Yo c= vM; (= 1,3). 


` The solutions of the differential equations (22) with these initial conditions 
are 


Uy = (a+ ayeOt)er* +. Pilas Bi, Yi 5, €), 

Uy = (a + age Ht + Palai, Bi Yis ô, €), 

Us = ager + eP3(ay, Bi, Vis 4, e), 

Ug = age or + Pars, Bis Yis ô, €), 

Us = arse ear + EPs (ai, Bis Yi ô, €), : , 

Ug = arg Oar + ePelai, B; Yis ô, €), (47) 
. Uy = ast + ay + €Pr(ai, Bis Yo Ò, ©), i 

‘ Ug = Qg + eP5(ai, Bis Yi 6, €), 


Zi = M aeter LM ye ter 4 Mae t D + M y 
+ Q;(a;, Bi, Yi ô, €), 
z; = (1 + ô) tLwM aetta = wM pr Da 4 vM get 
l Sm pM ye tt] + Qi (ay, Bis Yis ô, €), 
where the M; have the same form as the expressions (25); that is, Mu, Mia 


. are homogeneous in B; y: but Mis, Mu each have a term independent of 
` B: and y; The periodicity conditions are of the same form as before. 
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| 
| 


The argument and method of proof is almost identical with case 2. The 


Jacobian 


is distinct from zero. 


The values of the elements of D which are needed are: 
OF, OF, OF; OF, OF; OF, OF, 














OF, OF, OF, oF, 
dvs Ov. OE, OE 
OF, OF, OF, OF, 
dvs Ov, Ob IE 
OF; OF; OF; OF, 
ðvs Om Of dk 
OF, OF, F, OF; 
[dvs ðv OES 














dts 





` equations coming from ws, us, zs and 23 can be suppressed provided the 





— ? ai 7 = 0, 
df 86 ðv dE h dh IE 
BP omP P con 22, i 
Oks ; 
OF; ree . 0) 2hereo | R 
3E T mip — 
' bd 
e PCer + Zubr), 
a = mi (P = Ef”) (ore + 2wa) + mip — EY”) (piter + 2wb), 
OF s _ y HD 0) 0) 
ay, oF {mi (EP — Edr + mP — &)b7}, | 
g = — Par + mp - bi}. 
V2 
Therefore D reduces to , 
_ ôF. „oF Ovg í Ove à 
Ob OF OF, aF, 
Ove i Ove 


Neither of the first two factors vanish and the third factor has already been 


discussed in case 3. The remainder of the existence pr 


case 2. 


>of is identical with 2 
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Comparison of the Commensurable Cases with the Incommensurable. 
—In case 5 it has been found that the orbits exist for general values of the _ 
constants of the generating solution. Necessarily they still exist for par- 
ticular values. Then in case 5 put M, = 0. It follows that M; = 0 and 
the generating solution becomes the same as in case 3. The conclusion is 
that the orbits of case 3 exist even when p; and » are commensurable. If 
we put a = 0 in case 5, the generating solution becomes the same as in 
case 1. Hence the orbits of case 1 exist when p; and v are commensurable. 
Cases 4, 6 and 7 have not been completely discussed and consequently the 
existence of the orbits in cases 1, 2 and 3, when.w and y are commensurable, 
when p; and w are commensurable, and when py, w and y are commensurable, 
is not proven. 


ON CERTAIN CHAINS OF THEOREMS IN REFLEXIVE GEOMETRY. 


By Frora D. SUTTON. 


§ 1. INTRODUCTION. 


- It is of interest to extend properties of the triangle to more than three 


. lines and, when possible, to n lines of a plane. 
a process called geometrical interpolation. 


This 


As an illustration, I consider, 


n often be done by 


in what follows, a problem proposed by Desboves in his “Questions de 
Géométrie Elementaire, ” * namely: “Des trois sommets a, b, c d’un triangle 
on abaisse des perpendiculaires ap, bg, cr sur une droite quelconque de son 
plan, pius, des points p, g, r des perpendiculaires sur be, ac, ab: ces trois 


derniéres droites se coupent en un méme point.” 


A| discussion of this 


problem, by means of trilinear codrdinates, is given by Kazimierz Cwojdzin- 
ski in Archiv der Mathematik und Phystk.t 

In the present paper some extensions of this theorem are considered’ 
as indicated in the following scheme: j 


Undirected Lines. 
First Chgin. 
I—a. 3 lines 2—a. 
1—b. 4 lines 2—b. 
1—c. 5 lines 2—e. 
1—g. general statement 2—g. 
Directed Lines. 
I—a. 4 lines UI—a. 
I—b. 5 lines II—b. 
I—g. general statement II—g. 


We name a point of the plane by a complex number. 


Second Chain. 


4 lines 
5 lines 
6 links 

general statement 


5 fines 
6 lines 
general statement 


§ 2. Some FUNDAMENTAL ForMuLa& IN REFLEXIVE GEOMETRY. 


1. Reflexion in a Line. 


If the two triangles a, a, b and y,-b, a are inversely similar, and y is the 


reflexion of x, b the reflexion of a, and a the reflexion pf b, in one and the 
same line, then the two triangles x, a, b and 7,.b, & are directly similar. 


mr: 1875; page 241; No. 77. 
t 1901; Vol. 1; pp. 175-180. 


t 
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The condition that any two triangles 21, ta, 23 and yi, ye, ys be directly 
similar is 











zy te Us ý 
: yı y Ys) = 9; » 0) 
1 1 1 l 
therefore, since the two triangles x, a, b and ¥, b, ā are directly similar, 
z a'b 
i7 6 ā=0 (2) 
il 11 





Expanding this determinant, we obtain 
x g  _ a@—bdbb — 
G=) Co) eee 9 








which can be written more symmetrically, as 








a—-b,9-b_ 
Gob gee 6) 
or P 
C- a, g aa 
FER ae E 6) 
If b = 0 = , $ (4) becomes 
c4+%=1, ° (6) 
a ä 


which is the standard equation for reflexion in a line. l 
2. Map-equation of the Double Parabola.* 
The map-equation of the double parabola is 


Ay Ag 
(a1 — p (œ — t)? 





v= (1) 
(where a, a2, t are turns or orthogonal numbers), provided the cusp condition 
dz/dt = 0 is satisfied for ¢ a turn. 

Applying the cusp condition to (1) we have 








dx a 2A; _ 
Fee Sy ear oe (2) 
The conjugate equation of (2) is 
2 24 8B z e = 
Lap (2) 


* The name is due to Clifford. 


124 


Hence, the condition that (1) has a cusp is satisfied when 


A; = Aa. 
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And, in general, the map-equation of an n-fold parabola is $ 


b4 


(æ = È 


provided the cusp condition dæ/dt = 0 is satisfied for a 
(3) is satisfied for 7 = 1, 2, 3, ---, 7. 


3. The Equation of a Directed Line. 


(4) 


turn ¢, that is, when 


Directed lines are lines which possess a right- and left-hand side, and 


therefore should be marked with an arrow head. _ 
The normal form of a line, in rectangular codrdinat 


X cosa + Y sina = p, 
where p is the L distance from the line to the origin. 


és, is 


@) 


If, now, we employ the circular codrdinates t= X + iY, = X — iY, 


instead of the rectangular coérdinates, (1) becomes 





(a + 2) osat (£57) sina = 2p (2) 
or ° 
z(cos a — i sin œ) + &(cosa + i sin a) = 2p. (3) 
But (cos œ — i sin a) is a turn; let us represent it by t, then 
(cosa + i sina) = lft. 
Putting these values in (8) we have 
at + jt = 2p - 


as the equation of a directed line. 


4, Distance from a Straight Line. 


(4) 


In the case of directed lines, distance = length + direction. 


* Let 0 be the reflexion of a = 2p/t (where p is real) 
equation of the axis is 
2% yt + tft = 2p. 
From the figure we see that the distance of the point x 
ty, 

2-1/t 


in the axis, then the 
(1) 


from the axis is 


(2) 
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‘But from (1) we have that as 
i E EOR (8) 
Therefore, i a 
2 Ve peet ahi- 2p) o O 


Thus, twice the distance of a pòint 2 from a line is expressed by the equation 
2D = tz + žjt — 2p. 
Undirected Lines, 
| §3. Freer CHAIN OF THEOREMS, 
1—a. Given three lines Ay As and As tangent in the parabola 
oc | 
ey ma! g (1+ F 


at the points t, f and ts respectively, then the equation of): (for i = 1, 2, 3) 
will be ~ 


© @) 


1 
Ss 2 
*=aFHd +H n © 
The intersection of ^ and ^ is given by the equation 
, i y“ 
TEDITA a 


for if we let t = t in the equation of ^ itis identical with (3); therefore (3) 
is the equation of a point on-line M; and similarly, if we let £ = t, in the 
equation of ^s, this equation becomes the same as (3) ; therefore (3) is the equa- 
tion of a point on the line dz, consequently (3) is the equation of the inter- 
section of the two lines ^ and As. In like manner, we obtain the inter- 
sections of Az and As, and A; and àr. Its conjugate equation is 


. tle eS . - 
DEES () 


We shall now proceed to reflect these intersections X12, Teg, %31 IN aD. 
arbitrary line, say the Jine l i 





2, £ : 
-++==1. =, 
| ata 1 | (8) 
From section 1 we see that reflexion in the line is given byethe equation 


x, y_ ; EEE 
ata : l (6) 
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Therefore, reflecting the point xı» (the intersection of A; and ^2) whose 
coérdinates are 











a = ee ee . z E e tits ERA, . (7) 
e+ + &)’ (1 + AC ft t) 

we obtain, as its reflexion in the line, the point 

xz tita : 

a e , 8 

a aFaatay | 2 
its conjugate i 

& 1 

a en 7 9 

a all + 4)(1 + te) ©) 


In a like manner we can obtain the reflexions of the points v3 and ag, in 
the line. l 
The equation of a tangent to the parabola at the point t is 


1 








t= om 10 
l "= TFDA FÀ a 
and its conjugate equation is . 
E ht 
e PAITO = 
Adding (10) and (11) we have 
oe 1 ee oe 
*+4=GEHatyt FOCAI on 
or 
# 1 
ea ae a co 


which is a self-conjugate equation of the tangent to the parabola at the 
point 4. A line perpendicular to this tangent will be ofi the form 


(14) 


Consequently, the equation of a line on the reflexion of zap and perpendicular 
to the line 1 (which is tangent to the parabola at the point ¢,) is . 
eee alts -z[4- a |. 
a «9a +4)1+6) fl af+4)0 +e) 





= (15) 
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For convenience let us rewrite (15) in the following manner: 








—#=a— atytatg(1 + ty) 
he — & bie al + WA + te)(1 + ts) 
a al + t) 
E 1 
ot aFHadtaare °° 
or 


(17) 


ar ar 


where 7 = (1+4) a: t) (1 + ts); s3 = tytets. 
Let us replace t in (17) by the parameter ¢, and we obtain the equation 


te — & = at 





= a(l + ) gat i) 
T 


~ (18) 
a 


aT: 

Now then, if we let t = t, it is easily seen that (18) becomes the equation 
of a line on the reflexion of sı and perpendicular to the line dz; similarly 
when t = tz, (18) represents the line on the reflexion of xı, and perpendicular 
to the line ^z. 

Thus, by means of a process called “interpolation” we are enabled to 
write one equation; which as the parameter “t” assumes the values t, tz, ta 
picks up the three lines xı, ue and ws. Therefore, the three lines pı, u and 
us must intersect in a point, and their point of intersection is expressed by’ 
the equation 


viz = a at = . (19) 
ar 


Hence we have the theorem of Desboves: 

Given three lines and an extra line; if we reflect the vertices of the three 
lines in the arbitrary line ^, and then drop perpendiculars from these reflexions 
to the remaining line, the three perpendiculars will meet in a point. 

We will call this point the associated pom of the line A with reference 
to the three given lines M, As, As. 

1—b. Again, let us consider four undirected lines Ay, Ag, A3 and M as 


tangents to the parabola . 
1 
oe 
We will recall that \; (for i = 1, 2, 3, 4) is expressed by the equation 
1 





ETEDI BE 


vy: 


128 


Surron: Theorems in Reflexive Geometry. 


For many purposes the circumcenter of a 3-line plays the part of the inter-. 


section of a 2-line. 
to the parabola. First, let us examine the interse 

_ formed by Ai, Az, As) On page 125 we defined the i 
tangents ), and à as follows: 





We will now find the circumcenter of three tangents 


ions of the ‘3-line 
tersection of two 


On 


(4) 


(5) 


1 
SATOI FE 
thexetore: the intersections of A, Aaj Az, Az and Ag, Az have as their TERS 
equations 
1 
ao Pa ty? 
tas = 1 
O OFA) 
1 
T3 = 


CFAE, 


By means of interpolation we are enabled to write an 
pick up all three of these points, such an equation is 


(+4 
(1+ th). + &)(1 + t)’ 


z= 


6) 


equation that will — 


(7) 


e T : 
‘for when.t = t, (7) reduces to (5), and therefore (7) passes through the 
intersection of A, and As, that is, (7) is on the point za; when ¢ = ta, (7) 


reduces to (6), and is therefore on x1; and finally when 
to (4) and passes through the point xi. 


t = ts, (7) reduces 


Consequently (7) represents a 


curve which passes through the three points X12, tas and gzs (7) is the 


map-equation of a circle, whose center is _ 





1 
m3 + a) + 4) + &) 
and the conjugate equation is 
m 83 





Ti? = 


AFW H hat ts) 


° 


. This is then the circumcenter. . 


reflect the circumcenter 2123 in an arbitrary line: 


(8) 


(9) 


Therefore, associated with out undirected 
lines, we will have four circumcenters, one for each 3-line. 
We shall now proceed as we did in section 1—a, page 


125; first we will 


KOM 





©, fy 
ara”! 
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and then we will erect a perpendicular to \4 on this reflexion. Since 
reflexion in a line is given by 











: , C 
“+ el o a3) 
we will obtain as the reflexion of xı23 in the line (10) 
t 1 83 | 
a rear eres ua 
and its conjugate equation 
T 1 I 
-= 1 aime $ 13 
, a Eo ora] aa 
Now since M is a tangent to the parabola 
1 
| g= ay Tr (14) 
at the point t we can write its equation as 
. z 1l 
t+ L = T Hu a 


A line 1 to (15) will be of the form 


(16) 


z (g 
t = 0pm 
ty ty 


Therefore, the equation of a line perpendicular to ^4, and on the reflexion 
of the point 2193, in the arbitrary line 


zx, & 
a ee (17) 


will have the following equation, namely, 


i! 1 = _ 
& asz à a. 
n a dames E ater io 18 
t Gr ù ar e 
or ` 
Es as. fe a 
tat — $= ay —-—-— G+ ; (19) * 


Gir an y 


where = = (1 + t) (1 + ta) (1 + ta); 84 = txtatgts and s3 = tylots. i Similarly, 
the equation of a line perpendicular to As, and on the reflexion of the point 





214, in the arbitrary line, is - ° 
z as a, Āā 
r—>=a—- z t- (20) 
ts . ar ts ants 
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or . 3 l 
te B= a — a 5, | e 
ar : 


where T = (L+4)(1+&)(1+ ti); #4 = titta and of|= titte 
: Again; by the process called “interpolation,” we arejenabled to write an 
equation that will pick up these four lines, namely, 
a(t) gy at?) 
T 


a 


ia — 3 = at — (22) 


ar 
(where T = (L+ W+ W H H t); «= hit, for when t = t, 
(22) reduces to (19), and similarly when t = ta, (22) reduces to (21), etc. 
Thus, it is easily seen that (22) picks up the four lines) which are perpen- 
dicular to 1, As, Az and M respectively, and which also lie, respectively, on 
the reflexions of £234, 184, Tiaq and gys in the line , 


= Z= i (23) 


- Moreover, (29) gives the intersection’ of these four perpendicular lines. 
Consequently, the point of intersection of the four lines|is 


Tru = a Tipa (24) 
. Gr ar , 
and its conjugate equation is 
Ziz = — + s 
ar ar 
where m = (L+ &)(1 + t)(1 + t) + t); 84 = titatstat 
Hence we can state-the following theorem: 
Given four lines and an extra line, if we reflect the bineteméentors of the 
four 3-lines in the arbitrary line d, and then drop perpendiculars from these 
reflexions to the remaining line, the four perpendiculars sae meet in a poini. 
1—c. Now, we shall consider five undirected lines) as the tangents of 
a double parabola. The equation of the double parabola is 


A B 
; 7= Gat GH a 
‘proyided the cusp condition dx/di = 0; forta turn. In this case the cusp 
condition is Aa? = A; BB = B. 
Let the five lines under consideration be designated fas Ax, Az, As, M4 and 
As. The equation of a tangent to the double parabola at the point ti is 


oA B - 
ee Co hea) pe oE @) 
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or, in general, the equation of A; (¢ = 1, 2, 3, 4, 5) is 
l A ' B 
t= et t 
l @- te- BHE) 
We shall now proceed to find the intersection of two tangents, say A; and 
Ae. Since the equation of A, is 


A B 


(3) 











eene d C= WeE=D 9 
and that of ^g is i 
A B ; 
@ = 2 5 
ENEE 4 
- then the equation of zy, the intersection of ^, `M, will be 
- A B. 
wr Chea) C= We) 2 


Similarly, we can find the intersections of as, €23, 214, X15, ete. 

In section 1—b, we found that to each 3-line there was associated @ cir- | 

. cumcenter; therefore to every 3-line arising from these five lines there is asso- 
ciated a cireumcenter. Since we know the equation of the intersection of 

Au Ae, We can, by symmetry, write the equations of the intersections of- 








Au Ae And Ay, As. Thus ‘ 
> east oT j 
ameo a ESE a 
a Besa “) 


By means of interpolation we can get the equation of the circumcircle, 
which passes through the points 212, t23, t31, for if t = t; (where z = 1, 2, 3) 
in the equation 


ae Ata — i) $ BiB — t) 
“ (æ@— i)a — i)a — t) (B— iB — &)(6 — t) 


(10) becomes successively (8), (9) and (7). 
The center of the circle (10) is 


= Aa BB i 
“uone oen eae aaa 








T123 


O * 
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_ But from the four lines we can form four 3-lines, and since for every 3-line 
there is a circumcenter, therefore, from the four lines Ax, Ag, Ag and M we 
can obtain the four circumcenters 2192, Ziza, Tisa, tesa. | From (11) we can 
write their equations, by means of symmetry. $ 

. Interpolating, we obtain ` 


Aa(a — t) ae BB(B — |b) 
(a — t) (a — t) (a — t) (æ — t)  (B— ti) (B— tr) (6B + ts)(B — ty)’ 
which equation,. obviously, as t assumes successively tHe values tı, tz, és, to 


picks up the points T123; 2194, T134, T234- i 
But (12) is the equation of a circle, and its center is 


g= (12) 








‘ 

















T1234 = ; Ae 
(a — th)(@ — t) (œ — ta) (œ — t4) 5 (3) 
+ tat 
(8 — t1)(8 — t) (B — t) (8 — t4) 
$ Aal) ; p 
= Ta — Yaya Mò Har — a It) 
BAP) a 
l tap — W — 1A i (1/6 — 1) 
_ Applying the cusp cofidition Act = A ; Be = B and letting 
P, = @— h) (a — t)(@ — t)(a — t) 
and 
| Qa = (B = HB — h) B — t) (B — wo} 
we have i 
Any Ba | 
na BG ee E 
-DI a7) 


where 84 = titatsta. 
If now we reflect this point 21234 in the line 


a i Ae 
aka 1, ie: (18) 
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we obtain, as its reflexion, the point 





=a-= 3 19 
age Pe . (19) 
a2. Ad 
eee EO 20 
Ē ar P, (20) 


The equation of a tangent to the double parabola at the point ts is 
A B 








c= 21 
=a AeA e AEA c 
and its conjugate equation is 
, Actts BR its 
== . 22 
a-e- j @—wWE-H = 
Since the cusp condition is fa? = ‘A; BB = B, we can write (22) as 
& At $ Bt (23) 





BB —t)6—1) 


Subtracting (23) from (21) we obtain a self-conjugate expression for the | 
tangent to the double parabola at the point ts, namely, 


b ala—tj@—% 


wes A fa B >è 4) 





; is ala—t) bE- t) 
or 
es A = 
ae ala — ts) (29) 


A line perpendicular tọ this tangent and on the point 1294 is expressed by 
‘the equation 


: = _ @ 3° Ass, ; a G& 3 Ac? 
BO eR, e O Pi sa 
or ; EAER 
a __ a 2 Ags -_ T z Acé , 
a dia ats aap +4 a P, , (27) 
where f 


Pi = @—t)(@ — h) (æ — t) læ = ta), 
U= B- WDE- B Bt 
and S; = tyfefsts. But in this case we will have five perpendicular lines, 


namely, lı perpendicular to Mı and on. Zea45; l2 L^ and on 213453 ls L ^s 
and on Zy045; l4 L M and on #1235, and ls L As and on Zia. 


. respectively. 
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Symmetrizing so as to pick up these five lines, we obtain the equation 


te + = af Asla-)4 


aS Acta = i), 


(28) 





aP; a 


It is at once evident, when t = t; (where 7 = 1, 2, 3, 4, 


the line & (@ = 1, 2, 3, 4, 5). 


Pi- a 
5), (28) gives us 


But (28) is the equation of the intersection of the five lines l, le, ls, Ig 


and ls. This point has the equation 


2 Ass 


tizas = a+ — > a ay S. 


Consequently, we have the theorem: 


(29) 


Given five lines and an extra line; if we reflect the centric points. of ae 
five 4-lines in an arbitrary line \, and then drop perpendiculars from these 
reflexions to the remaining line, the five perpendiculars will meet in a point. © 


` In general, we can say? 


Given n lines and an extra line; if we refleet the centric points of the ` 
“(n — 1)-lines” in an arbitrary line \, and then drop perpendiculars from ' 
Hess reflexions to the remaining line, the n perpendiculars will meet in a- 


point. 
SECOND CHAIN oF THEOREMS. 


2—a. Given four undirected lines Az, de, As and M 
parabola 
_ 1 
d+ 


as tangents to the 


(1) 


at the points tı, te, ta and t respectively, then the equationjof \; (2 = 1, 2, 3, 4) 


is 
eet Sd 
~~ O+H0+9 


With four undirected lines we can form four 3-lines 


(2) 


for C$ = 4. Here, 


the four 3-lines are composed of A, Az, As; Ax, Az, As; An Na, Ags and As, Ag, Ag 


3-line Aj, Aj, Ax there is associated a point 2x. 


Now, by the theorem of section 1—a we found that to every 
Consequently, to the 3-line 


da, Ag, As is associated a point wigs; to the 3-line Ax, Ag, Ay the point 24124, 


and so forth. 
The equation of the point 2193 is 
asz a 


et ae 


ar 


2193 = 4 — 


(3) 
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where 3 = (1+ 4)(1 + &)(1 + t); 83 = titt: and its conjugate equation is 


ws = G-—y=t-s: j (4) 
Shots an aT . 
Similarly, the equation of the point t124 is ` 
‘as a : 
Visa = a— 5 t+ (5) 
an aT 
and 
A a as ; 
Tiu = a z paty y (6) 
ax T 


where + = (1+ 4)(1 + %)(1 + t); 83 = titt And so, in general, we 
have, as the equation of zjx, the point associated with the 3-line M; dj, Ag: 


as a 
tyr = O- tH (7) 
aT ar 
and 
; G a ass 
yr = G—-—+-> l - (8) 
ar är- 


where 7 = (1 + 4,)(1 + “CL + tk); 83 = tityte. 
Symmetrizing so as to pick up the four points wos, tiza %134, Vass, We 








obtain the equation © 
rn gut Be t) + a(l T t) (9) 
Gir an ’ 
and 
Beas a(l E ae as,(1 + t) (10) 
ar Gtr 


where 7 = (1+ acl + &) + ts) + ts); 84 = htta Adding (9) and 
(10) we have 
x+Z=a+4, 


which is the equation of a vertical line. 
Consequently, we have another. theorem, namely: 
Given four lines and an extra line , the four associated points, which arise * 
from the four 3- lines and an arbitrary line i, heg on a line. 
Cwojdzinski states this theorem.* 
2—. Given five lines Xz, A2, A3, A4, As a8 es to the double parabola 


. 2 as f i 
X i S 2 (a; — 1 f (1) 


* Archiv der Mathematik und Physik, Vol. 1, 1901, p. 180. 
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(cusp condition being Ajo? = A,), at the points ti, čz, ts, t4 and ts respec- 


tively, then the equation of the line à; (¢ = 1, 2, 3, 4, 5) 
9 
A; 
Feat 


With five undirected lines we can form five 4lines for 
five 4-lines are composed of dj, Ag, Aa, Aa; Aa, As, Ady AB; 
As, As; Ag, Az, Aa, As respectively. 


to every 4-line ,, dj, Ax, Az there is associated a point tiski. 
to the above-named 4-lines are associated the aa 


Tisas, Tazas- The equation of an associated point given 


is 
(2) 


Here the 


a 5 

4 . 
I rey Ms As; AL Ae, 
Now, by theorem 1}~b we found that 


Consequently, 


©1234, Vi1a45, ©1235, 
section 1—b was 


for four lines taken as tangents to a parabola with the arbitrary line: N; 
here it will be necessary to find the equation of the associated point, the 


four lines being taken as tangents to a double parabola. 


From 1—c we have the equation of the circumceriter for three lines 


Au, Ae, As taken as tangents to a double parabola, namely, 





2 
2123 = os ° 
7 ; T 
and its conjugate is 
7 Ass 
fps = ~ Qa 
or 
, Reflecting this point fn the line 
t, 
Apia 
a @ 
we obtain the point 
2 
ee ot KA soon ie 
a ar 
= 2 
s=ā- EF 
a T 


(8) 


(4) 


(8) 


(6) 


(7) 


A line L to the tangent M and on the reflexion of the point vı in the 


arbitrary line A is 


2 i iA 
teta tat Eta 
a an a 7] 


(8) 


Now interpolating so as to pick up these four perpentliculars, we obtain 


the equation 


æT 


2 RS a 
tea tate Aue) 4 g—-Fy Mea) 


| 





$ 


(9 
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which t is an associated point 


2 | 2 
romni y aai, (10) 
. a OT a T i 
where + = (a; — ti) (ai — be) lai — ts) (æi — ta); 84 = tates. 
Interpolating so as to pick up these five associated points, we have 


pees aan $y ae t) He ee : (11) 


a 


This is the equation of an ellipse, and its ae equation is 


E=aG— by ec a = Dpr Teri, t) A (12) 


a T tr 


where T = (a; = h) (a; = ty) (a; = ts) (a; = ta) (ay == ts); 85 = tilatatats. 

Hence we have the theorem: 

Given fire lines and an éxtra line A, the five associated points, which arise 
from the, five 4-lines, and an arbitrary line d, lie on an ellipse. 

2—c. Given six lines `i, Ae,.A3, Aa, As, As as tangents to the double 
parabola 

2 A; 

(cusp condition being A,o® = A), at the points t, fe; ts, ts, ts, ts respectively, 
then the equation of the tangent A, ( = 1, 2, 3, 4, 5, 6) is 


ee 
T= Gi ae 


With six undirected lines we can form six 5-lines for C$ = 6. . From 
theorem 1—c we found that to every 5-line and an arbitrary line there is 
associated a point. Therefore to six lines and an arbitrary line there will 
be associated six ana The euation of the point 12345 18 


As; 


a=at+- ae tie (3) ° 


Symmetrizing so as to pick up the six points, namely, 21285, X12848 ra4ses 


X13468, i2368, Vesse We have: - 
e 


ER spe 24 oy een! (4) 
pe eae 


I0 
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which is the map-equation of an ellipse. Its conjugate e 
Poa Atle — 1. a2 Ado = 
BT ane as 62 > ; 6 
a T a tr: 


Hence the theorem: 
Given six lines and an extra line \; the siz associated 


quation is 


points, which arise 


from the siz 5-lines and an arbitrary line ), lie on an ellipse. 


2—g. In general, we can say: 


Given n lines and an arbitrary line A; the n associated points, which 
arise from the n “(n — 1)-lines”’ and an arbitrary line }, lie on an. ellipse. 


Directed Lines. 


First CHAIN oF THEOREMS. 


I—a. Suppose we have four directed lines In, Ld, La Ly. given as 


tangents to a parastroid at the points tı, t, ta and t4; then 
of the parastroid is . 
— Pet uÊ — tā + 1 = 0 


were wis real), the equations of Li, In, Ls, L4 will be r 


tt — Get ut? — 42+ 1 = 0, 
tå — He + uti — k+ 1= 0, 
K — e+ uw — be+1=0, 
1h — te + u — te +1 = 0. 


The incenter* of the lines L4, Le, Ls is 
1 
=ł t — 
T123 ees at 
and its conjugate is 
Zis = l/t + 1/te + 1/ts + tatets. 


The reflexion of the point 2123 in the line }, namely, 


2, fF 
= +251, 
e= a — [iti + Lia + Lia + tists] 


oe e[atetatoe |. 


since the equation 


(1) 
espectively 


- (2) 
(3) 
(4) 
(5) 


6) 
(7) 
(8) 


(9) 


(10) 


We now desire to drop a perpendicular from the reflexion of z123 to the 


* Hodgson, Joseph E., ‘‘Orthocentric Properties of the Plane Directed n-Line;” Trans- 


actions of the American Mathematical Society, Vol. 13, 1912, p. 199. 
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line La; since a perpendicular to L4 is of the form 
te— z= ie, i (11) 


in order that this perpendicular pass. through the reflexion of 223 in the 
line X, (11) becomes 


jp= es ala—2(24 s)|- [@-2(a+2)]- (12) 


In order to interpolate, so as to be able to pick up the four perpendiculars, 
namely, the one from the reflexion of was, to Ly; from the reflexion of 21a, 
to In, etc., we will introduce the following symmetric functions: 


3 = tht ht ts, o= ht it Hts 
s2 = tit + tita + tats, O2 = tita + tits + tita + tots + tata + tes, 
83 = titats, o3 = tytets + titats + titaty + tatata, 

o4 = tylotsla; 


6 = 0 — h, 
e 8 = op — ur i 
83 = safta. 
Now then, making use of the above symmetric functions, (12) can be 
written as i 


fe — 2 = Ba — s[e ait Diy wt [aet(a41)] (13) 
a a 83 


C4 O4 
But 
th — aË + oof — oa + r = 0, ` (14) 
ty — oË + oof = Ft — oy. i (15) 


Making use of this relation in (13), we obtain the equation 


2 aay - 
tit — = ta — [7 geet oes _la—2(n +=) |. (16) 
a 


ag, 





Thus (16) is the equation of a line which passes through the reflexion of 
2123, and is perpendicular to L4; which for convenience we will call R4. 
There will be four such lines, namely, Ra, Re, Rs, Rs, which will be obtaineds 
from the original four directed lines L4, Ls, La and L4. 

Symmetrizing so as to pick up these four lines, we have 


oe E [Aei] a-ioa) f a7) 
T4 


ag, 





which is a circle. 
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As a result, we have the theorem: 

Given four directed lines and an extra line d; if wer 
the four 3-lines in an arbitrary line A, and then drop perp 
reflexions to the remaining line, these four perpendiculars 

I—b. We will next consider the five directed lines 
as tangents to a parastroid, at the points 4, tz, ts, ts 
L; (where i = 1, 2, 3, 4, 5) will be expressed by the eq 


where u is real. , 
As given in section I—a, the incenter of the 3-line Ly 


1 
Tiss = ht ht tet 
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ation 


age the incenters of 


iculars from these 


will teuch a circle. 
th, In, Ls, L, Ls 


d ts respectively. 
a) 
L, Lg is 


(2) 


If now, instead of taking three directed lines, we. take four directed lines, 


namely, Lai, Le, Ls, La, then we will be able to form f 


3-lines, and since 


o 
there is an incenter associated with each 3-line, there m be four incenters 


associated with the four directed lines. Interpolating, 
these four incenters, we obtain the equation 
P 
t = gi ~ t + —) 
: i T4 
where 0i = ty -+ tz +é + ty and 04 = tytotets. Now (3) 
a circle whose center is 
T1234 = O71. 


so as to pick up 


(3) 
is the equation of 


(4) 


“We will now proceed to reflect this center in an arbitrary line, say, 


fea, 
a a 


Doing this, we obtain as the reflexion of £1284 


| 


@=a—“[os]. 


aids 


T 


H aat ar 
T4 


and its conjugate equation 


As in the previous cases, we desire to drop a perpendiculai 
of 21234 to the remaining line Ls. The equation of such 


iz- z= 4| o- ) J- [a -2e 


a f os 


(2 


a 


(5) 
©) 


from the reflexion 
a perpendicular is 


|: 


(8). 
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But in this case, since we have five directed lines, we will obtain five perpen- 
diculars similar to the one expressed by equation (8). In order to inter- | 
polate we will have to introduce the following symmetric functions: 


. 5 
tit t + ta + ts Py = Da, 


1 = 
y 8 10 
o2 = >> tite, P= Duk: 
4 10 
os = >, tists, Pa = > titets, 
5 
a4 = Uylotgts, Pi = DY titetets, 


P; = tretstets; 
0i = Pı —. bby 
oz = Py — Pits + t, 


` a3 = Ps — to, 


g4 = P3/ts. 


But since the “Ps” can be considered as the symmetric functions of a 
quintic in t, we obtain the relation 


&— Pitt + Pè — Pi + Pa — Ps = 0, (9) 
from which we have l ° 
Bos = BP, — to, = BP; — BP, + 6P — ë (10) . 
and also that f 
P: b Pe + tP — t = tsP, — Po. (11) 


Making use of the relations that exist among these two sets of sym- 
metric functions, (8) can be written as i i 


ie- a= ta S[ E] [ae | (12) 


a 
a P; 3 
or applying (11) to (12), we obtain 


2. oe S e 
tie — a= to | Pe Pe) [aS | (18) © 


Interpolating so as to pick up the five perpendiculars, we have the equation 


me = 2 EP, — tPs pe a _G& 
ope eB | | [a Ze, =o |; (14) 


which is a circle, 
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Consequently, we have the following theorem: 
f Given five directed lines and an extra line; if we reflect the centric points of 
the five 4-lines in an arbitrary line d, and then drop perpendiculars from.these 
reflexions to the remaining line, these five perpendiculars will touch a circle. 
I—y. In general, we can say: 
Given n directed lines and an extra line; if we reflect the centric points 
of the n “(nm — 1)-lines” in an arbitrary line A, and then drop perpendiculars 
from these reflexions to the remaining line, these n perpendiculars will 
touch a circle. l 


SECOND CHAIN OF THEOREMS. 
II—a. Let us consider five directed lines Ln, In, Ls, La, Ls as tangents 


to a parastroid, at the points tı, ta, ta, ta, ts respectively; then L: (where 
i = 1, 2, 3, 4, 5) can be expressed as 





t—fettye—tét+1=0, (1) 

where u is real. 

By the previous theorem J—a we found tlfat to every four directed 

lines and an extra line à there is associated a circle, and since there are five 

directed lines, we will have five 4-lines and, therefore, five circles associated 
with the five directed lines. The equation of one of theke circles is 


fx — a= pa — pees tai] Ja —2(oj— t+ +). 2) 


dos 04 





l Symmetrizing so as to pick up the five circles, we obtain 


pate —-(M@ (is isisisi_l)|4 alos 
Rae [S(EtetEt ate 7) a | aT . 
ā ry ®© 
—a+S[n—p— 742, 

a 05 


where 
ci = ty + tet tst t t ts; 


Os = tytotgtats. 


, For convenience, let us denote os by T, then (3) becomes 
ge feb fox 1 at aT 


or 
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Now then let T = t, and (5) becomes 


a A [sa | epee (6) 
a a : 
or j ; 
aa(@x — 2) = Pa — atle, — 1) — Pa + (0, — Ù, (7) 
aa(@x — 3) = @a® — ato, + at — t+ @o, — @a, (8) 


' aG(Px — #) = Cal — tog — e + @)+ Pler — a), + (9) 


Bynes — ap —t@u- e+e) G(o1 — a) © 








' aa a (10) 
Butt = T= os, ` 
: = 2 p 52 pa 
A ie Peet (a’o4 sen @) , ao; a) . (11) 
T5 . T54 Os ža 


this is a self-conjugate equation, and is therefore the equation of a line, 
the line which touches the five circles arising from the five 4-lines. 

Hence we have the theorem: 

Given five directed lines and an extra line; the fiue circles, hash: arise on 
the five 4-lines and an arbitrary line M, all touch the same line. 

TI—b. Let us consider six directed lines Iy, Ls, Lg, La, Ls, Ls as tantente 
to a cyclogen, at the points tı, te, ts, ta, ts, te respectively; then L; (¢ = 1, 2, 3, 
4, 5, 6) can be expressed as 


i — et} + att — pti + a — it l= 0, (1) 

where i = 1, 2, 3, 4, 5, 6 and u is real. 
By a previous theorem J—b we found out that to every five directed 
lines and an arbitrary line A there is associated a circle, and since there are 
six 5-lines which arise from six directed lines, there will he six circles 


associated with six directed lines. 
The equation of one of these circles is 


a — am ta a[i] [a Sep, — 9]. (2) 


Symmetrizing so as to pick up these six circles, we obtain the equation 


E lite titititi- alt g-e 
t ts te T (3) 


+ Ent- T], 


where o1 = h + t + ta + t + ts + t; So = titetatatsts. For convenience, 
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let us denote as by T, then (3) becomes z Sa 
aa A at? Ts 1 at — doz = Gt oe aT 
Pe — #= Pa aE s+ a+- : T (4) 
rete E rà aÊ Gs 1 at a Gio, at = aT 
See rare ak r+ ia ata a $ 
Now then, let T = t, and (5) becomes 
= ofa, _ et Gp 
er fa [Fe Dhi T ata, © 


ai(@e — 2) = #a’G — dtlos — 1) + at — at — a + 1 — 1), C) 


a 


aG(fa — 2) = aa? + 1(2a? — 24? — aos) + 


(pa = a), 


(8) 





Pe — z = oft + CE2 P — wos) | äl T a), (9) 
aa a 
Butt = T = ag, 
EE (2a? — 2a? — ar)" iTo. 
e e E a (10) 


this is a ‘self-conjugate equation, ‘and is therefore the e 
the line which touches the six circles arising from the six 
Consequently we have the theorem: 


quation of a line, 
5-lines. 


Given six directed lines and an extra line; the six ie which arise from 


the six 5-lines and an arbitrary line X, all touch the same li 


And, in general, we can say: 
II—c. Given n directed lines and an extra line; the n 


€. 


circles, which arise 


from the n “(n — 1)-lines” and an arbitrary line d, àll touch the same line. 





» A PORISTIC SYSTEM OF EQUATIONS. 


By L. B. Rosrson. 


In an attempt to reduce a certain system of partial differential equa- 
tions to a canonical form, the author has met with some systems of poristic 
equations of which the following system is a simple type: 


(1) Pry = D DS petietis = 0 (r,3= 1, 2, en). 
" k=0 {=0 


Pri = Dik) Pre = Par, the matrix ||x|| is of rank n. 
These equations imply that n points on the quadric spread 


n n 
Q= È Dd. Prarti = 0 
k=0 i=0 


are conjugate in pairs. This is true only when the quadric spread consists 
of two hyperplanes; consequently we infer that the equations (1) form a 
poristic set possessing no relevant solution at all unless certain conditions 
are satisfied and an infinite number of solutions when the conditions are 
satisfied. Itis clear, in fact, that when the quadric spread does consist of two 
hyperplanes a set of n points on one hyperplane satisfies the requirements. 

The case n = 2 is discussed by Clebsch,* and his method can be ex- 
tended so as to cover the general case. It may be worth while to indicate 
the necessary analysis, as it can be extended to the case of a form of the 
fourth order; also because the conditions are, as M. Janet has pointed out, 
those under which the differential equation 





can be reduced to the form 
0 $ ðu 
zo 2u Omar = O. 
Okom=r Om 
Let us denote the determinant jay] @,7 = 0,1, 2, ---, n) by the symbol e 
D, the minor of ao in this determinant by the symbol Ago, and the minor of 
aij in the determinant Aoo by the symbol Mi; (i, 7 = 1, 2, ---, n). We 
shall also write 


n 
>> tosM is = Aio. 
s=1 


* “Vorlesungen über Geometrie,” Bd. I (new edition), p. 136. 
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We now proceed to reduce the system of equations K1) to a canonical 
form. With this end in view, we must write the sum 


SHD = 9° rtr M Mie + Y E (Ertis + teste) 6 Lee ae A; 


. 
r=1 role=l T 0, 1, 2, sry 


where r > s in the double summation, and 7 < k, t <1 |throughout. The. 
above sum falls into two parts 


n noon 
Site) = 2 LertirM rM ir + 2 2 [erti M Mi + ErtirH Mr] 
T= =l = 
z n l 
= D ErrM ır D Lis M is 
T=1 ssi 


and S{*) obtained from S{* by interchanging t and L Ifi+l aid 
i + 0, the sum S tie 1x must vanish, because it is then equal to a 
determinant two ‘of whose columns are identical. Also if k + tand k + 0 
the sum D rM w vanishes for the same reason. Since i< k we must 


assume that k is different from 0. 2 
If we assume that i = 0, k + 0, 


n n 
8; = 2 irM ir > Tos M ts. 
p = 


Furthermore if k t t, Sı vanishes identically. Therefore we shall con- 
sider only the expression i 


-A R 
Si = 2 LirM ir > Yo, Mis, 
ral t=] 
where k = t But . 
n n 
2 TrM ir = Ao, 2 to, Mu = Au; 
r= g= 


81 = AAoo. 


We now consider S. Interchange the rôle of ¢ and J, and clearly it 
reduces to Sz = AAoo. 
One case only remains for consideration. Let i= t k=l. Then 
Sa = Až, while Sı = 0. We cannot interchange ¢ andi / in this case for 
i<kandiXl. 
We have assumed while discussing S that ¢ < k. But we shall also be 
obliged to consider the set S“ obtained from S by dividing it by 2 and 
assuming that z= k. The result is equal to the product 


n n 
>. Vir te tr 2D TisM is, 
r=1 s=1 
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whose first factor vanishes unless? = tori = 0. In the first case, if 1 > l, 
the second factor reduces to a determinant, two of whose columns are equal; 
therefore the product vanishes. If 7 = l, the product becomes 


nm kad 
E tirM i Z LiM u = Aĝo. 
r=1 s=1 

In the second case, the product becomes 


> Tordi ir > ToM tg = Ann. 
t=1 s=1 


In other words $480% = AnAn. 
` We next construct the sum 


U= ye MiMiPrr + > > (MiMi + MisM iy) Pra, 
tæl = 
where r > s in the double summation. From what has been previously 
written we see that . : 


-e 
z n ne a 


U= 2 P33 > 


We assume first that ¢ +l. Then, as we have ‘seen, 4807P vanishes, 
unless 7 = 0, when it is equivalent to Ag. As for the third member of U, 
its elements vanish unless t = t, k = l, when we obtflin 


— + 22 > Pri SRD + $ pusom, 


1 k=l 


pS) = Aopi. 


The fourth member vanishes unless k = | or k = t. So we can write 
down 


(2) U= Apu + AtArwpoo + ArAcopeo + AroAcopi (t= 1, 2, e,n). 


When t = l, we have seen that all the terms of the first summation 


vanish save 
gum 





Pu = Acopu- 
All the terms of the third summation vanish unless 7 = k = 1; but this 
cannot happen since i < k. We see readily that (2) becomes ° 
(2°) l U = Apu + Aopo + 24, Aco, o- 


The set formed by the union of (2) and (2’) may be called the canonical 
form of system (1), because what solves one system clearly solves the other. 
The relation known as “correlation multiplicatoire’* exists between (2) 
and (2°). 


* Riquier, “Les systèmes d'équations aux dérivées partielles,” p. 255. 
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Write the polynomial 


(3) (pisPis — PisPes)(Pi2P10 — Pupa) — (Pia — Pipa) (ispio — Pupo). 
We have demonstrated that the vanishing of the expression’ 


(A) Abopis + A po + 2ZArcAcopio + Adoni; + AsoAjopoo G} = 1, 2, 8). 


is a necessary consequence of the vanishing of the system of polynomials 
(1). Let us now assume that Aw + 0. Then we eliminate pi, pi, pis, 
P22, Pra from the polynomial (3) with the aid of the six expressions (4), 
and since (3) vanishes, we conclude that 

The vanishing of the system of polynomials (1) carries with it as a necessary 
consequence the vanishing of the polynomial (3) unless Aoo = 0. 

We have demonstrated that if we multiply each of the polynomials 
of the system (1) by certain multipliers and then sum the results we obtain 
the expressions (2) and (2’). This is equivalent to solving the set (1) with | 
- respect to the quantities p,; where t, j = 1, 2, e,n; 17. 
` Let us consider the effect of interchanging any two columns of the matrix 


W = leyl @= 0,1, 2, ---, 2; j= 1,2, -4+, 7). 


By such a permutation, the system of polynomials (1) ib unaltered. The 
polynomials (2) will be changed, if we operate on them with all possible 
permutations of the above-described type, into a set of sets of polynomials 
which we shall denote by the symbols (21), (22), +++. This change how- 
ever is only with regard to outward form. For the above permutations 
simply enable us to solve.the system (1) with respect to another set of coeffi- 
cients. For example, if we interchange the first and second columns of 
the matrix W we shall solve (1) with respect to the quantities pi; where 
i,j = 0, 2,3, e,n; 7 2a It is now evident that (2),| (21), (2s), +++ are 
numerically equivalent. 

On the other hand, the polynomial (3) is changed by) the permutations 
of the type above described into a chain of other polyndmials (n + 1)! in 
number. For example, the permutation (2, 4) transfdrms (8) into the 
` polynomial 


© = (pupis — Pups) (pisP10 ~ pupo) — (pis — Pupu) (PisPi0 — PurPs0)- 


Let‘us designate this chain of polynomials by the symbol (3’). We can 
now announce the following theorem: 
If Ao + 0, the vanishing of the system of polynomials| (1) is a sufficient 
condition for the.vanishing of the polynomial (3) and algo of the chain of 
polynomials (3’). 
Consider the case Aoo = 0. Assume for the moment that Ano + O for 
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n+ 0. Interchange the first and the nth column of the matrix W. As 
remarked above, such interchange simply replaces the system (1) by itself 
and transforms the system (2) into a system numerically equivalent. In _ 
other words instead of solving (1) with respect to p;; where 2,7 = 1, 2, e,n, 
we solve (1) with respect to p,; where t, j = 0,1, 2,---,2—1. In general 
we may assert 

If one of the determinants Aro, Azo, «+, Aoo does not vanish, the system of 
polynomials (1) cannot vanish unless all the polynomials of system (A) vanish. 

We now consider the polynomial 


(4) (pia — Pupz2) (pis — Pups) — (pups — PupzY. 


` If we equate the polynomials (A) to zero we see at once that the poly- 
nomial (4) must also be equal to zero. . 

Operate on this polynomial with the permutations we have previously 
used and we shall obtain a chain of polynomials which we shall denote by 
the symbol (4’). Following the line of reasoning employed in the case of 
the system of polynomials # we demonstrate the eons theorem: 

If any one of the determinants Aw + 0G = 0,1, 2, ---, n), then the vanish- 
ing of the system of polynomials (1) carries with it the vanishing of all the 
polynomials of system (3’). 

We have -now derived two sets of conditions (3) and (3’) which must be 
satisfied if the system of polynomials (1) has a solution which does not cause 
all the determinants of matrix W to vanish. These conditions are also 
sufficient as we shall proceed ‘to show. 

Write 


Pii ~ Pipi = Wiis PiP — Pupi = Wy = Wi (9 = 0,1, oy 4, n). 


When we equate to zero all the minors of-the second order in the deter- 
minant |w;|,-we obtain a set of necessary conditions. As we shall show, 
these conditions are sufficient, indeed more than sufficient, but they are 
retained because of certain invariant properties to be considered in a sub- 
sequent paper. We shall demonstrate the sufficiency of these conditions 

„forn = 3.* 
Consider first the equations belonging to set (2’), that is, 


Adonis + 2ZAsAcopio + Aopo = 0 (i= 1, 2, 8). 
Write Aio/A = ^p. Solving the above equations, we get 


` Pie, Pio + Nij 
e Se eon 
Poo 
` *If n = 3 we can construct an equation with the w;; for coefficients which, when 
written in lines, has coefficients whose vanishing gives the necessary and sufficient conditions 
for our theorem. 


Oj = Vig = PoiPoj — PizPoo- 
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Suppose all the radicals chosen with the positive sign and substitute the 
above values of Ai in the three equations of the above set. ‘The results are 


(5) Di = W11029, Tig = Voy1033, Bog = VO22033: 3 


If all the radicals are chosen with the negative sign the results are 
essentially the same. We see at once that from the conditions (5) follow 
the conditions i 





03013 — 012033 = 0, Dagtis — Digt = O, 13012 M Vi10e3 = 0,* 


regardless of the choice of the sign of the radicals. ; : 
All other conditions must depend on the six written dwn above. These 

six can be written in determinant form. f 
The same reasoning applies when n is arbitrary. 
The polynomials (3) and (3’) are not all independent, and they do not 
constitute a set of invariants under any linear transformation of coérdinates 
although an invariant property is characterized by the |vanishing of all of 
them simultaneously. They belong to the type of ae which Riquier 
has utilized to form the conditions that systems of partial differential equa- 
tions may be passive. If J, denotes a set of such functidns they are trans- 
uae into a set J; connected with the I, by relations of the type 
= Ð frla in which the determinant |frs| is a power lof the Jacobian of 

= transformation. ; * 
If we wish to discover under what conditions a quadratic form in any 
number of variables can be expressed as the sum of two degenerate quadratic 
forms we write down the two matrices ` 


W: = Jlez], 1=1,2,---,n—1, j=l,-+,n—In, 
W= lle, = 12-52-11, f= 0,1 pnh 


I 


' The expressions A;, o are formed from the matrix W in the manner we 
described at the beginning of this article. 
The expressions A;n are formed from the matrix W in exactly the same 
manner.{ Starting from the system of equations 


P= 0 (r= 1,2,-+-,n—1; 8 = 0,1,2, -b,n — 1, n) 


“we can obtain the canonical form Apu- At, oA, opot Az, Aopo 


* These conditions are retained because of certain invariant conditions to be discussed . 
in the next paper. 
+See Riquier, “Les systèmes d'équations aux dériveds partitlles.” Riquier, being 
chiefly interested in establishing the existence of solutions of the most general type, has, 
as far as the authtr knows, said nothing about the invariant properties of his passivity 
conditions. But we can immediately verify by a few simple examples that they belong to, 
the type of invariant conditions just defined. 
t Note that Aan = Aco. 
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+ AoAooPt, 0 + (AmAto + AAin)Pno + AmAimnPan -+ AmAnnPin + AmAnaPin 
(t= 1,2,- a — 1). 

When the above system is compatible, it is possible to express the 
quadratic fotm as the sum of two degenerate quadratics. The compatibility 
conditions could be calculated in a given numerical case, but such a calcula- 
tion is exceeding long. However, we can enunciate the following theorem: 

Given the polynomials P,, = 0 (8 = 1,2,---,d, +++, w; r= 1,2, e, A) 
The canonical form is a function of Mw — N) determinants of the matrix 
læri. The system P,a = O involves dw variables. Thus the calculation of 
the resultant is shortened. 

_ We shall now proceed to treat the case of a quartic form by a similar 
process. The general quartic may be written symbolically as follows: 


Prove = (t21 + lator + +++ + Anën + aoto) 


where af = aun, a = Qing, ete. Form the first, second and third polars 
of each of the above expressions with respect to each of the points A, 
whose codrdinates are (zis, tes, ***, Zoa) respectively, s having the values 
1, 2, ane ant 

If we desire to find the conditions under which the n-ary quartic is a 
product of a linear factor and a cubic factor, it is necessary to write down in 
parametric form the equations of a hyperplane. Let us.therefore write 


Pta = Yn + ar (a = l, 2, vty Ny 0) 


and substitute these values for the 2’s in the polynomials Pi. Equating 
to zero the coefficients of the \’s, we obtain a system of equations similar to 
Pr = 0 and the equations derived from it by the polar process, except 
that we have the y’s in place of the 2’s. 

The argument applied by Clebsch to the conic extends itself immediately 
to the n-ary quartic. If the system of equations derived in the way just 
described can be solved in such a way that the solution does not cause all 
the determinants of the matrix 


IRA = 1,2, “+5237 = 1,2, -++, n, 0) 


to vanish, the quartic can be decomposed into a linear and a cubic factor. 
In the following paragraph when we write Pyo,yp.ry,18 800 Qia, 48, k, 1-8 
it means that the subscript @ occurs i times, the subscript £, j times, etc. 
If we repeat the reasoning applied to a form of the second order we can 
~establish the following identity. 


* Denote this system by the symbol (1’). 
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4! 
D a MiaM gM i, MiP ia, 4.8, 7,08 


Rr ata 
= Atay, + 4A?A 03.2.0 + 6A*A? 102.4, 2.0 + 4AAia, 3-0 + Afaao 
(a, B, Y, 6, t = 1,2,- "ty n; itjHk+l=4), 


The summation extends over all possible integral values of the letters in- 
volved. Similarly we find that 


1 n n 
7342 “oie È Maai 


i=l 


4l 
x D Mur D| pie M Niii] 


i=1 
(6) = Maggs + A? {Aago + Ag@eoro + Altaro + Ardigeo} 
+ A?{AA,dug, 20 + A A;-O1s, 20+ AA Gr, 2:0 F A, A,age, 2:0 
+ AAt, 2-20 H A Aglar, 20} + A{A,A,A,a:, 3-4 + AA A;a., 8-0 
+ AAAA, 3.0 + AAAG, 3.0} + AAA Astato. 


To compute the VEDE of the expression 


1 Ay, 2 Al rat at WE Paso 

344 2 Ma M, 3 Ma JE D rii aM MeMa Pea, sparar] 
let q = r in the right-hand member of the equation (6). To compute 
the value of the expression 


is ð 1 + afi 
a MaMa > ae MM MMs Pra, o, e, oo 

in addition to setting q = r, we must set s = t in the right-hand member 
of equation (6). 
Equate the right-hand members of all the equations just obtained to 
. zero and denote the resulting system of equations by (A’). These represent 
a set of conditions which must necessarily be satisfied if the quartic form 
contains a linear factor. (A’) and (1’) are in “ correlation multiplicatoire,” 
for, even as such a relation has been shown to exist în the case of the 
quadric form, it exists in the case in question. Therefore if all the equations 
"(A’) are satisfied and no inconsistency is introduced, we hiave the conditions, 
both necessary and sufficient. To find whether all the equations are con- 
sistent, we proceed as before, except that we now have to solve a set of 
equations of the fourth degree 


Atay, + 4AA ase, o + 6A? AZa2.1, 2.0 + 4AA?a:, .0.+ Afago = 0 
to obtain the ratio A,/A (© = 1, 2, ---, n). i 
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Substituting the resulting values of A;/A in the remaining equations of 
the system (A’) we obtain a set of equations involving the a’s alone. If 
these are satisfied, it is possible to find an infinite number of sets of solutions 
of our equations which do not cause to vanish all the determinants of the 
matrix 

fæl] (= 1, 2, e n; j= 1, 2, =+, n, 0). 

We have thus reduced the problem of finding the conditions under which 
a quartic contains a linear factor to the solution of a binary quartie. Had 
we attacked the problem directly, i.e., had we written 


l (out)! = (Bx) (ya)?, 


we could have obtained the conditions, but their exact form would have 
varied according to the order of calculation which we should elect to follow. 
Proceeding according to one particular order, the author obtained a system 
of equations similar in some respects to (A’), but less simple. For example 
in the ternary case the equation a to the first equation of set 
(Ai 1s e 


81A4 _— 824A 3 ai110 + (43203119 ba 541122) A? arg (192a7119 + 12a1232)A 
l — (16111241922 — 960711201122 — Maag) = 0. 


This equation has been simplified by setting aun = 1. 

As the solution of a quartic equation is generally a long expression, it 
is better to proceed as follows in a numerical case. 

Eliminating Aio from the equation of the fourth degree in Aio/A and the 
equation which is linear in Ayo and of the third degree in Azo, we obtain an 
equation of the fourth degree in Ay. Combining this with the equation 
for Aso in the set (A’), we may find a common root of the two equations by 
the usual method of the G. C. D. In order that there may be a common 
root a certain condition must be satisfied. 

Thus one by one we obtain the values of Ajo, Azo, ---, Ano, and when 
these are substituted in the equations of the set (A’) the required conditions 
are obtained. 

The cubic form may be treated in a similar way. In the case of the 
ternary cubic we must determine two conditions and in the case of the 
quaternary seven. ° 

A theorem analogous to the one on page 151 obviously exists for the 
queries case. 


st 
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PARAMETERS AND SYMMETRIZABLE KERNELS. 
By MARGARET BUCHANAN. 


1. Introduction.—Since the time of Sturm and Liouville, numerous 
memoirs have been written concerning the linear self-adjoint differential 
equation with a single parameter and with boundary conditions. In the 
equation 


(a) F 


du PN 
a (es)+ Ag — rju = 0 


p and its derivative p’, q and r are continuous functions of æ independent 
of the parameter A, p > 0, q > 0, and r may have either sign in a given 
‘interval, Various writers*-Sturm,* Liouville,t Bécher,t Hilbert,§- Stek- 
loff, || Kneser, T Mason,** and others—have proved theorems concerning 
the existence of characteristic numbers A; and the expansion of more or 


less arbitrarily given functions into series whose terms are the characteristic pe 


functions t. 
The corresponding ae for a liea integral equation with one param- 
eter and a symmetric kernel, 


o(s) => f Ke, Node 


was developed by Hilbert} and Schmidt.tt By the use of Green’sfunction, 


* Sturm, Journal de Mathématiques, Vol. 1 (1838), pp. 106-186. 
t Liouville’s Journal, Vol. 2 (1837), p. 16 and p. 418. 


{Bécher, “Encyklopfdie der mathematischen Wissenschaften,” Ii A, 7a; Annals of 


Mathematics, Ser. 2, Vol. 13 (1911), p. 71; Comptes Rendus, Vol. 140-(1905), p. 928. 

§ Hilbert, “Grundzüge einer allgemeinen Theorie der linearen Integralgleichungen,” 
pp. 39-59. . 
, >, || Btekloff, Annales de la Faculté des sciences de Toulouse, Ser. 2, Vol. 3, pp. 281-313; 
Comptes Rendus, Vol. CL (1 Semester, 1910), pp. 601-603; ibid., id., pp. 452-454; ibid., 
Vol. CLI (2 Semester, 1910), pp. 800-802. 

q Kneser, Mathematische Annalen; Vol. 58 (1904), p. 81; ibid., Vol. 60, p. 402; ibid., 
Vol. 63, p. 477. 
` ** Mason, Mathematische Annalen, Vol. 58 (1904), p. 532; Congiles Rendus, Vol. 140 
(1905), p. 1086; Transactions of the American Mathematical Society, Vol. 7 (1906), pp. 
337-360; ibid., Vol. 13, p. 516.” 

tt Hilbert, loo. cit., pp. 46, 49. ` ji 
é tt Schmidt, “Zur Theorie der linearen und nichtlinearen epadan ” Mathe- 
malische Annalen, Vol. 63 (1906), P 433. 
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af 


= arbitrary function of æ and £ that satisfies certain conditions of continuity 


= CEE ae oe 
-° 
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Hilbert showed an important connection between are joint difiéential 
system and an integral equation with a syminetri¢. kebital. es ; 

For the polar integral equation with a single paraneter, “thattis,an 
equation with a kernel of the form a(s)K(s, t), in which a(s).is a continuous 
_ function that changes sign a finite number of times in the {nterval considered , 
and K(s, t) is symmetric and positive definite, Hilbert* developed a theory’ 
analogous to that for the orthogonal, or symmetric case| If.q in equation 
(a) is a continuous function which changes sign a finite number of -times in ` 
the interval, if r > 0 and p > 0, the equation leads, not to an orthogonal, | 
but to a polar integral equation.t Hilbert’s restriction that q vanish only : 
a finite number of times ‘in the interval has been removed by later writers. 

A theory similar to:that for the orthogonal integral equation has been: 
developed for the integral equation with certain unsymmetric kernels of » 
more general type by A. J. Pell,§ Marty,]|| and others. - 

, Systems of two linear self-adjoint differential equations with two param- 
eters have been considered by Hilbert, J who gives an existence theorem for 
the equations 


AS + Qat wbyy=0 (1 Sa Sas), a ean 
EA a hae 
dn j 
d| r— a 
(a) —Qa+ubn=0 E <E <li, es 


. when p > 0,a > 0, T> 0, œ > 0; p, a, b denoting analytic functions of x 
and 7, œ, 8 analytic functions of ¢. He states that if the further condition 
ab. — aß = 0 is fulfilled only for a finite number of analytic curves, an : 


on ‘and the boundary conditions may be déveloped into a series in terms of the 


products ys(x)7,(s), where ya and ņa indicate simultaneous solutions of the 
` given equations, satisfying the boundary conditions. Wor the case when 


* Hilbert, loc. cit., p. 195. 

- t Hilbert, loc. cit., p. 205. ` : ; 

ł Fubini, Annali di Matematica, Ser. 3, Vol. 17 (1910), p. 111. Marty, Comptes Rendus, : 
yol. CL (1910), p. 515; ibid., id., pp. 603-606. Garbe, Mathematische Annalen, Vol. 76 
(1915), pp. 517-547. ` E 

§ Pell, Bulletin of the American Mathematical Society, Vol. 16| (1910), .pp. 513-515; 
Transactions of the American Mathematical Society, Vol. 12 (1911), pp. 165-180. 

|| Marty, Comptes Rendus, Vol. 150 (1910), p..515; ibid., id., P 605; ibid., id., p. 1031; 
ibid., id., p. 1499. 

7 Hilbert, loc: sit., p. 263. Oscillation theorems for this.case [have been proved by | 
Yoshikawa, Géttingen Nachrichten, 1910, pp. 586-594; and Richardson, Transactions of oe 
the American Mathematical Society, Vol. 13, pp. 22-34. 
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bi —. ta- =; 0 onite in the ‘region, “every continuous function of x and &, 
with continug ag fit "and second derivatives, is developable: in terms of 
yn(a)mn(s). > Ty, i 

“Moré, settles A: Ss Pell has proved existence and expansion theorems 

for systems of linear équations with two parameters, of the types ` 


U; is A dE ify + u 2 Lisu;, 


w= 3 MEI = u $ NEIL; 
and ms . . 
oe b ; b . 
io Gila) = f Ke Duddy + u f Le, pudy, 
@) : | : | 


vs) =) f “MO, bole — yu Í * NG, to(t)dt; 


where the: matrices and kernels are symmetric. 

In the present paper the theory indicated in the last pantera is 
extended to equations of type (d) with symmetrizable kernels subject to 
certain, conditions which are stated on page 6. Hilbert’s results for the 
différential equations (b) are obtained by considering a special case. In 
§ 2 it is shown that there exist real values of A and u for which the equations 
(d) with symmetrizable kernels; and the adjoint equations, have con- 
tinuous solutions u;, 0; and uf, vf, respectively. Some properties of the 

Blutions are developed i in § 3, and the coefficients {f;} of the expansion 


f(a, 8) = D feas(e)n() 


are shown to be of finite norm.’ In §4 the expansion of an arbitrary -;. 
function of two variables is considered. An expansion a 


h(a, 8) = 2, wa (a, 8) f f hy, t)ua(y)v.(t)dydt, 

in which i . ; 

WE (e, 8) = uale) S NG, syo dt + 08 OVI Ly, x)ua(y)dy, 

is obtained: for a function h(x, s) that can be ERRE by $; 
` S STR”, pfu, ONG 8) + Le, Oy, )M* G, 8) Jdydt 


where-f(y, t) is any continuous function of y and t, and K*,.L*, M*, N* 
are symmetric kernels connected with K, L, M, and N, respectively. 


+ Pell, “Linear Equations with Two Parameters,” Transactions of the American 
) Mathematical ee, Vol. 28,.No. 2 (1922), pp. 198-211. 
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That functions satisfying less stringent conditions may be expanded in 
terms of other characteristic functions connected with |the integral equa- 
tions (d) is shown in § 5 for the two important cases where the kernels 
are symmetrizable functions of well-known types: 


I. Kz, y) = S Kz, HTE ydi, La, y) = SLATE, yode, 
M(s, t) = SM(s, )T(n, dn, - N(s,t) = S NG, n) TC, dn. 
I. Kle, y) = aa) The, y), Ley) = b@) Tle, y), 
M(s, i) = a&(s) T's, uj, - l N(s, = beyls, i). 


_ Kernels of this type have already been mentioned in connection with the 
polar integral equation. Differential equations (b) a to integral equa- 
tions with kernels of the second type. l 

In obtaining the results as to the existence of solutions and the expansion 
of arbitrary functions, the method used is the eal of equations (d) 
with symmetrizable kernels to equations (c) with symmetric matrices and 
the application of the theory previously developed for equations in infinitely 
many variables with two parameters. 


2. Existence of Solutions.—Consider the system of lihear integral equa- 
tions 


ula) => f Kle, utoddy +u [ LG, Dudo, 
(1) . 2 a x 
a) = f Mle, Odi — p J N(s, t)o(é)dt, 


“and the adjoint system 


b b 
ue) =A f UOK, ady +e f uL, ady, 
(2) a . > 5 T - 
o*() =) f o*() M(t, s)dt — p a ONG s)dt. 
: e e | 
In (1) and (2) the kernels K and L are real continuous functions of the 
real variables x and yina S< v <b,a < y < b, M and N are real continuous 
functions of the real variables s and tinc <s <d, c Xt <d; L and N 
are positive definite* or have only positive characteristic numbers and 
‘KN + LM #0. Further, there exist continuous and symmetric positive 
definite kernels T and T, such that K and L are symmetrizable on the left 


by T, M and N by f, that is, f Tæ, HKE, ydg, f Tle, HLE, yd, 


*The kernel L is positive definite if / /f(x) L(x, y)f(y) > 0, for functions f, not null 
functions, integrable and with squares integrable in the sense of Lebesgue, except on y 
set of points of measure zero. . | 


j 
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i T(s, n)M(n, Dda, f T(s, mN, TE are symmetric functions. We 


shall use the following notation: 


f Te, DKE ndt= f TK = Ks. frr- 
f “Tee, n)M(, Dda = f TM = M+ STN = we. 
In general, l 
S AB = S Alz, DB, yas, SFA =SHYAY, Ody, 
S Af = S Alz, wfly)dy.* 


To show that there exist real values of \ and u for which systems (1) 
and (2) have continuous solutions, system (1) is reduced to a system of 
linear equations in infinitely many unknowns, with symmetric matrices. 
In the process of reduction, use is made of the expansiont 


Gy. fn- È fin foe 


where f and g are continuous functions, g is of the form S Th, and {p;i Ys} 
is a closed biorthogonal system of continuous functions such that y; = S Tos. 
Let {Yx va} be a second closed biorthogonal system of continuous functions 
such that ya = S Tor For {g, vi} and {pr We} it is convenient to use 
functions related to the characteristic functions x: and x, of the symmetric 
positive definite kernels T and T, respectively. Since the characteristic 
numbers of T and T are positive,t we indicate them by a? and b? and 
write 


xi) = AS The, y)xy)dy, als) = BES Te, t)xx(t)dt, 
which become 





@ X2- fre yaxin ZO- f To, Dbd. 
Let 


g=ax, h=, C=bx, h=, 
a; by 
* As we shall consider only the square a =z =b, a=y =}, for the variables x and 
y, and the square c Ss & d, c =i & d, for the variables s and t, the limits of integration 
and statements as to the range of the variables will be omitted.. Wherever there is no 
ambiguity, we shall omit the variables. 
+ Pell, “Biorthogonal Systems of Functions,” Transactions of the American Mathe- 
‘matical Society, Vol. XII, p. 147. 
t Lalesco, ‘Introduction à la Thébrie des Equations Intégrales,” p.-71. 


. where 


* . 
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then since we may. assume, that the systems {xs}, {Xz} dre orthogonal and 
normalized, we have 


—_— e 1 = 
Sod; = 5; and Sowi= bun oe an fo i r 


The equations (4) give the relations 
Wiz) = S Tle, yoly)dy, ` Vals) = S Tle, Pdt. 


We now proceed to reduce the system (1) tò a system jof linear equations 
in infinitely many unknowns. Multiplying the first equation of (1) by 
` w(x), integrating, and then expanding the second member by (3), we have’ 


fe ule)Wile)de = 3 F Je TG f TE DDK, y) 
Alles i): pi(y)dġdy: f uly ¥s(y)dy 


or 


© E 


dnd similarly from the second equation of (1) we have 


6) Stè f fe f Ton- ume fob. 
i=l 
k 
Equations (5) and (6) may be written in the form . E 


w=r D iit +e 2 lijčj, a 
(7) 
Yk=A E mm Fa a 3 NYY 


text 


= Su, kis = SS o:K* pn l; = Hi giLl*¢;, 
ye = Si, mi = SS orM* Gi, Ve = S pN” Gr. 


The matrices K, L, M, N of (7) are symmetric, since the kernels K*, L*, 
M*, *, N* are symmetric, and the sum of the squares of the elements of each 
‘is convinent. For example, the convergency of 2 ki; i $S evident from the 


. following l 
k}; = Í f gila) fre DKE, vdte;u)dedy 
x if fie) f Ty, YEE, y)dé-e,(y)dedg 





e 
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=a: ff AORE LÈ dadea; f f OKE «) LE deat, 
But | 


and sincef 


p| ELE srute)dtde |< Tf [KG 2) Pie 


the series J: 43; is convergent. 
tj 


‘ The two matrices ly and nz: are of positive definite type, if the kernels 
L* and N* are themselves positive definite. In proving L* and N* positive 
-definite, use is made of the biorthogonal systems {y, Yi}, {Gz Yr} defined 
by the relations 


gi = ai S Lo; Vi = a? S yiL, Vi > S Toi 
= PiS NG, * Yr= PSN, te= S Tox. 


By the’ expansion (3) 

S SIOL, Wf ddedy 
=D f f Te, oneae-cdeas- f PLE, Diody wod 
= ged, 


i- 


(8) 


(9) 


Similarly, 





S faonre, t)g(t)dsdt = 22o A , 


Therefore the kernels L* and N*, and consequently, since matrices obtained 
from the kernels by another set of biorthogonal functions corresponding 
to T and T would differ from K, L, M, N only by orthogonal matrices, 
the matrices ly and m4: are positive definite. 

Inasmuch as the matrices K, L, M, and N of (7) are symmetric ande 
such that the sum of the squares of the elements of each one is convergent, 
inasmuch as L and N are positive definite and kimp: + lympi-Æ 0, there 
exist real values of A and u for which the system (7) has solutions æ; yẹ of 

{ Hilbert, ert, loc. cit., p. 181, 

t Pell, “Existence Theorems for Certain Unsymmetric Kernels,” Bulletin of the Amer- 


‘ican Mathematical Society, Vol. 16, P. 515. “Marty; Comptes Rendus, February 28 and 
April 25, 1910. 
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e 


finite norm,f and to any pair of parameter values i, u |there corresponds 
only a finite number of linearly independent solutions £; yx. 
We now pass from- the equations (7) in infinitely many variables to the 


integral equations (2). By means of z;, yz, solutions ofi 
corresponding to a definite set of parameter values deno 


finite, norm of (7) 
ted by Xo, Bo, We 


obtain a pair of continuous solutions of (2) corresponding to the same 
parameter values Xo, #o. Consider, in particular, the fitst equation of (7) 


=> f f pilÐDK E, 2) + wo GE, epi zj; 


multiply both members by S [AoK (y, x) + poly, 2) Wala and sum with 


respect tot, The result is 


X f Doky 2) + poly, Ydy s 


= X f DK, x) + molly, e) Wilydy 


which reduces to 


zj DoK (w, &) + wol(w, £) Wilw)dw: zi 
(10) = f DoK, 2) + woLy, 2)] 


aS f [rok (wo, y) + mol (a, 
E é 


From’ (10) it is evident that for the parameter values 
numbers ^o and po, the continuous function 


3s a solution of 
ey u(x) = dof uty) Ky, a)dy + po fury) L, 


coe is the first equation of the adjoint system (2). 
ee theory, 


GY ula) = MS K(x, y)uly) dy + pS Lle, yuly)dy 
t Pell, Transactions of the American Matheinatical Society, Vol. 23, No. 2, p. 208. 





ure) = Df DoK tw; 2) + pollu, Walda; 


X f f DDE 2 + noL, Des dedz a, 


y) Wilo)dwdy -2;. 


or characteristic , 


z)dy, 
Therefore by the 
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has a continuous solution u(x), and by the same theory, if n denotes the 

number of linearly independent solutions uf, už, .>--, už of (2), the 

equation (1)’ has exactly n linearly independent solutions ui, Us, ++, Un 

In the same way it may be shown from the second equation of (7) that for 

Xo, uo the second equation of the adjoint-system (2) has a continuous solution 
-o*(s).’ It follows that 


(3) = oS M(s, Hotdt — wf N(s, t)o(t)dt 


has a continuous solution o(s), and that, corresponding to a pair of char- 
,acteristic numbers Xo, Ho, the number of linearly independent solutions vh 
is the same as the number of linearly independent solutions 1%. 

* That a simple relation exists between the solutions of the systems (1) 
and (2) appears from the following: the equations (1) when multiplied by 
T(z, £) and T(s, n), respectively, and integrated, become 


S Tx, Ejule)jde = AS SK (a, &)T (a, yuly)dyde ` 
+ pS S L(x, T(x, yuy)dyde, 
l a a n)o(s)ds =f ft M (s, 1) T(s, t)o(t)dids 
—pSS N8, n) TO, i)o(t)deds, 


and these equations show that S Tu and fT» are solutions of the adjoint . 
system (2). On account of the (1, 1) correspondence already noted be- 
tween the solutions u and u*, and between v and v* we may say 


= S Tu, or = S Tor. 


These results give the following theorem: 

TuroreĮm 1: If Kle, y), Lia, y), M(s, 1), N(s, i) are real continuous 
functions, if L and N are positive definite or have only positive characteristic 
numbers, and KN + LM # 0, and if there exist continuous symmetric positive 
definite kernels T and T such that f TK, f TL, f TM, [TN are symmetric, 
there exist values X and u, necessarily real, for which the system of equations 
(1) has continuous solutions u, v, not identically zero, and for which the adjoint 
system (2) has continuous solutions u*, v*, not identically zero. The solutions 
__ of systems (1) and.(2) are connected by the relations uf = S Tu, % = S Top. 

3. Properties of Solutions.—Let u;(x), 0;(s) be solutions of system (I) 
corresponding to Ms, u; and urle), t(s) solutions corresponding to Ax, Mee 
Then from the equations for u; and uz, by using as multipliers uf Ele) and", ee 

ut(x) and integrating, we obtain 


SS Tis = WSS S WTE + mS S S UT Ley 
SS Ulu = MSS Sul Ku + S S fuiTluz, 
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and therefore, since the kernels Sf TK and / TL are symmetric, 


(11) a= ADS S Srl Ku; + (ui — Ma) SS S Ue 


TLu; = 0. . 


In the same way, from the equations. in v; and vz, there results , 
(12) Oi AQS SS TM, — (ui — wi) SS STN; = 0. 
Tf \; Æ Az and u; Æ wz, the determinant of the coefficients of (1) and (12) . 


must vanish, that is, 


S S ukKu; S S už Lu: = 


(13) TS tM, — SS ANu 


The equations 


SS t Tur = NS S ur TRu; + BSS urThu, ` 
SS vT = NS S TMo = US S %TNo;, 


give, on the elimination of u and the use of the relation (13), 


S Suk Lig Sutu) 
= SS tNo; Soči 








Hence the matrix. 


Apis S Suglu; raw) | 


SLM — SS EN Sof; 
is.of rank < 2, if t = k. 


To show that Suat Sf SNo + Soat S SufLu; #0, we have only 


to write the expression in the form 


SS Ulu Sf S oN * v + SST nS Sults | 


where each term > 0 because of the positive aN 
L*, and N*. Since Suat S SAN + SoS Sut 

sume that the solutions u; and v; have been te 
as to make 


We have, therefore, for (u;, v;), (us, to) corresponding 
acteristic numbers, the relation 
SS UK SS EN; + SoS Sub ns 


(14) 
aa S S ulel) 


where 


Sut S SAN + SoS futLu; i. 


haracter of T, T, : 
;> 0 we may as- 
by such constants 


to different char- 


we (a, sjdæds = by, 


(15) wale, 8) = ug (a) S NG, sJ Qdt + oF (8) S Ly, tjut (y)dy. 
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From every system of n linearly independent solutions of the equations 
(1) corresponding to a particular pair of characteristic numbers it is possible 
to build up by linear combinations n linearly independent functions that 
satisfy the gelation (14). Let uy, w,.+++, Unj i Ve, ***, n be solutions of 
(1) corresponding to do, uo. We assume, as above, that //wnwt = 1, 
and then determine c; and d: so that 


SS (ux — can); — dw)wt 
(16) = [Sumat — oS Surat + diles — S S uwt) = 0, 
: , i=2,3, n 


E SSJ uwwt = 0, take c: = d; = 0, and the akove equation is satisfied. 
If SS uww? + 0, choose c; f/ f'umwt and from (16) determine dj. 
- Let uy = My, Uy — Cy = Typ D1 = 11,0; — da = Vi; t= 2,3,---,n. Then 
‘the new system ñ, üs, ---, Ün; Di, D2, «++, Dn Is such that f S Qmm? = ôn. 
Proceeding as before, we determine ¢; and d; to satisfy the equation 
SS Gis — üa) (5; — didat = 0, i= 3, 4, ---, n. By repeating the 
‘process indicated above,”we obtain finally a system U1, Us, ©, Un; 
. Vi, Pe, +++, Vay where U; and V; are linear homogeneous functions with 
constant coefficients of ui, Ua, -**, Un and My ha +++, On respectively, with 
the constants so determined that f S UV WE = bu. 
If the series 


a7) fa, 8) = O 


is uniformly convergent, the coefficients of uw; may be expressed in a form 
analogous to the Fourier coefficients in the expansion 


so) = Lets) f oono, 
where{ p, Y,}is a biorthogonal system. Multiply (17) by wS N (t, s)or (dt 
or (s) S L(y, ejut (y)dy, integrate, and use the relation (14), thus obtaining 
fe=SSSUE@S(a, NG, Jot (Ddededt + of (s)f(z, s) L(y, x)uf(y)dsdady 
= SS fle, duke, ded, | . 
If the series 
i fle, 9) = È Aat, s) 


, is uniformly convergent, the coefficients 4; may be expressed in terms of 
‘the solutions w: and v: Multiplying the equation by 2,(x)o%,(s) and 
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integrating, we have 


f f f(x, sJur(z)vs(s)deds 


Henċe 


A; = S S F, 8)ui(x)o,(s)dads. 
Again, if a function f(x, s) be expressed by a uniformly 
of the form 
fla, 8) = F Batat), 


or 


f(x, s) = 2 Ciw;(g, 8), 


where 


convergent series 
« ` * . 


(18) wile, 8) = ule) S N (s, vidt + nS L(a, yjoily)dy, 


the coefficients are found to be 
Bi = SS fle, 8)w.le, s)dede, 
Gi = SSF, 8) uF (x) oF (s)dads. 


Let f(x, 8) and g(x, s) be continuous functions and 


suppose that the 


series on the right of (17) is uniformly convergent. After multiplication of 
(17) by Tle, 2) Ts, DES ge, ONG, Ode + Sol, LE, Bd], and inte- ` 


gration, we have 


f i: f f F(x, 8) T(x, 2)N*(s, E)g(z, E)dedsdidz 


a SSL fre 8) T(s, )L* (xj Eg, 1)dadsdndé 


EH f i. J ur(z)g@, E)N(n, Sof (n)dadédn 


+ if Í T at (n)g(E, 0) Lie, iy sta 


The coefficients f; = /fut of a continuous function f(z, 8) are of finite 
norm. In order to prove that J, f? is convergent, we establish, for F(x, s)” 
- í 


= 2 figs. 
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a continuous function, the relation 


SSS SFE NLA, Fy, NT, 1) 


19) 
i ) + Fle, 8)N*(s, DFY, Ð T(x, y) \dadsdtdy > 0. 


This inequality is a direct: result of the positive definite character of L* 
and N*, and is evident if the biorthogonal systems fe; Wi}, [Pr ve} 
defined by (8) are used in the expansion of the expression on the left of 
(19). By the expansion (8) and by substitutions from (8), 


Eff [lee 91, DFe, Te,» 
+ F(a, s)N*(s, OF (y, )T (a, y) \dedsdtdy 
-=F f f f EETA yf | Fle, t)F(y, t)dt-Gu(s)dsdyee 
ee a f f Fea, s)ys(e)deN*(s, i) f f T(x, y)F(y, t)dy-eilx)dedtds 
>> f f i F(a, 8)px(s)dsL*(c, y) | Fe, donini 
+E f f [Pe hade wre, D f P, Opcaaydids 


where each term is positive because L* and N* are positive definite Hence 
the relation (19) is established. To show. X f? convergent, substitute 
i 


f(z, s) — Lofa le)ls) for F(z, 8) in (19), thus obtaining 
SS S [Te D Di, DTi, O44, DN, D, 07, 9) Medydsdi 
- Zr f S f f EOE, DLE, aut edsdedy 
+ ub (ofc, 8)N (n, 8)0¥ (n)dededn] ; 
-Xs f S f f TO, DLE mt Odidydg i 
+a, ON (n, Ho¥(m)dydidy 
+ ER f uote f f AON ddad 
+ fosettods f f AOLE, a)us(adtde | > 0. 


3 


a 


- (22). 
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` This reduces to 


O [SSSR 


which gives 


(20) T f f f f CILT + FNT]. 


` We conclude from (20) that the sequence of coefficients {ft} is of finite norm. 


4. Expansion of Arbitrary Functions of Two Variables.—For a system 


of two linear integral equations with symmetric kernels, 


that when f and g are continuous functions 


ge wf, 8) N(s, Dg, D 


it has been shown} 


+ Lia, ne, s)M(s, gly, oT = pe, 


where fa = S S f(a, 8)wala; s)deds, and that 
J [Ke nite DNG, D +L, Diy, DME Ddy 


=+ pete DSa, 


Corresponding forms may be obtained for the symmẹtrizable case as a 


result of the expansion{ of the.determinant matrix 


(21) S kimy + liymi = DE a 


a 


where Waik = Yak liaj F lail Nka Tai ANd Yak denoting solutions of 
J T l 


(7) corresponding to the characteristic numbers Na, Me: 


Since 


‘wens fr Da F f f etre fitit f uats PL own ee 


by means of (21), the following equality may be verified: 


i | J Je K*(a, fle, a) N*(e, Noy, Ù) 


As fle, 8) and g(x, 8) are any two continuous functions, 
that 


K*(x, yN*(s, t) + L*(a, ye, t) = a Daf 


if the series on the right is. uniformly convergent. 
t Pell, Transactions of the Amzrican Mathematical Society, Vol 


+ Le, vile, )U*( oly, 1) ANT TE vie. 


it follows from. (22) 


s)wa(ys 1) 
Ne 


23, ae 2, p. 208. 
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The problem of ‘the expansion of arbitrary functions in terms of the ` 
solutions Ua and %, wa and vz, and in terms of Wwa and w% will now be con- 
sidered. “On account of (21), we have the relation ae 


f Je [K*(x, pfu, ON*G, t) 
+ Ie, fu, OM*(e, ) Mydt = ye: Me She, 


Aa 


(23) 


if the series on the right is uniformly convergent. As {f.} is known to be 
of finite norm (§ 3), the series Lwa(e, 8)fafħa:is absolutely uniformly con- 


vergent if {wa(x, 3)/ra} is of finite norm. In proving the convergence of 


5 (a2) 


we employ again the two biorthogonal systems {p; Wi}, {Ge Ve}, corre- 
sponding to the unsymmetric kernels L and N, respectively. If there exists 
a continuots function A(x, y, 3, t), such that 


eo fff [econ de, a, NET dedudet 


where 


ae abi 
Sli Ri 
"ob + BF 


dx1 bi 
ani = ki a+ mir -3 z 
: b Si 


waf fy POMC, sJpı(s)dids: “4, 


= f f WEU, sei(a)dyde 
it follows immediately that {wt (æ, s)/.} is of finite norm, for 
(25) Se). f Jf AG u s, dutty, Oda, 


and since f Sfut = fi, {Sf SA, Y, 8, t)wk(y, t)dydt} is of finite norm. 
The relation expressed by (25) may be verified by substituting in (25) the 
‘value of w* given by (15); expanding the second member in terms of the ` 
biorthogonal systems {¢;, ¥:}, {gr ¥x},.and finally multiplying the equation 
by ¢i(z)¢x(s) and integrating with respéct to z and s. The result of these. 
operations is an equality already established ¢ 


(26) Cate = Na 3 Qirjh 


in which ah = /užp: S Ter ch = ata z =, and linji is the matrix already 
n k k 
defined. 


t Pell, Transactions of the American Mathematical Society, Vol. 23, No. 2, p. 200. 
@. $ à > s 
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- As the existence of A(z, y, $, i) satisfying (24) is not 
duce a transformation A[ f(z, e)], where f is of the fo 
that if 

fil, 8) = Alf, 8)] 
then i 


(27). f f EEE A E 
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g ffr je 


ssured, we intro- 


SS TgT, such 


- 


(yer(t)dydt. 


The relation between the transformed function AL f(a, s)|] and A(z, y, 8, D 


of (24), when the function exists, is given by 
(28) 
which follows directly from (27). ` 


ALFE, 9] = SS Ala, y, 8, Of, dydh, 


` The transformed function of g*(s) S f*(y)L(y, x)dy ekists and is a con- 


tinuous function, for it may be expressed in the followi 
the series on the right are uniformly convergent. 


`- ATIS f OLU, 2)dy] 
= y ILOKU, ASTON , 


a? 


t 


2 


i 


a 


(29) T 


ae 2 vS. R 


a; 


ay 





wt pi 
The second member of this equation may be written 


factos less than unity or of.the form S Fy; and SF We 
continuous functions. As a consequence of (8) 


a 
gJ- frre 


and 


ng form, in which 


Pate i g(n¥aln)dn 


f P fx FOME, aa 


as the product of 
F and F, denothg 





“verify (29) multiply it by 9;(x)¢:(s), integrate with res 
then factor the second member, thus reducing (29) to (27 
The transformed function of f* f g*N exists also and is 
fore A[w*(zx, 3) ], which we shall denote by Aa, exists 
function. As 


Therefore the two series on the right of (29) ae 


ws (x, 8) 


Pico ¢ 


uniformly, To: 


ect to x ands, and: 


with f = g* /f*L. 


ntinuous. There- 


c 
lad is a continuous 
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because of (25), we prove ahs {w3(z, 8)/da} is of finite norm by proving 
> A2 convergent. ` | 


By the series of operations that follow, we derive the inequality 
3 A SEHT, 
gsi 


æ 
a continuous function, thus showing the convergency of X 42. From 
4 aat 


(29) we obtain . 


alo frr gfo fa LX. giat 


VSEM, B | 
a3 ai + e? 





6D 





Since the second member of (31) is in the form a(b-+c) and since 
2a(b + c) < æ + 20+ ©), it follows that l 


2 a [o f POL, ad | 











E < y MAOA oat] + Ee, 3), 

where : 

#0) = 25| (fuo aay) - HO, os 
+4) ( [Toue say |: 

The uniform convergence of T $a vi yond 5, Ki is given by Mercer's theorem, t 


D|Sfixf- fre ma g| fear [= foe 


by (3), hence & is a continuous function. Because of (9) and (3), the © 
inequality (82) becomes 
2| ACIOS F Ly, z)dy]]| 

SSSHL* (a, yfly)dady: S.9(s)9*(s)ds + P(e, 8). 


t Mercer, “Symmetrizable Functions and their Expansion in Terms of Biorthogonal 
Functions,” Proceedings of the Royal Society of London, Series A, Vol. XCVH, p. 409. 


(33) 


12 
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It may likewise be shown that 


(84) 2| AC ES IONE, )dE]| 


< SS ION, No Cdsdt- Sfo edr+ Ve, 3), 


where ¥? is a continuous function of % and s. From (33) and (34) there 


results 


E en E E ee 
+ S SFe, s)L*(x, yfly, ndady- S S TC, s\dnds 


35 z= 
= — 2AL fF T(E, DS NG, 8) ST (a, DSE, n)dédnd 


oe 


J 


+ SS fla, 8)N* (8, DFE, Ddod S S T(E, x)dtde + P(e, s) = 0. 


For f(a, s) in (85) substitute > A gla(%)%_(8), where A, = 
: a=1 


alfa Sa Sagas SST] 


waly, t) ? Then 


a 


= 24| Dot [lat t fim] „Aa = 243, 


ffarf fT ffoerf fr 5 
saa ea s fen 


Therefore (35) reduces to 


P, s) -2542+ E A+ Vw, 8) 20 


that is, 
DA SPHE. 


a=1 


- On account of the continuity of & + Y°, 


LAP, 


a=l 


Noa ) = >) A. 


roy 


where P denotes a constant, and {w*(x, 8)/A.} is of finite norm. for all, 


values of x and s in the given intervals. 
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As fa i8 known to be of finite norm (§ 3), we conclude that the series 
formed from the absolute values of the terms of 


e y we, Dfa, 


a a 
e 
Ar 


where f(x, 8) is any continuous function, is uniformly convergent. By (23) 


Me, 8) = f f [Ee wile, ON 9) + Lle, fly, OMG, ydi 


_ o wle, afa 
an 
and the equality 


' ff hly, tute (y)%a(t)dydt = fe 
follows directly from (22), hence 
f oo 
(86) Meo = ZER Eut) f f Mo Duala 


These results may be expressed as a theorem: 

Turorem 2: If K, L, M, and N are continuous real functions such that 
K*, L*, M*, and N* are symmetric, if L and N are positive definite, and if 
KN + IM + 0, any function h(x, 8) that can be expressed in the form 


A(x, 8) = SST K*(2, vii, t)N*(t, 8) + L*(a, Yf, )M*(t, 8) ldydt, 


where f(x, 8) is any continuous function of x and s, may be expanded into the 
absolutely uniformly convergent series 


Me, 3) = Lwtte, s) f f Wy, dual nade 
Equation (36) may be written in the form 
f f f f Me, DEK (E, MI, ON at) + LE vila, Mr, 01M, Ndëdydydt 


-5f J T(e, Healt, Ta, deda f f f f TE, wie, ONG, 0 


+ La, fu, OM*(, Oba («)05 (s)dadsdydt. 


Inasmuch as T and T are definite, it follows that 


+ 
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f i f CKE, oy, DNC, D + LE, Vf, QM, dyad 


= Zut n f SS STEG Da DND , 
+ Ls yfy, NM (m, 8) dydt ud (E) (m)dëdnt 


if the series is uniformly convergent. That is, if 
(87) g(x, 8) = SSK, FY ONG D+ Le, DIY OMG, t) Jdydt, 
then | 





` (38) g(a, 8) = Swale, 9) f f oE, EEEE 


if tbe series converges uniformly. 

5. Special Kernels.—We shall now consider as special cases the equa- 
tions (1) and (2) when K, L, M, and N are symmetrizable kernels of two 
important types. ` i 


Case I: K(x, y) = SK@, ETE, ydi, La, y) = SL@, ETE, ydg, 
M(s, i) = SMe, 1)T(n, dn, N(s, ) = SN, DTC, idn, . 
where K and M are symmetric, and L, N, T, and T dre symmetric and 
positive definite. 
Case II: | Kæ, y) = ala) Tæ, y), Lhe, y) = ba) Tle, y), 
Mle, d = a6) Te, d, NG, t) = 5s) TG, i), 
- where a(x), b(x), G(s), b(s) are continuous functions and b(æ) > 0, b(s) >0 
for z-and s in their respective intervals. The functions T(x, y) and T(s, t) 
are symmetric and positive definite. The kernels L and N have only 
positive characteristic numbers. 
Expansion Theorem for Case I.—For this case it willbe shown that the 


series in (38) is uniformly convergent: Substituting for g in the second 
_member of (38) the expression given by (37), we obtain 


(39) se 8) = EED f ff, Duti, aya 


The immediate problem is to show that for Case I {w/e} is of finite 
norm. ` We introduce a transformation B such that 


(40) SS T(x, EBEE, s)]T(n, s)deds = ALT (x, fle 8) Ten, 8)], 


A denoting the transformation defined by (27). The transformed functio 
Bla) S Ll, y)f(y)dy] exists and is a continuous function, for it may be 
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S in the following form by se series that are ‘aditonuly convergent, 
L -zf Kes ES ata f ob 


"PAI hag Jf mo 
In the second member of (41), f Ke: = [/SKTo; = S Kẹ, and {S Ky} 
is of finite norm. Likewise {/f¥.}, IS gps}, and {S Moz} = [S Mtr) 
are of finite norm. If we consider the kernel N as a function symmetrizable 


on the right by the function N, which is of positive type, by Mercer’s 
Tesults* we have the expansion 


O J Ne DNG din = ZORO, 


n 


(41) 


and the uniform convergence of the series on the right follows from the 
uniform convergence of the series in Mercer’s expansion for N(s, t).| We 
conclude, „therefore, that {en/Bs} is of finite norm. Similarly, in the 
expansion ° 


f Le DLE pa = ZALAN 


the series is uniformly convergent, and {¢,(x)/a?} is of finite norm. 
Hence, the two series in (41) are uniformly convergent and represent a 
continuous function. The transformed function BIf(2) SN(s, t)g(t)dt | 
exists also, and is continuous. We have then 


SST, PBL OSL, Wf @)dy + LASNE, Dg@d]F(s, q)deds 
= ALS Lly, vf*(y)dy + FDS NG, Qg Ode]. 
When f = Ua and g = Ta, this becomes 
SS Tie, p)Blvals)S L(t, y)taly)dy 
+ el) SN (8; 1)ra()dt]T(s, 9)deds = A[w3(p, 9). 


* Mercer, loc. cit., p. 409. For a kernel k symmetrizable on the right by y’, Mercer 
gives the expansion 


S k(s, 2)¥'(2, Ode = ites 
where fọn, va} is the complete REDE asim one by pa = AnS kon and 
Yn = AnS bak, and 





te FTV, AOA $ 
t Mercer, loc. cit., p. 409. In Mercer’s notation, 


zena (Q 


N= y8) = 


? r 2 
+ z ra i 
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EN for AL wt (p, q)] from (30), and reducing, we obtain 


(42) Boaz 9] = en) 


By a process similar to that used in passing from (29) to 0 (82), the following 


inequality is obtained from (41), 


2|B [ 2) f Le nroa || í 


(43) 





where 


ae) = 25| ( f Ke nona) FH, 





<> CSND Dh 5 (2, s) 





a continuous function, as the series on the right is 


+ ei) ( An gawa) |, 


iformly convergent. 


The uniform convergence of ES Ko: and ES Mg’ for the special - 


kernels under consideration has already been noted; 


the uniforni con- 


vergence of LL ¢i@)/ai] and LLvi(s)/6i] results from cae theorem, * 


if we regard N and Jè as symmetrizable on the right b 
vel. The inequality (43) may be- put into the form 


(44) ue 2| BLS If] < S SILES g9* +% 
and for Bf S Ng] there is a corresponding wely 
(5) {BOLL Ng] S SS ONS St + Vi, 


* Mercer, loc. cit., p. 409. The expansion referred to is 


BORO Bae: 


x'(s, j= = ? 
Bn n va 


N and L, respec- 


in which each series is uniformly convergent when 7’(s, 8) is a continuous function of 8 in 
the interval considered. In the notation here used, the first serieq in the corresponding 


expansion for L is 
nz) on(y) | 
a a i 
Hence z e(z)/a2 is uniformly convergent. Similarly, from the 
have the uniform’ convergence of AOTROA 


expansion for N, we 





R ; 
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in which Y? represents a continuous function of z and s. From (44) and 
(45) there results the relation : 
P(e, 8) — 2BTS Lhe, yfly, s)dy] 


(48) + SSF, LF, Wily, dedyf S Tn, #)dnds 


Vila, 8) H 2BLS Ns, DSE, x)dt | 
+S SFE NING, OE, Dds S S TE, w)déde > 0. 
j | 
(7) o Jn D = È Battaly eat 
and 
= Walt, 8) 
| Ba = Se, 
then by (42) 


Ba = Blw.(z, s)]. 


With the substitution for Y of the function given Py (47), the inequality 
(46) reduces to 


Sile, 8) — 2 È Ba + D BE+ Wile») 2 0 


or 
` Ld 


i 2 Ba <i+ Vi. 


Therefore {1.(a, 3)/Aa} is of finite norm. From this result and the fact that 
{fi} is of finite norm, we conclude that the series 


TD) f f Fy, Dutlu Oda 


is uniformly convergent. The following theorem has then been proved: 
THEorEM 3: If the kernels of equations (1) have the form K = SKT, 
L= SLT, M = SMT, N= SNT, where L, N, T, and T are symmetric 
and- positive definite, and K and M are symmetric, a function g(x, s) which 
has the form 
g(x, 8) = SSK, fy, DNC, t) + Lle, pfy, DM (s, t) Jdydt, 


fly, ) being any continuous function, may be expanded into the uniformly 
convergent series 


gle, 8) = wales 8) zi fa oE, mut abn, 


ea 


. ‘ a ~ < i l 
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ee Wa. ts the ae ion defined by (18) and už, vt are the solutions of the ' 


adjoint’ ‘system (2). 


Expansion Theorems for Case II.—Before taking up the question of the | 
expansion of: arbitrary functions, we note. certain reductions that are a 


consequence of the special form of the kernels. 


The equations now con- , 


sidered are 


ule) = = A) S alx) T(z, yuly)dy + uS b(a) T(x, yuly)dy, 
(8) = aSa) T(s, t)v(t)dt — uS Dle) Ts, Do, 


which may be witen 


(48) 


(49) ulz) = [ra(z) + ub(z) Ju* (2), 
v(s) = Dā(s) — ubl) p*(s). 

Substituting from (49) in Walz, 3), we obtain 

gs | wala 8) = DaLla(e)B(s) + B(a) G(s) utete) 
T Af (z, 8)ua(x)ve (8), B 

where f 


are F(z, 8) = a(x) (8) -+ b(@)a(s). 


The equations (8) which define hë biorthogonal systemg {gi Wi}, [Prs Ve} | 


give the relations $ 


g:lz) = aba), 
It follows that | 


prls) = B2B(6)Vale)- 


aS bys = õi 
and therefore i 

{xi} = {as Voha} 
is a closed normalized orthogonal system of functions. 


{Xe} = (Bx Vya} 


Similarly 


is a closed normalized orthogonal system. We pass from the biorthogonal | 


systems to the orthogonal by means of the relations 


i = a; Vox: pe Ee 
Gi = a os y A 
= 1 Xe 
Pr = Bu VOX, = 


Y= 
= æ 





BUCHANAN: Systems of Two Linear Integral Equations... 179 
From (8) ; 


xia) = at f VQ) Ta, £ OE) (eat, 
© O) = BEL VEO TCs; 12) VEG). 
It follows from (14) and (3) that “ 
S SEYE) AF (a, sjuf (yok (o)deds = 8.5, 


hence 


NaS” S F(a, 8)ud?(cc)0t(s)deds = 1, 


which shows that Ae > Oif F(z, s) > 0. Therefore, when F (x, 8) > 0 and 


`a > 0, the functions { vA, ue 8)ux(a)ok(s)} = {ta} form an orthogonal ` 
system. 

We now proceed to prove that the series (39) is uniformly cunvancents 
when the kernels are of the type under consideration and F(z, s) > 0. As 


peeo a i J Fly, outta, dy 





2 = Deg. Rf fro. twk(y, t)dydt, 


the series is uniformly convergent if {wa(é, mAP and {VS S fut} are 
of finite norm. Let B denote the transformation défined by (40). In 


BAe, y= of Ko: f [vith = sia 


ES [um [so 32 aE 


substitute aT and äT for K and M, aedi and dané from the 
biorthogonal functions {¢,, Yi}, {2r, Wx} to the orthogonal functions 
{xc}, {xe}, thus obtaining 





BC fle, y= VOLE, Re(ndédn Fle, 8) | xila) 
Ue, d= 2 Woe) VB(n) be wey ai + BE toe 
Then f 





218E ois f fF ait Pe, s), 


where 


Fs) xia) 30), 
I(t, ®) = Fob) 2 a? BR 
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Since 


S SEE) DETE, y) VM flydedy = 0 


the series x [xi(z)/a7?] is uniformly convergent.* The series x [x2(s)/8F] 


is also nora convergent, hence we conclude that i 8) is a continuous 


function. Let us assume that F(z, s) satisfies the con 
< b(z)b(s), a condition that may be imposed without lim 
Then 





b(E) b(n) Fé, n) 
and it follows that 
i : PE, n) 
(51) 2| Bf, 8) ]| < FE n) didn + We, 
If 
“fle, 3) = pie VF (a, sates (s), 
where 








| oC, = se a [=e 2] 


the inequality (51) becomes 


H(z, s) — 2 5 CB VNF (E, sjua(e)va(e)] 
asi 


a, p=1 


This reduces to 


azl a=l 


Ce < (z, 8). 
axl 
Hence {w.(y, H/N" is of finitenorm. To show {Vf 
of finite norm, substitute for w*(z, 3) from (15) and e 
* Mercer, loc. cit., p. 407. i F| 


Te, -250 aj taje Solo 


ition 0 < F(a, 8) i 
ting the problem. 


De 


oo 


SCL) f f Vig Vink GE, DUENE (n)dtdn > 0. 


(z, 8) w* (x, nua 
ibit [as a factor: = 
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of each term, thus obtaining 
WK f f1, utle, sdeds ` 
_ f(x, s)N(s, t) #1) do 
f f [ewe ren ds Nia VFG, Dut (ayt Odzdi 
+ Í f Fæ, Lle, y) deN, VF(e, yyuž (yyo* (s)dyds 


EOD 
Š f J h(a, tt (a, t)dadt, 











hake ; 
' f(z, 8) N(s, t) f(x, s) L(a, Y) de 
h = | 2de + 
ane) AFG, + pee VF (y, 8) 
But 
Ef fae ore sac} < f f Te, Peed 


therefore 


Zi Ke f f Fas sik savas | <2 i f [ha, t) Pads; 


that is, {VAS S f(a, 8)w* (a, ddil is of finite Ho Since each of the - 
sequences is of finite norm, the series: (47) is uniformly convergent. 

The function to which the series converges, [ S'[LK(z, y)f(y, DN (e, © 
“+ L(x, y f(y, t) M(s, t) |dydt, takes the form F(a, 8) S S T(2, Df, DTU, s)dydt 
for the special kernels considered. Hence, with the assumption F > 0, 
we have- obtained the expansion : 


Fle, 8) f f Pe, wie, DT dydi = DZ) f SIE, atl, ded. 
Because of (50), this reduces to | l 
f f T(x, fy, DTE, sdydt = Džets) f f FE, n)wh(&, n)dédn. 


These results give the following theorem: 

TurorEM 4: If the kernels of system (1) have the form K(x, p= a(x) T(z, y), 
L(x, y) = b(x) T(x, y), M(s, Ò = a(s)T(s, D, N(s, D = El Tle, d, where 
a, b, a, b are continuous functions, b > 0, b> 0, ab + āb > 0 and T, T 
- are symmetric positive definite kernels, a function g(x, 8) which is expressible 
as SS T(x, fly, HTU, s)dydt, f(y, t) denoting a continuous function of y 
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and t, may be expanded into the uniformly convergent series 


Ie) = Yaet) f [He Mute, aded 
= Ekte) f f o, Dwal, ddpde 


where už, v are the solutions of the adjoint system (2) and|w* and wa are the 
functions defined by (15) and (18), respectively. 

We now show without any assumption as to the postive character of 
F(a, s) that the series 


gega EOLA 


is uniformly convergent. Using again the transformation B, we find that 
the transformed function BLB[g(s) S Lle, y)f(y)dy I] has the following form: 


BBLS HFT] = E z4 teagan 


F, n) n. Fg, 8) giae) | 

| x S J BHO O alate Beli aE + 
Upon the introduction of the orthogonal functions {x,} and {xz} this 
becomes 


Bear rif 2 yp Labeda flan 


Qj 


SE È edt 
b(é) re Bixi(2)xi(s) 
(52) x Ly -FTF vb(2)b(8) ae +B 


ms Zala) OD ) Sn) xe 
ra) TONO Bix (2) X8) 
u a PONO TA 
By a series of operations similar to those employed in [passing from (31) 
to (83), there result from equation (52) and the corresponding equation 
for BLBLg Ss Lf J] the inequalities 


(53) 2| BEBIS ID) < SSIES S gg* + Ti, 
(54) 2| BEBIS Noll < SS IN*gSff* + R, 
? and IT} denoting continuous functions.. As a consequence it follows that 
(e, 8) + SSF, L*(a, Wily, deds S S T, s)dnds | 
Hle, 3) + SS F(a, 8)N* (8, OF CE, tdsdt f S TE, x)dtde ` 
— 2B BLL (a, yf, s)dy]] — 2BLBLNG, Hf, x)dt]] = 0. 


























e . ; 
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Let 
FU, D = X Bata(Y)0al), 
where , 
7 (2, 8 
Ba = eee : 


The substitution of this value of f reduces the preceding inequality to 


Mæ, s) + T(x, s) + È B-27 B20, 


$ B? < 03+ 0h. 
a=) 
Hence {waa} is of finite norm and the series 


ee 8) S f ty Duž, ddyat 


is uniformly convergent. 
The next step is to determine the form of the function ee by 
the expansion. Equation (21) gives the relation 





cpt g crak, ; 
aint = Dyk ee, 





z da 
which, in turn, gives 
e 
Qikih 2 2 ok 
sk; ci A a CF tasty Gites 

thy yt hl Ji4 

2 a T x 

ih Cih a 


By (26), this reduces to 


2, 2 
Tibi , -G= So iele- Ontan 
1419 


S hh Chh a Aa 
or ` 
Dikjyl WaikWajl 
Dong? Oy = DA, 
Xr 
Ay Chih a a 


and this by means of the relation 


Waik = S SY kba = SS opxwt . 
and the definition of the transformation B gives the equality 


al f f (Ee ofo, ONG, D + Le, Dio, DMG, D)dyäi| 
= ee Í f fa, duty, Daya. 





This completes the proof of 
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THEorEM 5: Any continuous function h(x, 3) that is| expressible in the 
form: 


h(a, 8) = BLS S{K(a, fy, ONG, t) + Lle, Why, OMG, t) }dydi], 


where K, L, M, and N are kernels of the type of Case IT and fly, t) is a con- 
tinuous function of y and t, may be expanded into the mores convergent 
series 


h(a, 8) = pege 2) f f fly Not (y, dydi 
= a. 8) f f hy, puž) Odydi | i 
= F(w, 8) I itey (6) Aa f f hly, Duž (ype (dydi, 


where w, and wz are the functions defined by (18) and (15) respectively, and 
už, of are the solutions of the adjoint system (2) with the kernels of Case II. 

Let T(a, y) and T(s, t denote the Green’s functions that vanish ` 
at the ends of the intervals. considered, of the differential expressions 


a(p =) I ae and a(r zy ds, respectively, where » > 0 and r > 0. 
The system of differential equations (b) (§ 1) with the given boundary 
conditions is equivale&t to a system of integral equations of the form 


ure) => f ” Tle, yaly)ut(y)dy + n f "T(t, bau wdy, 
o*(s) =X f "Te, Daä* Odit — p f "Fee, t) b(t) 0 (t) dt, E 


a, b, a, b denoting analytic functions, and this is exactly sane adjoint system, 
of (48). By Theorem 4 any continuous function having continuous first 
and second derivatives and satisfying the given boundary conditions may 
be expanded into a uniformly convergent series in terms of the solutions 
ux, o* of the differential equations, if F(x, s) > 0. i 
If F(x, 8) is not everywhere positive, it follows from Theorem 5 that 
every function g(a, 3) continuous and with continuous) derivatives of the 
first four orders, satisfying certain boundary conditions| may be expanded 
into a uniformly convergent series in terms of užvž. | For when g(z, 3) 
is subject to the above conditions, there exists a function k(x, s) continuous 
and with continuous first and second derivatives, satisfying certain bound. 
ary conditions, such that ; oes 


gla, 8) = WES T(x, bydy kle, 8) Vb) S Ths, DbOdt. 
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Hence : 
f foe oek = SS xilzyk(a, 8)xz(s)drds i 
aips 


Further a function f(y, t) can be found such that 


SITE WHY, OT Ddydt 
= b() BST T , nbn den m)dn 
+ bE) 5G) S Tn, n) VEEE, mdm 


and therefore 


Pe, n) , xi(€)xe(n) 
SSS STE ne, 0%, on Ar 


+e 1 
= f frou, Dinden ÉES. ia 





= f foe nOz. 
Tt follows that š 


B | ff Ke nity ONG, 0 + Lee, Me, OMG, Daya 


F(a, 5 , 
Vb(x)B5(s) ’ 


that is, the Anii g is expressible i in the form oe for the function 
h in Theorem 5. 

Thus Hilbert’s results for the expansion of an arbitrary function of two 
variables in terms of the solutions of the differential equations (b) are 
obtained as a special case of the results stated in Theorems 4 and 5. 





`$ ee = g(z, $) 


@. pared: aara 


pth D SA 


THE ASYMPTOTIC EXPANSION OF THE FUNCTIONS Ws, ~(z) OF 


WHITTAKER. 
By F. H. Murray. 


The asymptotic expansion of the functions Wz, m(2) 


for any sector |arg z| <  — e where e > 0. 


A 


has been given*. 


In many applications it is convenient to have also-the expansion in.a 
sector including the negative half of the real axis; in this paper it will be 


shown that if the parameters k and m satisfy certain inequalities, the expan- 


sion given by Whittaker remains valid in such a sany This result is’ 


applied in a study of the “croissance” of the solutions 


f a class of linear 


differential equations of the second order, forming an extension of an 


earlier paper by the writer.. 
1. If R(k — 4 — m) < 0, the function W+, m(g) is d 


Q) Want) = gra [rte (1 +2) 


and satisfies the differential equation 


2) an r+ 4S lw =o. 





ed by the formula 


1/2+-m 
e~'dt 


(= r< argz <m) 


If z is not real, Wr, m(z) and Wr, m(— 2) are linearly independent solu- 
tions of (2); if z is real, the values Wx, m(z + io) or Wk, m(z — io) can be 


taken. When z is not real, the asymptotic expansion for 
it will be shown that if k, m are real, and 


(3) —1<k—łğ+m<0, 


Wr, m(z) is known; 


this expansion remains valid when z approaches a point on the negative 


teal axis. 
If z is not real, and A = k— $4 +m, 


. (1+!) = AREY g 





nl 


* Bull. Amer. Math. Soc., Vol. X. Whittaker and Watson; 
ee XVI, 2d or 3d edition. 
186. 


u(i -+ udu, 


“Modem Analysis,” 
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where for convenience a straight line path of integration will be chosen. 
‘As in (1), that branch of the function [1 + (t/z)} is chosen which is real and 
positive when z is real and positive. If the right-hand member of (4) is 
substituted im (1) and the terms integrated separately, the following expan- 
sion is obtained: . 








Wr, m(z) = mema 1+ — 
| {m — (k — 4)°} {m — (eee 
- + 212 . 
TE shales A cl een 
l . - niz ; 
in which 
4) = ^02 bea EI je B 


n—k—i+m>0. 


It remains to discuss the e term when z is in the neighborhood 
of a point on the negative half of the real axis. If t is real, and 4.= —2’, 


a 


z= at wy, y ~ 0, s 


(7) r(5)- are 
Ags) E h 
if 
mata y 
cr E |z| seca, œ= arctan 
Also 


y j . 
Í 7 un(1 + uydu = (— 1) f "aa — udu. 
0 G 0 P 


Substituting in (8), 





5 mAN 1. A 
8 
R f Ra(— 2’) G 1) z nl T(— ea er 2h + by 


I, = J. pe = 5) fe “a x uyd | dt, : 
. 0 
Ih = iE pakt ( 1— HT is ur(1— wae | di. 
tt i a 


(9) 


3 


: 
o 
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If a straight line path of integration is chosen, andju = + iğ, then 
since ~A—1< 0, 
|du| = secad#, |1—u| 2 |i—le|, , 


— yy < — ay 
(10) [a = a] < a- aaa, 














Consequently * if t < t, 





n titi 
sec a 1. (Ll — adz 
ae: 





tial t 
f u”(1 — uy du | < | = 
0 i & 























(11) ie 
A : < sec æ t n = _t A ! 
dean C) 
from which a 
< [seca] (yi ely aut | 
(12) li] < er f Pakne (1 z) ät. 
Or if . 
a f " p-abtneidi, E < TA 2k+ a+ 1), 
; < f ti t \> 
(13) = fieret(1— EV a, 
: i m 0 y ty R 
(4) [| <| Sa + 79. 








To find an upper bound for J{, introduce the integrals 
“i $1/2 , 
je f Pnet t — Ydi, 
0 


E 
Ja = f Paktni t — Adi. 
elas 


1/2 





Then 
(15) Ii = òdi + J). 
In Jis 
5 t-i>t, &-p< an) 
1 aie 9” $: l 9 
Consequently 
Xx 
(16) he (3) TA = 2k +n-+ 1). 


` * In the following developments if the real power of a positivd quantity is indicated, 
the absolute value will be understood. i i 
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Also | 
Jy < impa 0 G — Da PE Rica Boui 
an PQ 1) 
. Hence : 








Since — 1 < —— 1, we obtain from (9), (10), 


us) In “tein prtttng ae la — nae |as 
Also, | l 


eooo 


‘Consequently from (18), . 


w STR Le mo 


Syren (i+ n ma 
20) : I; = ix fh aktngtdt <TA— 2+n+ 1), 
(21) © s= i f ; Pinet — hdt. 


Let t = t — 4. 
K= I EHe 
(22) on . 
= tte | (E+ Fine dt, 
x 0 
If0 <i < thy t+ ty < 2t; if i> th, ith < 2, - Hence 


ii (+ yd < (2h) 450 + 1), 
0 


f "C+ Eyed DATO — ht n+ 1). 
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Ih < tenho sen y, ern +1) H(A — 2k = n+ 1)], 


Consequently 
|I| < 
(23) | al 


sec a 


ey] O kt nt 1) Bap os 
+ HD akg TT + Ler + FON + 2k -+ n+ 1) Ih. 


For large values of |z| = |z], and for sec a < C, the Bum of the upper 
bounds for |J;| and || is of the order of |z|~*; since thig'sum is independ- 
ent of y, for sec æ< C, the asymptotic expansion (5) holds also in a sector 


(sec a < C) which includes the negative half of the real axis. + 


2. Suppose given the equationf and inequalities - 


(24) 


The auxiliary equation l l ae 


(25) 


can. be transformed into 


(26) — 


‘by means of the substitutions 


(27) p= 


Tr s(x = 0, 


am < bf) < Am, t>t, m> 0.) 


1 Š 4a > 
=p m4) = 1+2) 
m m+ 2 2° y= Y, z ; 


Consequently any solution of (25) can be ee in the form 


4a 
| mF 2 
* From the preceding developments we obtain | 
Wi, u(z) = eaaa { a+ #4 +- tet a ani San , 


where | Rn+1(2)| < Asp |z| 7+. Consequently 


Henco it can be assumed that R,(z) is of the order of [z] =, l 
+ On certain linear differential equations of thé second order, Annals of Math., Vol. 


| 24, No. 1, 1922. 





me (=H) 


1. 


Wa nls) mortar! ay + +4 Bate) bY 


ROL = FE + Ran) 








< |ant] + Angst J 
=Z p | 
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Since — 1 < —4+ p < 0, the results of the first section can be 
applied. Also, from (1) it is easily shown that W_, m(— z) is equal to a 
real function plus a solution of the order of e~*® under the hypotheses of 
section 1. Hence the asymptotic capanaon for Wo, p(— 2) is that of a real 
solution of (26): 

Consequently by an argument exactly similar to that aeei at the 
end of § 2 of the paper referred to, it is seen that if Y2(#) is the solution of 
(24) passing through (to, zo) which remains bounded fort < to, Y3, Y3, the 
corresponding solutions of (25) for m = mı, m = m respectively, then for 
t > to, . i 
(a8) Y< Ya < Yi . 

YY = o Se che Lapa ae Ride}, 


Alio, if m < m < — 2, pi < 0, and z approaches zero as t>o. 
Peg ualicies (28) hold again, with i 


-F = -oa + Åen + Æ + Ñ araen), 


as is seen by expressing the solutions of (26) in TEN of the functions 
Mo, p(2);-Mo, -p().* 
ie Whittaker and Watson, Le. 


SOME GEOMETRIC APPLICATIONS OF SYMMETRIC SUBSTITU- 


TION GROUPS. 
By Arnoutp Emcu. 
I. INTRODUCTION. 


The geometry of the symmetric group in its fundam 


ental aspects has 


been investigated in an important memoir by J. Veronése.* Meanwhile 
the literature on invariant forms under finite collineation groups has 


become quite extensive. 


The n letters a1, a2, G3, +++, Gn Of a substitution may be considered as the 


homogeneous coérdinates of a point of a projective (n — 
to the n! substitutions of the group correspond the same 
which lie on the hyper-quadric 


(1) Sa) E am- È ea) (a) to. 
{=1 ea =l i. tis teal 


This may always be written in the form 


(2) . M(Sa) -u È en a= Q. 


i k=l 
igk 


1)-space, so that 
number of points 


For the purpose of this paper I shall quote in substante a few theorems 


for n = 3 and n = 4; i.e., for the groups Gs and Gz. 


THEOREM 1: All seatuples of points of the Gs lie on à pencil of conics; 


_ which touch the lines 
tı + et: + et; = 0 


ay + er + ets = 0 


at their intersections I and J with the unit-line e = tı + a 
Denoting by ©, ©, Gs the intersections of the side 


and 


+ a3 = 0. 
s #1) = 0, a = 0, 


ve = 0 with e, by Ai42A3 and E the codrdinate-triangle and unit-point, 


we have 
THEOREM 2: The points of every sextuple determine 3 


inrvolutions on the 


corresponding conic, with Gi, G2, Œ; as centers and AE, = h, AoE. = h, 


AEs = Ig respectively as axes of the involution. If these 


cul e in the same 


* “Interprétation géométrique de la théorie das substitutions de h letters, particulière- - 


ment pour n = 3, 4, 5, 6, en relation avec les groupes de |’Hexagramme 
Matematica, Vol. XI, Ser. II, pp. 93-236 (July, 1882). 
192 
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order in Gi, G4, G3, then GE, C6}, EsG5 are pairs of an.involution with I 
and J as double points. - 

THEOREM 3: There exists a group of collineations, simply isomorphic with 
the Ge, which leaves all conics of the pencil of the group invariant, and which 
permutes three associated involutions of a sextuple on every conic of the group. 

For the Gz we have 

THEOREM 4: Any set of 24 points of the Ga lies on 16 conics of a quadric 
whose planes by four pass through the four lines s; cut out from the unit-plane e 
by the codrdinate-planes x; = 0. The points of the group lie two by two on 


- 72 lines which in sets of 12 pass through the six vertices Eix of the quadrilateral . 


81828384. 24 points of the Sox form 6 involutions with the G's as centers and 
the 6 planes through the edges of the codrdinate-tetrahedron and the unit-point, 


taken in the proper order, as axial planes. All quadrics of the Gu form a, 


pencil and touch each other and the cone Z(x; — z? = 0 along its intersection 
with e. 

©, is the intersection of A;A, with e. These and related theorems 
may be immediately generalized for the Gn, but nothing ey new 
would be gained by doingsso. 

It is the purpose of this paper to study some of the curves and surfaces 
which are associated with these groups, i.e., the Gs and Gas, and are invariant 
in the isomorphic groups of collineation. 

Denoting a substitution of the collineation group Gs by Siz we have 


Lm in 1,2,3 
(3) Sunt = pz = ty @ i = dy; 2 ) 
jcw GÆ k= l). 
For the Gu we have 
a pry = t 
(4) Sen = pza = čj (i, 9, k, l= 1, 2, 3, 4) 
| GETO path= ar GAG HED. 
pt4 = tı 


II. INVARIANT PLANE n-Ics oF THE Ge. 


§ 1. General Case. f : ° 

1. Let gı = Ez; pı = Ear, ps = Xytzæs denote the elementary sym- 

metric ternary forms, then every symmetric ternary n-ic, or curve of order 
n, of this type may be written in the form 


Cn = dogt + Mpt o + eet os F Mgt to? 


(5 l 
) + Met “goes + Mot o + MoT o e = 0. 
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Such an n-ic is obviously invariant under the group of collineations Ge 
represented by (3) and contains œ! sextuples Se of points of the Ge. 

Two n-ics of this kind intersect in n? points which |group themselves 
into a finite number u = n/6 of sextuples, while the rest of the common 
points, n? — u, are absorbed in a definite manner by ©} G, Wa, J, J as’ 
will be shown in the cases of cubics, quartics, quintics, and sextics. 

The determination of the exact number of effective jconstants for the 
n-ic (5) is a well-known problem of partition in number theory.* If the 
exponents of gı, ¢2, ¢s in the general term of (5) are a, 8) y, there is 


(6) a+ 28+ 3y = n. oe 


There are as many distinct terms in (5) as there are eer solu- 
tions a, 8, y, for a given n, of the diophantine equation ue 
If this number is N, the number of effective constants is N — 1. N is 
the largest positive integer which is equal or comes nearest to (n + 3)?/12. 
As the six points of an Ss determine three involutions| on the conic Ks 
associated with the Se with ©, ©, ©; as centers and 2x2 — zs = 0, 
za — tı = 0, zı — zz = 0 as axes of involution, to a point P on Ke corre- 
sponds a point Q of Ss, so that PQ passes through ©, and cuts‘r, — ga = 0 
in a point R so that (&:RPQ) = — 1.. When P approaches a point R on 
the line zz — x3 = 0, Q does the same thing. The same situation exists 
for the other involutions. Hence-any: conic Ke of the|Ss cuts the lines 
hsm — g = 0, L =r — n = O, h = t t = 0 in six points so that — 
the tangents to Ks at these points, in pairs, pass through|@,, Œz, Gs. This 
property may be extended to any general invariant n-ic|of the So, as will 
appear from the polar of &; later on, so that we have 
THEOREM 5: A general invariant n-ic Cn, F(a, xz, ts) = 0 cuts each of © 
“the three lines x; — z = 0 in n points, so that the tangents |to the nae at these 
points pass through the A point &;. 
If á point Piz lies on 2, — zz = 0, the six points of the Ss Eiei iy 
twos, i.e., Piss = Pog = Piss, Pa = Pa = Piz, Pye = Piz = Pau, and 
their joins pass, in the limit, through Gs, ©, ©. Hence the 
_ Taeorem 6: If an invariant conic Ke is tangent to an invariant Cn at 
one of the points of intersection of the Cn with the lines li,|l, ‘ls, say h, then 
Ky touches the Cn in two other points which lie on 4 and ls. There are, in 
general, n such conics. 
That the C, cuts, say lı, in n points with the ee at these points 
passing through ©; is corroborated by the fact that the first polar of €, 
with respect to the C,, breaks up into the line l and an (# — 2)-ic. 
When a conic Ke touches the C, in a point which does not lie on a line _. 
* See Dickson, “History of the Theory of Numbers,” Vol. II, Chap. IL, pp. 101-164. 
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L then it touches the C, in 5 other points. The six points of tangency of 
the K and Cn form, of course, a sextuple of the Se. 

To determine the number of such conics it must be remembered that all 
K's of the Ss form a pencil 





git dye = 0. 
Such a conic is tangent to the n-ic F = 0, when 
Boke oP Fas 
On; Ox; 


Now 0¢2/0x; = gı — x; Denoting dF /dx; by F;, this leads to the condition 


| 291 g1— ay Fy |. 
29, gr— a Fy 
291 gir tz F; 








or 
; (Fz — Ps) + 2s — Fi) + as(Fi — Fa) = 0. 
Computing this by the use of (5), it reduces to the form 
(zı = z2) (taz Xa) (x3 = t)r (24, T2 æg) = 0. 


This is a degenerate n-ic which cuts the C, in n? points which are points of 
tangency. of conics of the group. Obviously, among these points are 
included the 3n points cut out by the C, on the lines }. Outside of these 
points there are n? — 3n points of tangency of conics with the C,. In 
case that the Cn and the "~* have no points in conemon whith lie on the 
unit-line, n? — 3n is the number of tangencies of proper conics, and this 
number is a multiple of 6; there are then $(n? — 3n) such conics touching 
the Cn in six points. If k points of intersection of F and 6"*~° lie on the 
unit-line, the number of conics is reduced accordingly. 
' Summing up we may state the 

THEOREX 7: If k points of intersections of Ca and &*-8 are absorbed by 
points on the untt-line, then there are, in general, n invariant tri-tangent 
conics, with points of tangency on the lines lbl3, and (n? — 3n — k) hexa- . 
tangent invariant conics of the Cn. 

In case of a cubic there are merely 3 tritangent conics. For a sextic 
oo are 6 tritangent conics and 3 hexatangent conics. 

. Double Tangents and Double Points. —The polar of ©, with respect 

to = Ca is simply Fa — F; = 0, or 


(z2 — 28) hei S 5 rae g2 + Met p: + pT o r i 
. i + +++ + agt? + MoT o + gi os + ---)} = 0, 


or 
, (ae —et3)Wn—2 = 0. 
Hence, there are in general n(n — 2) tangents from ©, to the C, whose 
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points of tangency P do not lie on the line a, — qts 
as such a tangent. 
point Q on C, and J, which is a point of tangency. 

If the Cn and Yn- have intersections on the unit-li 


n 
tangents from the points ©; is reduced by a certain ian 


On account of the invariance of Cri 


=/0. Suppose €,P 


there is another 


l, the number of 
ber X. As every 


proper tangent fon Œ; to the C,, touches Cn in another point, we may state 


the 
THEOREM 8: From every. point ©; there are 4{n(n 
tangents to the Cp. 


— 2) — k} double 


There are altogether }{n(n — 2) — k} sych double tangents. 


If an invariant n-ic has a multiple point at ©, then it also has multiple 


points of the same type at © and G3. Likewise, multipl 
sort appear simultaneously at Ai, As, As, and at J and 
theorem 5 a multiplicity in a point of the axes l; of inva 
occurs when two branches come into contact at such a 


icities of the samé 
J. According to 
lutory perspective 
point. This may 


be an ordinary double point or a tacnode. If an n-ic) passes through Æ 
it will have a singularity at Æ. Outside of these points the multiple points 
of an n-ic, if there are any, lie by groups of sextuples on|conics of the Ge: 
That £ is a singularity for an invariant n-fc ane through E can 
easily be proved as follows: Suppose that 6 is a simpl¢ branch of such a 
curve through Æ and in its neighborhood whose tangent at E does not 
coincide with one of the l's. When a point P describes|b the 5 equivalent 
points of P of the sextuple describe 5 other branches pf the same curve 
through Æ. Hence E's a sextuple point ofthe n-ic. When b has one of the 
l’s as a tangent at Æ, then as l; is invariant in one collineation of the Ge, 
there will be a second branch of the curve having the same l; as a tangent. 
The same situation exists for the other two /,’s. Hence|the sextuple point 
may become a triple tacnode. Imposing the single condition that the 
curve shall have a double point and no higher singularity at Æ leads to the 
result that in such a case Æ is an isolated double point with ET and EJ as 
imaginary tangents. In fact this is verified by making Cn pass through Æ. ` 
This establishes a linear relation between all Xs in (5). en this obtains, 
8C,,/0x1, 9Cn/O22, AC,/023 vanish at E, which establishes the fact that E is a 
singularity. To ascertain its nature, we may take AB; as the new co- 
ordinate-triangle, so that tı = qti, te = ti — Th za = xi — 23. Substitut- 
‘tig these in (5), the. coefficients of A ; a vanish S n and the 
coefficient of ai"? contains 2? — tzt, + x? as a factor. This breaks up 
into two linear factors which are the transformed equations of EI and EJ, 
and which.represent the tangents to Cn at E. He represents a eave root 
of unity the equations of EI and EJ turn out to be 


El= m+ ty +° er = 0, 
EJ = a+ et + EX3 = 
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Summing up we have 

THEOREM 9: Singularities of invariant n-ics occur simultanéously at the 
A’s, &s, I and J, of they occur at all at any-of these sets of points. Singu- 
larities on the l?s occur in triples belonging to the Gé. If the n-ic passes through 
E, then, in general, E is an isolated double point of the n-ic. For curves 
higher than the sixth order, E may become a, sextuple or multiple seatuple 
point, including triple tacnodal sets. Outside’ of these, singularities, of they 
exist, occur in sextuples lying on conics of the Ge. 

It is of. importance to know whether there exist rational invariant 1-ics. 
The question can be answered affirmatively as follows: We may restrict 
ourselves to the cases where the double points occur in groups, of sextuples 
only. For this purpose there must be 


_ (n= W(n— 2) _ 
ma Om 


where m is a positive integer. Choosing n = 12k + 5, there is 


8 = 6(3k + 1)(4k + 1) 
and 


m = (3k + 1)(4k + 1). 


m denotes the number of sextuples of double points. Clearly the lowest 
order for an irreducible rational n-ic is 5. The sixedouble points of the 
rational invariant quintic lie on a conic of the Ge. The general quintic 
belonging to the Gs passes singly through Gi, €z, Gs, I, J. 

That there are rational curves with other singularities than those in 
sextuples appears from the case of the sextic with double points at Ax, Ae, 
A; E and at the points of a given sextuple. Another case is the septimic 
with a sextuple point at E. 


§2. Cubic. — 


The most general cubic of the Ss may be written in the form 
(7) F = gi + doige + uos = 0. 


It depends on two effective parameters A, u, and cuts the unit-line 
e == a, + a + 23 = 0 in Gi, C, € which are points of inflexion of the cubic. 
The inflexional tangents at these points are 


A+ uzi + Ate + Avs = 0, 
Azı + Q + wits + Nts = 0, 
Azi F Ate + A+ uz = 0. 
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If these are chosen as sides of a new coérdinate triangle, F assumes the form 
8 

(8) . Ga + a + z)? = eae * titza = 0. 


Now it is known that every general (elliptic) cubic may be retluced. to the 
form 

(9) zi + 23+ 23 — Bkr = 0, 
in which ©, G2, Œ; are again inflexional points. If we choose the inflexional © 
tangents again as sides of a new codrdinate trianglé, the general cubic 
assumes the form 





3k + 2) 


(10) (zı + z+ z3)? — PEEFI “212ety = O, 
in which the parameter multiplying titats may have kny value. But as, 


likewise, also the parameter (rational function of A and u) multiplying 
čıtxş in the reduced form of the symmetric cubic may ‘have any value, 
it is evident that the cubic invariant in the symmetric group Se isa general 
cubic. i Us 
‘There is however also a pencil of rational cubics in the Gs. If y we make- 
.C pass through E, by choosing u = — 27 — 9A, this pencil is on 


(11) Cs = oå — Te + Mews — Yor), = 0. 
°. §3. Quartic. 

1. From § 1, 2, in case of a quartic, 
Cs = Mpt + Agios + Mpp + ret + = 0, 
Yo = Agi + Moit, + Mpa = 0. 


The two curves intersect in 8 points of which two are J| and J on e (k = 2). 
Outside of e there are therefore 6 points of intersection, and consequently 
3 double tangents from every point G;. The unit line e is obviously a 
double tangent to the C, at J and J. -In this- manner we have accounted 
for 10 double tangents of the Cy. 
Every ©; is the center of an involutory perspective collineation, with 
gz; — gą = 0 as the axis of perspective (j and k being the indices: chosen 
from 1, 2, 3, different from i), by which the C; is transformed into itself. 
The Hessian of Ch which is an invariant Cs cuts the Ci in 24 points of 
inflexion which lie in sextuples on four conics of the Ge -> 
Choosing IJE as the new coördinate triangle, i.e., Jida . 


(12) 


ty + ere + ez = pri, 
wy + Aa? + ets = px}, 
tit tat 23 = prs, 
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the C; will assume the form 
(13) avg! + beseire + eesli + 29°) + defe? = 0, 


in which a, b, c, d are linear functions of Xo, `i, Xe, Ag. This is precisely the 
form of the invariant quartic discussed by Ciani.* 
The triply infinite linear system of C,’s contains, of course also, the pencil 


(14) SS af + OA YS aha? = 0, 


which is invariant under the 24 substitutions of the octahedral group 


Pe Ue a TE can 
i kj ey? k ; 
Gad E tr t t, k, j= 1,2,3, t#k#žj%#i 


Among the curves of the pencil are two Kleinean curves, which are obtained 
for i 
—1+iw —1—iv7 
Xx oo i . 
4 a à 4 


These cases are also discussed by Ciani, loc. cit. 

2. Double Tangents of Ouartic.—From the well-known fact that if a, 
B, v, 6 is a set of four of the 28 double tangents of a general quartic, whose 
points of contact lie on a conic ø, then the quartic has the form 


(15) l abd — dg? = 0, 


it must be possible to put our general quartic in this form. Denoting by » 
a parameter l 


C's = Mpi + Arvige + Mops + Mos = 0 
may be written in the identical form 
pil AA = Aei + AN — 2sd) give + Ags) — Aa(Gi + Age)? = 0. 


Now e = gis a double tangent, and from each ©, ©2, Œ; there are 3 double 
tangents. Sets of three out of these 9 may be chosen so that their product 
forms a symmetric cubic. Such a product is necessarily of the form 


(p1 + pz) (91 + uz) (G1 + wa) = (1+ uei + Pog + pos 
Now it is possible to choose A in such a manner that the cubic 
(AoA? — Age? + AN — 2dsd) vive + Agp = 0 
becomes reducible like the cubic with the parameter u. For this purpose 
we must eliminate u and p from the three equations 
A — Ae = pL + Hy, YA AA = put, AN = pa 


* “1 varii tipi possibili di quartiche piane piu volte omologico-armoniche,” Rendiconti 
del Circolo Matematico di Palermo, Vol. XIII, pp. 347-373 (1899). 


} 
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This leads to the cubic in A 


[rod3 — AiO pi Aa) JAS + [OATA3 + DAAM 
o ves AD HAA H 4 4 MATA + D = 0. 


There are therefore three triples of double tangents. Hence ~ 

THEOREM 10: The 9 double tangents through the €,’s form three triples, 
whose 6 points of contact, together with I and J of site) lie on 3 conics of the 
Gs. The remaining 18 double tangents form 3 sextuples each circumscribed 
to a conic of the Gs. The twelve points of contact of each sextuple lie on two 
` conics of the group. fi i 

3. The Quartic as an Envelope o Cubics.—The! conic y? -+ Age ="0 
cuts the cubic ` 


AA — daei + AX — ANP + MAg = 0 


in 6 points which are points of tangency of the quartic and the cubic. 
For every value of A there is such a sextuple, so that the Cy may be generated 
as the envelope of the system of cubics 


(16) ogi + Mpp + Mpa) — Aspa — Mpi = 0. 


In fact the discriminant of this cubic with respect to|A gives precisely the 
Ca. Through every point (x) there are evidently two cubics touching the 
C, along sextuples. When (æ) is on the C4, then the two cubics coincide. 
THEorEM 11: Kaery C4 ts enveloped by a system of invariant cubics of 
index 2. Through every seatuple S there are two cubics which touch the Cy 
in points of sextuples. When S is on the Cy the two tangent-cubics coincide. 
The other well-known systems of enveloping conics and cubics of the 
quartic do not belong to symmetric forms and shall therefore not be con- 
sidered in this place. | i 


§ 4. Quintics. ' . 


1. System of Quintics and their Double Points.—The general system of 
invariant quintics 


(17) how + Nep + Motos + Mogi + uep = 0 


depends on four effective constants. All quintics! of the system pass 
through the five fixed points ©), €z, Œs, I, J and have EI and EJ as common 
tangents at I and J. Two quintics intersect in 25 points, of which 7 are 
absorbed by the five fixed points. The remaining |18 intersections form 
three sextuples of the Gs. Four independent sextuples determine a quintic 
uniquely and the quintics through three fixed ee form a pencil. 

As a double point absorbs three conditions, any, point P in a.general 
position may be taken as a doublé point of a quintic¢, so that also the five 
equivalent points of the group are double points. 
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THEOREM 12: The points of a sextuple are therefore the double points of a 
rational quintic. 

There can be only one quintic with a ae sextuple of double points, 
since two distinct quintics with these as common double points would 
intersect in 27 points, which is impossible. 

The quintics of the set 


(18) hapi¢s + Apipi + Mpegs = 0 


have dı, Az Ag as double points. When M = — 3M: — 9s, then also Æ 
becomes a double point (isolated). 

2. Quintics as Envelopes and Problems of Closure.—Multiplying the 
quintic by gı we obtain the reducible sextic 


(19) Ao + Meig: + Arvivs + Mpiga + Mopo = 0, 
which by transformation 

(20) p= oh, oy = ppu P= 2 

is mapped on the conic K® 
(21) ° Ayi + Aryaya + Ayiys + Maya + Myeys = 0 


in the (y)-plane. To the line gı = 0 in the (2)-plane corresponds the point 
(0, 0, 1) on the conic. Obviously the points G1, 2, Gs, I, J of the quintic 
are mapped into (0, 0, 1). D ° 

Conversely to a line ayy: + ay: + asys = 0 corresponds the cubic 


(22) ang + apip: + ap = 0. 


To a conic in (y) corresponds a sextic in (x), and so forth. To a tangent t 
of (21) corresponds a cubic Cs which touches the quintic along the points 
of a sextupte which absorb 12 of the 15 points of intersection of the cubic 
and the quintic. The remaining three points of intersection lie at ©, Œz, G3. 
As the conic (21) is enveloped by its system of tangents we have 
_ THEOREM 138: A given general quintic of Gs is enveloped by a definite . 
system of œ! cubics belonging to Gs, so that through every sextuple there are, 
in general, two siafold tangent cubics. 

The œ? double tangent conics of K may be written in the form . 


(23) layı + ay: + ays)? + K = 0. 


From the algebraic form of (23) it is easily seen that through two fixed 
points in (y) there are in general four double tangent conics to K. Hence, 
when we consider the © double tangent conics (23) through a fixed point 
we obtain a system such that throifgh every point there are four conics of 
the system. 
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Transforming back to the (x)-plane we have 

Tororem 14: Every point in (y) determines a system of seatics which 
envelopes the quintic such that every sextic touches the quintic along the points 
of two sextuples. Through every sextuple in a general een there are four’ 
such tangent sextics. 

These sextics have the form 


(24) lapi + apip: + sen + pes F 


where Cs denotes the quintic. In the intersection of] the sextic and the 
-quintic ©, ©, Œ; count for two points each, so that ithe complete inter- 
: section consists of 2-2-6 + 2-3 = 30 points. 
` © Jt is evident that other projective properties.of the conic have: ‘their 
equivalent on the quintic. For example, consider two conics K, say. K, 
and K,, with a Poncelet polygone of n sides inscribed in K, and circumscribed 
to Ka. Going back to the (z)-plane we have 
THEOREM 15: Given two quintics CYP, CY of the| Ge. ‘Through any 
sextuple So of CE’ pass a cubic touching CP along the points of a seatuple and 
cutting CP in a second sextuple Sı. Through Sı pass another cubic touching 
C2 in the same manner and cutting Clin a third sextuple Ss; suppose that’ 
after continuing this process n times, S, coincides with So. If this happens 
once, Sn will always coincide with So, no matter what sextuple So we choose on C}. 





e §5. Sestics. 
“1. Systems of Sextics and Double Points.—A general sextic of the Ge: 


be 4 (25) hoy ue dvi + Agios + Mge? + dco + seh of dev? = 0, 


Boends on on six effective constants, so that six dependent sextuples deter- . 
mine a sextic completely. Five such ample determine a pencil. From - 
this follows 
Trxorem 16: All sextics which pass through five independent fixed sez- 
tuples pass through a sixth fixed seatuple. r 
The points of a sextuple are double points. of all sextics of a definite 
system. In addition to such a sextuple of double points, a sextic may 
have double points at A1, Áz, As and E, so that the sextic becomes a rational 
“ séxtic. There is just one sextic with these double points since two sextics 
with the same double points would intersect in 40 points.” The sextic 


(26) - -Mpp + Mpa + Aps = 0 
5 has triple points at A1, 42, As. Moreover if we choose Ms = — Mu — 27As, 
we obtain a pencil of rational sextics "E l E 


(27) pippa — 993 — AT? — p) = 0, 
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which at Aj Az, As have the common tangents z, + s=., z; H zi = 0, 
tı + q = 0, and at Æ the common tangents’ EI and EJ. * Of the 36 
points of intersection af two sextics-10 are absorbed by each An dn Ay 
(9 on account of the triple point, 1 on account of the common tangents at 
each point); 6 by E (double points with common tangents). 

2. Sextics as Envelopes.—To the reducible nonic consisting of the — 
product of œi and the sextic corresponds i in the (y)-plane, by the transforma- 
tion (20), the cubic ; : 


(28) Moyi + Aryiys + hats + Ayy + Mayiyeys + wr + cau = 0, 


which, in general, is elliptic. "To the line gı = 0 corresponds the point - 
(y) = (0, 0, 1), to the factor ¢? of the nonic this point three times. To 
the intersections of the sextic with øı = 0 corresponds this same point. 
To every sextuple of the sextic corresponds a point of the cubic (28). Con- 
versely to every point of the cubic corresponds a sextuple of the sextic. 
More generally, to every sextuple in (x) corresponds a point in (y), and 
conversely. To lines, conics, ete., in (y) correspond symmetric cubics, 
sextics, etc., in (z).- Hence, to the geometry of points, lines, conics, : 

in (y) corresponds abstractly the same geometry of sextuples, cubics, PR: 

. of the Gz in (a). 

By means of this correspondence we are “able to state immediately a 
number of theorems in the (x)-plane which are the eguivalents of those in 
the (y)-plane. We shall restrict ourselves to some of the. most important. 

An elliptic cubic has 9 inflexions which lie 3 by 3 on 12 lines. In the 
(a)-plane we have ; 

. Tsueorem 17: There are 9 cubics oih osculate a given (general) sentgg: ` 
of the Gs in points of a sextuple. The nine a a of osculating points le 
3 by 3 on 12 cubics. 

Again an elliptic cubic admits of 27 € conics with sextactic contact; hence 

THEOREM 18: There are 27 sextics which touch a given seatic in sextuples 
of sextactic points. or l 

With every inflexion of an elliptic cubic is associated: a system of %2- 
tritangent conics. - Through every point in a general position -there is a 
system of œ! such conics, which envelope the cubic. h the @)-plane we 
have accordingly . 

THEogpm 19: A given sextic may be generated in nine ways by 0? T 
of enveloping sextics: Every enveloping sextic touches the een seatic in the 
points of three seatuples. 2 


- * For other special types of sextics invariant ünder the Gs, for ers the G'se0, see 
A. B. Coble, “An Invariant Condition for Gertain Automorphic Algebraic Forms. ”?° AMER- 
ICAN JOURNAL OF MATHEMATICS, Vol. XXVIII, pp. 333-366 (1906). i 
14 
+ 
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_ ‘There are 9 systems of œ! doubly osculating conits for a given cubic. 
Thus 

THEOREM 20: Every sextic admits of 9 systems of (œ! doubly osculating 
sextics. Every enveloping seatic osculates thé given sextic in fhe pointe | of 
two seatuples. 

3. Problems of Closure.—Let P and Q be two points on the cubic Cs. 
Through P draw any line / cutting Cy in A; and B.. t the join BQ cut 
C3 in a third point Cı; let C,P cut C3 in Dj; finally, let D:Q cut C3 in Er. 
- If E: coincides with 4, then this coincidence will take place, no matter 
‘what initial line Z we draw through P. We have accordingly é 

TueoreM 21: Let P and Q be two sextuples on the, sextic Cs. Through 
` P draw any cubic l cutting Cs in the sextuples A; and By Let the cubic 
through Br and Q cut Ce in a third sextuple Ci; let the cubic through C, and P 
_ cut Cy in the seatuple Diy finally let the cubic through Di and Q cut Ce in the 
seatuple Ey. If E, coincides.with Ay, then this coun nce will take place, 
no matter what initial cubic l we pass through P. 

Other equivalent theorems might be stated with equal ease. 


mM. INVARIANT SURFACES AND CURVES OF THE Gu. 
$1. The General Invariant n-ic. 


_ Denoting the elementary symmetric functions in [the quaternary field 
again by e 


pı = Dt; Po = Etith P3 = ELitjtk, Pa = TTEA, 


the general n-ic may be written in the form 


š N—1 - 
(29). Dy vteiwirs = 0, 
- (30) a+ 26+ 3y + 46 = n, j 


so that the number N of effective constants is equal to the positive integral 
solution of this diophantine equation, diminished by ole, It is not difficult 
to find the number N for a given numerical integral value of n. For 
example, the systems of quadrics, cybics, fae ace sextics de- 
pend on 1, 2, 4, 5, 8 effective constants. 

In space of m — 1 dimensions the symmetric n-ic (n = m) 


(31) ue E P --- oh = 0 


depends on N effective oia: hase number depends analogously. on 
the partition. problem in number theory. * 


(32) a+ 28+ Bo + +++ + mp = n, 
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In what follows I shall restrict myself to a short discussion of cubics 
and the sextic curves obtained as intersections of quadrics and cubics of 
the Gag. 

§2. The 27 Lines on a Symmetric Cubic. 


The symmetric cubic C; _ 
(33) gi + pipa + ues = O, 


or 


(zı + zz + z3 + a) 
(34) + Azi + z + gzs + v4) [ (a1 + ae) (as + a4) + xit: + tata | 


+ pL Ger + at2)arsee + (z3 + tatir] = 0 


is satisfied by any point of the three lines 


re eae | ae i. 
*| as + a = 0 to + a = 0 za H x = 0. 


the 45 triangles of the cybic.’ To find the remaining 24 lines, pass any 
plane xs + a4 = 6(21 + æ) through l. This will cut Cs in a conic whose 
projection upon the (,%ev3)-plane is obtained by the elimination of 2. 
There is a4 = 8(xı + x) — 23,80 that (34) becomes, after dividing through 
by (xı + z2) and rearranging, 


[+ 0) + AC + DI + COAH HAO + OOO AC + 6) + uk? 
» > Bo eae 
+2[ atot +D +O +50 | ae | 


+2 30+ ootko [acs +2| 20+ 00+ 40 |e = 0. 
This corlic degenerates into two lines, when the discriminant 


[1+6)*4A (14-00) [CHAHO Xa+6)+ Ho E (1+0)0+ žo 


[atoaatoa ko] CAFO AC+0)0] [Fatoo+ fo] 





E (1+0)9+ ža] l [3 (1+-6)6+ Ho] =pate+uy 
Subtracting the second from the first line and factoring we get 
=a’ d | 
DHO +a AB Cl_, 
DAHAT] 8 8 _y 
2 2 


These lines lie on the unit-plane zı + za + vs + 2% = 0 and form one of 
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(1+ [AGA + 8) +46] DAHO +a] LAG + Urea ts IHF] = 0. 


The last factor may 


ENO SH A+ HEHA 


be written _ 


This equated to zero gives for the roots 


bs, Boe a 


- There are, therefore, 5 planes through lı which cut C; in pairs of lines. 





AA — ut WEHA Hu 


KEDI 





8+ 2A 


The 


am 
` 











parameters of these planes are 
; A 
b= =] age E k is 
p82- Ht VOT ATER E 
i SFA 
jos 8+2. , 
S — 8 — 4 — u + W8 +H 44+ uF 8H? 
The plane 6, = — 1, of course, cuts C; in l and Js. 


Als ð, and 3, as well as. 


0, and 45, are reciprocal to each other, the planes 8z and 63 are permuted by 


the substitutions ( 
permute 6, and 45. 
and 4, into 45. 


1934). 
3412) > 


1234 
4312) 5° 


1234 


4331); 34a 


3412/° 


GR) Gi) di) 


2143, 


leave each of those planes invariant. | 
On account of the symmetric character of the equation of C3, precisely 
the same parameters and substitutions for the planes through and ls, 
cutting C; in pairs of lines, are obtained. Hence i 
THEOREM 22: The effective determination of the 27 lines of a symmetric 
- cubic is possible by the solution of three linear and one quadratic equation with 


a parameter 6 as the 


unknown. 


The 
The same equivalent collineation 
On the other hand, the sen 


same substitutions 
transform 6, into 93, 
collineations) 


The three lines l, l, ls are left invariant or are permuted by the 24 sub- 
stitutions of the symmetric group. Every substitution which permutes l; 
ahd J, (t, k = 1, 2, 3) also permutes the planes through l; and l, with the 


same parameters. 


Two cubics 
(35) 
(36) 


$3. Seatic Curves of the Goi. 


F = agi + bgp 4 cps = 0, 
G= dei + egip: + feos = 0 
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of the set of symmetric quaternary cubics intersect in a space curve of 
order 9 which degenerates into a sextic S and three fixed lines Cs (gy = 0, 
¢s = 0) in the unit-plane. 


fF — cQ 
pı 


G7)" gt= = (af — edje} — (ce — fr = 0 


is ‘a quadric through S. Conversely when a definite quadric 

(38) l = Q= a — dg =0 

js given, any gubie through the sextic on Q and F may be written in the form 
(39) (a + Ab)? + cys = 0. 


From this follows that all possible. sextics-of the group on the quadric Q 
are cut out by a pencil of. cubics which osculate along the three lines C3. 
' On every sextic there is a simply infinite set of 24 points of the group 

which lie two by two on 12 lines through each of the €x’s. Hence, from 
each of these points the sextic is projected upon a plane into a curve all of 
whose points are double points, hence into a cubic., From this follows ' 

THEOREM 23: The seatics of the group are of genus 4 and form a set. 
Every sextic of the group les on 6 cubic cones with their vertices at the ©;,’s. 

It is not difficult to find the equations of these cones. For example if 
we write Q = p? +o, F = 03 + upie: + ves, the. cone with Gy as a 
vertex has the form os 


(40) Ne? + npt vei) — (e+ Ne) tule Ha) + (ut ») eet 2) = 0. 


The relation between the six cones-may be stated in 

THEOREM 24: The cubic cone through the sextic, with Ci; as a vertex, 
osculates the plane z; + zj — tr — zı = 0 along the line Cyr. Two cubic 
cones through the sextic with ©; and Gi, as vertices intersect moreover in a 
plane cubic which lies in the plane x; — x, = 0- 


‘Untversiry or ILLINOIS. 


ON ELLIPTIC CYLINDER FUNCTIONS OF THE SECOND KIND, 
By SasrnpRACHANDRA Duar. ° 
1. The canonical form of Mathieu’s differential equation is given by 
ou (A + 16g cos Qn)y = 0. . (1) 


For certain values of “ A.” two kinds of solutions of the above differential 
equation have been constructed. The periodic solutions of the first kind 
have been denoted by Professor Whittaker* in the forms: 


ceo(z, q), ©€1(2, q), +++ Cém(2, g), °°: J (2) 
: . $61(2, Qs a 3€m (8, q), = 

The solutions of the second, kind corresponding to jthe above solutions 
of the first kind were first systematically studied by Mr. E. Lindsay Ince,f 
who gave us two methods for constructing the geries of integrals. These 
like the solutions of the first kind are not, however, periodic. The special 
value of “A” for which the solution cém(z, q) has been constructed is ‘given 
by ; 


Aa mep meaa AE ed A (3) 
l 


We shall denote it, however, as 


A = a + aqt ar H ---, ete., (4) 

where 
ay = mÈ, a; = 0, apis ee, vel, etc. 

m? — 1 

2. The existence of an infinite number of solutions| of the second kind 
corresponding to the infinite number of solutions of the first kind can be 
easily demonstrated by the following well-known theorem of linear differ- 
ential equation of the second order: 
If y= = v be a particular a of the differential Satoi 


i 33 


then the most general solution of the above equation is| given by 


v=o(B+0 fia): 


* Whittaker, Fifth International Congress of Mathematics, 1912. 
+ E. Lindsay Ince, Proc. Edin. Math. Soc., Vol. XXXIII, 1914-15. 
208 
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Therefore the solution of the second kind corresponding to the solution 

y = », of the first kind, is given by l 
l jet f Zde, > 
where C is an arbitrary constant. ' 

3. Mr. Ince has by using the above formula (5) calculated some of the 
simplest of the integrals. He has, in fact, calculated the integral corre- 
sponding to ceo(z, q). But the process is very laborious in practice and 
even then one cannot get as many terms as one would like. 

His other method is comparatively easy, but requires for the deter- 
mination of the solutions a knowledge of the forms of the integrals, which 
will be furnished by the formula (5). -But all these integrals can be easily 
constructed by proceeding with a little modification, the method employed 
by Mathieu* and Sieger.t We proceed thus: 

If, for instance, we require to construct the integral of the second kind 


corresponding to cém(z, q), we will take the expression for “A” to be that 
given in (4) and assume ° 


PSIG OOH CRE tes (6) 


where f(z), f:(z), fo(z), +++, ete., are functions of z only. 

Substituting these values of A and y in the differential equation (1) 
and equating the different powers of q to zero, we get the following differ- 
ential equations from which to determine fo(z), f1(z), fa(a), +++, ete.: 


Jo) + afol) = 0, l 
Ji) + aofi(2) = — {arfolz) + 16 cos 22fo(2)}, 
fi) + aafale) = — lafol) + afila) a I cos 2afo(z)}, 


#8) + anf) 2i lahe F E mat) 
Aa faile) ve 1o cos 3 2afa—ı @)}, 


4, If, now, we solve the differential equation 
el f'@) + aafolz) = 0, = 


we find that there are two possible values for fo(z), viz., cos mz and sin mz. 
If we proceed with f(z) = cos mz, it will only enable us to obtain the solution 
CEm (2, Ds for it is in this way that cem(z, q) can be obtained, the constants 
1, Qa, -+-, ete., being determined by the fact that ce,,(z, q) is to be periodic. 


* E. L. Mathieu, [douville’s Tournal (2), XII (1868). 
+ Sieger, Annalen der Physik, Bd. 27. 


one by one. 
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We will, therefore, proceed with f(z) = sin mz, and solve the equations 


In determining fı (2), Fala), 


-, etc., from the differential equations given 


in (7), it will be found necessary to put the expressions on the „right-hand 


side of those equations in seriès of cosines or sines of 


multiples of z and 


further it will be seen that we shall be constantly required to find par- 


ticular integrals of equations of the types: 





sin (m + ae 


(i) y” +- my = C cos (m + az, GD). y” + my = C 
(ili) y” + mèy = C cos ms, . (iv) y” + my = Csin mz, be 
(v) y” + my = Cz cos az, (vi) y” + my = C3 sin az, s 
whose particulargintegrals are given by © | 
G) y = — C cos (m + a)z/a(2m + a), 
Gi) y = — C sin (m+ a)z/a(2m + a), 
(iii) y = Cz sin mz/2m, 
(iv) y = — Cz cos mz/2m, 
VW y= appt eos an + ae aoe “ 
tinier ot Gi of * n Q&Z, 
2 ws 
(wi) y aE git Sin ow — E an ° os da. 


Thus, ilini the above processes, all the integrals of the second kind i 
corresponding to those of the first kind as given in (2) can be obtained very 
easily.. Following theenotation suggested by eas Whittaker, they 


may be denoted as 


ano(2, q), ani (2, g), ina(z, q) ee + Mel, q), 
Iml, > Jm@, g), 5> Jml, 9), 


5. Let us illustrate the processes indicated above 


an 


by working out a` 


(10) 


- particular case. Suppose we wish to find the integral which corresponds to 


cé;(3, q). The particular value of “A” for this is given; by 
A= 1-84-87 + 8P- ig- Bo yee, ete. (1) 
Hence to find ¢71(z, q), we shall have to solve the equations: 
(i) f1(@z) + filz) = 8 sin z — 16 cos 2z-sinz, . 
(ii) J28) + fe(z) = 8 sin z + 8f1(z) — 16 cos 22-f1(z), - 
(ili) e) + fs(z) = — 8 sina + 8fi(z) + 8f2(z) — 16 cos 2z-fo(z), + (12) 


(a) Now, the solution of the equation (i) is obtained by adding up the 


particular integrals of 


¥"@) + y@) = y"@) +) = 


16 sin z; 





+ 8 sin 3z, 
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which by the help of (8) and (9) is given by 
- fiz) = — 8z cos z + sin 3z. 


(b) To find h (z), we need only find the particular integrals of the follow- 
ing equations: 


y” (2) + y(z) = 642 cos 3z; y (8) + y(s) is 8 -sin 33; 
y" (z) + y(z) = — 8 sin 5z, 

and add them up. Thus we get 

f:l) = = &z cos 3z + 5 sin 3z + sain 5z. 


and 


(c) To find f(z), we transform the expression on the right-hand side of 
Gii) (12) as 
112 


— 48 sina + a sin 32 — “g sin 5z — 5 sin Te — 162 cos 3z — 642 cos 5z, 


and the form of f;(z) is determined by adding up the particular integrals of 
y” (z) + y) = — 48 sinz, ---, ete, y” (8) + y(z) = — 642 cos 5z, ` 
and hence we have 


f(z) = 242 cos z -+ 8z cos 3z — Sacos 5z + z sin Ta + S sin õz — S sin Bz 


Proceeding thus, we can get as many terms asgwe like and hence on 
arranging, we find zm(z, q) to be given by 


— 8q(1 — 3¢°-+ +) eos 2+ q cos 3z + ¢(- cos 3x + 5.008 52) + =] 


+ sine + qsin3e+ e (5 sin e + sin 3z ) 


teli Smears Ssin bz — sin 3z ) + wee, ete. 


On A New METHOD oF CONSTRUCTING SOLUTIONS OF THE SECOND KIND. 


6. The methods given above and as also employed by Mr. E. Lindsay 
Ince are not suitable for studying the convergence of the series; but what 
is given below, while allowing us to construct the series of integrals very 
easily, is also suitable for the consideration of their convergency. This 
latter method follows dines similar to that employed by Frobenius* in solving 
linear differential equations and also similar to that employed by Professors 
Whittaker and Watsonf for constructing integrals of the first kind. 


* Frobenius, Crelle’s Journal, Vol. LXXVI. 
t Whittaker and Watson, “Modern Analysis,” pp. 413-415. 
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Let us investigate the solution inm(z, q) corresponding to the solution 
Cém(z, q) of the first kind, for which the value of “A” is|given by (4). 
If, now, we put in Matthieu’s differential equation (1) 


A = mi + 8p, . 
it will become 


ou my = — 8(p + 2q cos 22)y. | 


When “p” and “q” are neglected, solutions of the equation are given by 
y = cos mg and y = sin mz, 
If we proceed with y = cos mz, it will enable us to construct the solution 
Cêm(z, q)* and so we proceed with y = sin mz. Let us denote U(z) = sin mz. 
Then to obtain a closer approximation, we write — 8(p + 2q cos 2z) Uo(z) 
as a series of sines of multiples of “g” in the form 
= 8{¢q sin (m — 2)z + p sin mz + q sin (m+ 2)z} 

which we will denote by V1(z). 
Then instead of solving the differential equation 

T+ my = Vile), 
_ we will solve the equation 


; iat my = Wile), (13) 


where W,(z) = - Vile) ie (8p — aig) sin mz. Its integral; which we will 

denote by Ui(z), is given by 
— 2q sin (m — 2)z , 2q sin (m + 2)z Gage cos mz, 

m—1 F m+1 + 2m (14) 

To obtain a still closer approximation, we will éxpress > 8(p + 2q 

cos 2z)U;(z) as a series of sines of multiples of: ae ,” which ‘we will denote 

by Ve(z), viz., 


Ui) = 

















16¢ sin (m — 4)z , 16pq sin (m — 2)z , 32¢ sin mz 
Vala) = m-l F m— 1 i m -- 1 
_ 16pq sin (m + 2)3 16¢ sin (m + 4)z _ Sraz -A (m — 2)z (15) 
m+1 m+ 1 
_ 8pqaz cos mz _ 8gaz cos (m + 2)z ! 
2m 2m | 


Here again we solve the equation 
oUt mèy =M), 


* “Modern Analysis,” p. 413. 





Duar: Elliptic Cylinder Functions. 213 


where W2(z) = Vale) — ag sin mz + doz cos mz, where A, has been deter- 
mined in such a way that W2(z) does not involve “g cos mz.” * 

Suppose U,(z) is the integral of the above equation. We will now 
proceed exgctly with U2(z) as we have done with U;(z) and obtain the 
integral Us(z). 

7. Continuing thus, we get the integrals Uo(z), Tile), U2(z), --- Un), 

, etc., of the differential equations 


= + my = 0, 
5 TY + my = Wila), 
(16) 
A ot + my = W,(z), 


respectively, where 


W,(2) = Valz) — ang” sin mz + Ang cos mz; (m > 2) 
Va(z) = — 8(p + 2q cos 2z)U,a(2), (n > 1). 


Therefore, from (16), we have 
(ate) Due = Èro, 
dz? n=0 n=1 


Le. = >» V.(3) + (8p — È ang") sin mz + Èz cos MZ, 


or 
d? . < Ni 
| Ja t (Att 16g cos 22) | : 2 Un) 


= (8p — Di ang”) sin mz +J. Anz cos mz. 
1 2 
But we have from (4) 


8p = 22 ang”, 


and it will also be found that }°PA, vanishes for the above value of eo 
Hence if the series )’¢ Un(z) be uniformly convergent, the series will be a 
solution of Mathieu’s equation. It is, in fact, the solution of the second 


kind, corresponding to cém(z, q), as has been obtained by Mr. Lindsay Ince, 
that is, 


tnm(2, q= > Un). (17) 


* It will be found that z cos mz first appears in U,(z), ie. in Vanuilz). 
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8. We now proceed to show that A, actually vanishes by working 
out a few particular cases. Suppose we construct the integral which corre- 
sponds to ceé:(z, q), the particular value of “A” for which celz, q) was 


obtained being given by (11), viz., 

A= 1 8-86 + Ost — ge Bey. 
If we write 
l A=1+ 8p, 
Mathiev’s differential equation reduces to 


dy o 
Jat y = — 8(p + 2q cos 2z)y. 


In this case Uo(z) is evidently sin z. 


5 , ete. 


(a) To get U;(z), we express — 8(p + 2q cos 22) Vola) in a series of sines 


in the form | 


and a the equation 


Ut y= Wil), 


where ‘W1(z) = Vi(z) + 8(p + q) sin z, since there is no 
e 


tained in V1(z). 
The integral of the above equation is found to be 
Tis) = = — 8gz cos z + q sin 3z. 


(b) Again, we express — 8(p-+ 2q cos z)U,(z) in a 
multiples of z, thus 


— 8(p — ia) sin z — 8q sin 3z = a 


term z cos 3 con- 


series .of sines of 


v 


Ha + Qa cos z + lge cos 3e — Bpg sin 3e — Bg” sih 5 — By sin z 


which we denote by V2(z). 


Then we shall have to find an integral of the differential equauon 


e+ y= Wale), 


where W2(s) = Vo(z) — 64g(p + q)a cos z + 8q* sin z (here Wale) 3 is made 


independent of z cos 2). On simplification, we get 


W,(2) = 649% cos 32 — 8pq sin Ba + 8e sin 5z. 


The integral of the above equation is given by 


E = Gin bs eG (og EE T PA 
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(c) Again, since . 
= 8(p + 24 cos 22) U3(2) 
= 64¢%z cos 5g + biji cos 3z + Gay's c cos 8 


"— 8y206y+ p) sinz — (8pu(00-+ p) + Se" sin Be 


— 8{¢(6¢-+ p) + sp) sin 5z — Sg sin 7z, 
which we denote by V3(z), we have 
b Walz) = V2(s) — 84gz cos z — 8¢' sin z, 


sd that W,(2) may not contain z cos z. 
Now, solving the differential ton, 


Gat y= Me), 
we find 
U;(z) = — sate cos 5z — 8pq’z cos 3z +- sgh q + p)z cos z 


ae + lpg ts q)sin 32+ 5 (p + 79) sin 5z + = 1 sin Ts. 


(d) In the same way, Va(z) = — 8(p + 2q cos 2z)U3(z). Now, if we 
express it in a series of sines, we find that the term ovhich contains 2 cos 2 
as a factor is 

— 32q?(p? + he T 7¢)z cos z, 
and the term which contains sin 2 is 
eo -ap(r+ A 
Hence we define W,(z) such that = 
Walz) = Vl) + 32¢(p + 6pg + TP) cos z + : É sin z. 
Wil) i is thus made independent of z cos z. We can now v find the integral 
U,(z). 


roede thùs, we can find all the integrals Ọa(3), Ula), Ule), Ustad, 
- Un(z), +++, ete. Hence if, in the series 


Uolz) + Ul) + Ul) + +++ + Un@) + - 
- as found above, we substitute by (11) 
Bp =.— 84 — 82" 4" 8e — St — - , etc., 


216 Duar: Elliptic Cylinder Functions. 


we get, after arranging, 
— 8q(1 — 3 + - 


--)z{cosz + q cos 33 + @(— cos pi $ cos 52) + - 


=] 


ee 


— sin 7z +5 ~gin 5z — 35 i sin 3g 


+¢(% : 


correct to the third power of q. 


j 


(18) 


And here it will be noticed that °?A, as obtained above is ssa by 


— 64¢(p + 9) — 


which, on substitution of the value of “p” in terms of 


64g + 32 (p + pq + 744) +- 


lee 33 


q,” vanishes if we 


neglect terms containing higher powers ‘i “q” than the fourth. 


Hence the series (18) is a solution of the “Aiferential 
the solution of the second kind denoted by iņ (z, q). 


equation (1) and is 


9. Similarly if we proceed to construct the integral corresponding to the 


value of “A” for ceo(z, q), viz., 


4a 4 4 809 910 


a7 l +. 5 ete. 
"we find 
U) = 


Uz) = a sin 4z, 


An 


U2(2) = af sin 62 + vm sin 42 + 8gz cos 22, 


U;(z) =o sin 8z + sp sin 63 +5 s (§r -31¢) 


P 


sin 4z 


— 16g°z + $ pgz cas 2z + 48 gêz cos 4z, 


and 


The = Gap + (Ft — 2560" + 
= 8¢(e+ +j, 


128 , 
yt )+ 


Thus àn vanishes and >°U,(s) gives the solution of th 
sponding to ces(z, q). It is evidently the solution ina(z 
10. Again, if we proceed to construct the integral 

corresponding to the integral ce3(z, q), for which 
A= 9+ 4G ~ BF EE 


-, et 


*, ete. 
E 2 
3+ +) — 25694 + = oA 


= 0, neglecting higher powers of q than the fourth. 


e second kind corre- 


q). 
of the second kind 


C., 
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we obtain, in this case, 
U,(z) = sin 3z, 
Ui) = zain 5z — q sin z, 


U(2) = at sin 7z + ipg sin 5z + q(p — q) sing, 
Tae) = gyi sin Se + mre (r+ ¢ )sin 5a 


l 526p — &g)z cos 3z — q(p — q}? sin z, 


E eel aa a E 


3 P Se -5 g 32 
54g — 8+ Pe 5 (4g! BP + +ed 


Tiup- spt ttie- eH oe 
7 


— zag (4a? — 80° + PEH e ete. 


= 0, neglecting higher powers of q than the fifth». 
Hence 5°U,(z) as obtained from above is the second solution corresponding 
to cea{z, q) and is denoted by é7,(z, q). f 
That E^, vanishes, has been further verified in a . few other cases. 


On THE CONVERGENCE OF THE SERIES OF INTEGRALS OF THE SECOND KInD. 
` i 


11. The process of term-by-term differentiation which we have carried 
out in § 7 is only permissible when we have proved that the infinite series 
> U,(2) is a uniformly convergent series of analytic functions. It is, there- 
fore, necessary for us to examine the solution X U„(2) more closely with a 
view to study its convergence. 

The forms of U,(z) which are solutions of the differential equation 


f+ ty = Wai) 


will be of the feik types: 
(i) when n < m, 


Un(z) = * Bs r sin Lag 2r)z + È an, r sin (m + 2r)z, 


* 5’ means that the summation ceases set the greatest value of r, which is less than or 
equal to m2. 
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Gi) when n = m, 


U,,(2) = * SY Bm, + sin (m — 2r)z ay ae. r sin (m + 2r)z + ôo, o3 cos mz, 
r=1 ra) 
(iii) when n > nm, i.e., when n = m + n and 7 È 1,. . 
min min 
Orta(3) = * D’ Bmty, r sin (m — 2r)a + Y amp, r Sin (m + 2r)s 
r=1 r=1 
+2{ Ye. r cos (m — 2r)z + 5S3, r cos (m + 2r)z}. 
r=1 . 


r=0 


Then since 


(G+ nt) Umile) = — 8(p + 2g cos 22) Umt, (2) — Ampt COS MZ | 
— dng” sin mz, 


we get on equating the coefficients of z cos (m + 2r)z, z cos (m — 2r)z, 
sin (m + 2r)z, and sin (m — 2r)z, the following recurrence-formule: 


(a) r(m + 1) O41, r = 2{p6,, T T q(5,, r—1 + bn, m) h (r — Ly 2, 3, ‘ck ) 
O e= mre = Arete trod (rE) 


E E E EE 5 (m + 2t)By41, + 


: aa N 
= 2{Pamty, r+ Q(Omty, mat Amh, r-1)} (; 7 N , 3, ) 


but when n < m, 
r(m + 1) On41, r= 2{pan, r + q(Gn, m1 + An, r1) i, 
(D H = Bogs, o£ 5 (m — 20) rpea r 
= 2(PBmigs e+ E Bigs ra)}> « (+ <3) 

but when n < m, . 
r(r = m) B41, r= 2{PBn, a + q(Bn, tr—1 + Bu r41)}, (« < z), 
with the following restrictions: 


Qn, r = Ban, r = Yn, r = Ôn, r = 0, if r>n, 
and also 
Qn, 0 = Ên, 0 = Yna, 0 = 0, whatever n is. 


12. If we denote 
» 5,7 = D,, Do ie = Ce 
=r =r 


` then D, and C, give the sum of the coefficients of x cos (m + 2r)z, and 
z cos (m — 2r)z respectively in }°U,(z). 
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Hence from (a) and (b), § 11, we get 
| r(m + D, = 2{pD, + qD + Da1))}, (18) 
r(r — m) Cy = 2{p 0 + q( Carat Crd}. (19) 


From the forms given in (18) and (19), it is evident that the series for 
D, and C, are both convergent* and that _ 


lim D, = 0, and lim C, = 0. 


r= 


Similarly, denoting 
> Oy, As SB oe Re 
n=l =r 


which represent respectively the coefficients of sin (m + 2r)z and sin 
(m — 2r)z, occurring in 5° Un(2), we get from (c) and (d) 


SY AET > (m+ 2r)D, = 2{pA, + gld + Any}, ` (20) 


r(r — m) B, + ; (m — 2r) C, = 2{pB; + q(Brat Bad) CD 
Writing 
-wr = — 2q] {r(m + r) — 2p}, w, = — 2q/{r(r — m) — 2p}, 
v, = (m + 2r)/2{r(m + r) — 2p}, v = (m — $)/2{r(m+ r) — 2p}, 
-we get from (20) and (21) respectively 





vD; + @ Apa + A, T WrÁÅrpı =0, k (22) 
A C; + wB, + B, + wr Bry aa 0. : (23) 
e 
Eliminating Ai, As, +--+ Api, Ani, «++ from (22), we get 
Cody 
EER T3 24 
4 Ao z ; y ee 
where 
Ao = 1 -W1 
Ge 1 Gs i 
0 3 1 W3 








rT z hd 
* Whittaker and Watson, “Modern Ahalysis,” pp. 415-416. . 
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O, = |oDite;,, 1, wn . 

nDo, w I, os, 

vD 0, ows, l, oz, 
Osi Digs 0 0 0 0 eae 1, 0 

oD, 0 0 0 0 .0 op wn 
Gr iDris, 0 0 0 .0 0 0 1, 
D42 Dryas 0: 0 0 0 0. R 0 Ortas 


since Ay = 1. 





0 
Ob+1s 0 
A, 


ee, 


Expanding the determinant O, in terms of the elements of the first 


column, we get 


go) 
Ao 


ka 


D D, + on) My + F nDMi), 


Ea 


alere ihe M’s denote Te first minors of the elements $f the first m a 


13. It will be easily seen that with s > 1 


GQ) Mn = (— I. w ++ a Anal 1 o 
. . . We 1 
0 W3 
5 AEA 
where Arts stands for the infinite determinant 
l o Orei | 
Wrote 1 Wreta 
O pats l ` onas 
and also when k < r 
e (i) Mr = (— 1)Mwrpiwr «+ wr Ar 1 a ; 
- w l1 o 


wa 
1 wg , 
“ Wr—1 1 
e 

e 

, 
° 
Ws. i ’ 
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and further i 
d M, = (— D] 1 oe i 

i We 1 wg i 

° 0° wg ` 1 wg 

Gy] 1 0. 
= 12 “5 -co l op 
3 . 3 pe > 3 ; . Ory 1 Wrts 








.. The infinite determinant Ar is convergent, whatever ‘r’ is, and further 
that lim Ar = 1. Hence the M’s are all finite and the series (25) is there- - 


fore oneen and converges to a finite value, if r is finite, but vanishes 
if r is made infinitely large. 
The same may be proved for B, by means of the relation (23). 
- The series XU, is, therefore, uniformly convergent in any bounded - 
domain of z so that term-by-term differentiation is permissible, 
UsrversıTY oF CALCUTTA, 
CALoUTTS, INDL. 


' s Helge Von Koch, Acta Mathematica, Vol. XVI. 


SYLOW SUBGROUPS IN THE GROUP OF ISOMORPHISMS OF 
* PRIME POWER ABELIAN GROUPS. 


By Harry ALBERT BENDER. 
1. INTRODUCTION. 


- The study of groups of isomorphisms is a comparatively recent one. 
C. Jordan in “Traité des substitutions” (1870), p. 56, introduced the term 
isomorphism in the following manner: A group G” is said to be isomorphic 
to another group G, if one can establish between their substitutions a corre- 
spondence such: 1° that each substitution of G corresponds to only one 
substitution of G’, and each substitution of G’ to one or more substitutions 
of G; 2° that the product of any two substitutions of G corresponds to the 
product of their respective correspondents. If G and G’ are simply iso- 
morphic they are identicaP as abstract groups. 

The far more important concept of isomorphisms was introduced by 
O. Hélder and E. H. Moore in 1893-94, viz., the representation of the 
different automorphisms of a group by the corresponding substitutions on 
its operators. The totality of these substitutions constitute a group known 
‘as the group of isomorphisms. The group propertic&S of these groups were 
first studied by O. Hélder and E. H. Moore, but the more important results 
have been contributed by G. A. Miller and W. Burnside. . 

In this article we shall be wholly interested in the groups of isomorphisms 
I of prime power abelian groups. Many of the researches on isomorphisms 
of prim® power abelian groups have been on the representation of the group 
of isomorpHisms as a substitution group. 

The following are some of the more important abstract properties of 
the groups of- isomorphisms that have been obtained. The number of 
invariant operators in the I of G, the necessary and sufficient condition 
that the group of isomorphisms be abelian, the necessary and sufficient 
condition that two operators in the I of G be commutative, and if G has for 
its order a power of a prime number, the method of constructing a principal ` 
series, the order of a Sylow subgroup S whose order is a power of p in the I e 
of G, the necessary and sufficient condition that there be. but one such Sylow 
subgroup in J, and the necessary and sufficient condition that this Sylow 
subgroup S be- abelian. In case G is of type (1, 1, 1, ---) the number of 
Sylow subgroups, whose orders are a power of p in the I of G, is known, as s 
well as many properties of special groups. 
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In this article we shall establish several general theorems and relations 
which will aid in determining more completely the properties of the group 
of isomorphisms, especially with reference to Sylow subgroups whose orders 
are a power of p in the I of G. We shall give the total number of such 
Sylow subgroups in I and some of their invariant subgroups, including their 
commutator subgroup and the subgroup common to all of them. 

The determination of aH the possible orders of operators in the group 
of isomorphisms seems to present a very difficult problem. oa 

In the following we have determined the order of| the group of iso- 


, morphisms, and have determined a necessary and sufficient condition that 


the group of isomorphisms has for its order a power of a prime number. 
We have shown that there are but p operators of G invariant under a givén 


7 Sylow subgroup S of J, and have determined the total number of p-iso- 
morphisms in the J of G. 


2. CHARACTERISTIC SUBGROUPS OF G; 


If G is an abelian group of order p”, p being a prime number, and if P` 
represents a subgroup, whose order is a power “of p, in the group of iso-" 
morphisms I of G, then G involves a series of subgroups of orders p, p’, p°, p$, 

-, p™ + respectively, such that each of these subgroups except the last is 
included in the one which follows it, and each is invariant under P. : Now 


_ consider all the possible automorphisms of G in which every operator corre- 


sponds to itself multiptied either on the left or on the right by some operator 
in the preceding subgroup. Each of these automorphisms of @ corresponds 
to an operator, whose order is a power of p, in the group of isomorphisms ~ 
of G.. -W. Burnside calls the automorphisms of G, which give rise to the 
operators of P, p-isomorphisms.* 

It is known that a necessary and sufficient condition that an operator t 
in the group of isomorphisms of a group G of order p” has for its order a 


' power of p is that ¢ transforms every operator in the series.of subgroups 


Go, Gi, Go Gs, di | Gm (Gin = G) 


of orders 1, p, P’, p’, pt, ---, p” respectively, into itself multiplied by an 
operator in the preceding subgroup. 

e Since every non-cyclic abelian group of order p” is the direct product of 
independent cyclic groups, a set of independent generators of an abelian 
group is commonly used with the restricted meaning that the group gener- 
ated by any number of these generators has only the jidentity in common 
with the group generated by the remaining operators of the set. In what 


ʻe follows we shall use a set of independent generators in this restricted sense, 


* W. Burnside, Procceding of the London Mathematical’ Soc., Ser. 2, Vol. 11, p. 225. ` 
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and suppose such a set of independent generators of G ‘to be of orders 

p™, p™, p%, +++, pP™ (a1 > œ > ag > +++ > Ga > 0), and that the number 

of the independent generators of these orders is ^i, Ae, As, © * ‘s An respectively. 
Consider the subgroups ` 

(1) i H, Hz, Hy, H, SAEY Hn 


which are respectively generated by the independent generators of the same 
‘order. Each subgroup has only the identity. in common with any other 
subgroup, and the orders of these subgroups are pt, pra, pes, ee, phe 
respectively. If s is any operator of order p% in H; (6 S a, i S17), then 
“under the group of isomorphisms s is conjugate with the operators obtained 
by multiplying all the operators of order p° in H; by the group generated by 
all the operators whose orders do not exceed p° in {H1, He, Ha, --+, Hii}, 
together with the operators of Hg whose orders do not exceed p™*-at? 
(as — a: + ô > 0), where 8 takes successively the values 1+ 1, i+ 2, 
i+ 3, =, 2.* When ô= 1, ag — a; +630, and hence the operators 
of order p in {H1, He, Hs, ++, Ha} not in {Hi, He, Hs, ---, H+} form a 
complete set of conjugate operators under the I of G (t = 1, 2, 3, ++, n). 
In the special case when all the invariants are equal, then the operators of 
the same order form a complete set of conjugate operators under J. 

A subgroup of G, which corresponds to itself in every possible auto- 
morphism of the group, is called a characteristic subgroup of G. This 
term was first used by Frobenius in Berliner Sitzungsberichte, 1895, p. 183. 

All the possible characteristic subgroups (besides the identity) have a 
certain characteristic subgroup in common. ‘This is called the fundamental 
characteristic subgroup of G, and is the only one in which all the operators, 
besides the identity, are conjugate under J. All these operators must be 
of order p, and must be the same power of independent generators, and 
hence must be the subgroup composed of all the operators of order p gener- 
ated by the independent generators of highest order in a given set. 

It has been shown that if s is any operator of order p’ in H; (6 S au, 
t = n), then under J s is conjugate with the operators obtained by multiply- 
ing all the operators of order p’ in H; by the group generated by all the 
operators whose orders do not exceed p’ in {H1, Ho, Hs, ---, Hi1}, together 
with the operators of Hg whose orders do not exceed p%®-@™ (ag —.a; 
+ ô > 0); where £ takes successively the values ¿i + 1,7 + 2,---,n. These 
operators of order p’ are such that they generate a characteristic subgroup 
which is the smallest characteristic subgroup that contains all the operators 
of order p° in H;. If we multiply all the operators of order p” in H; into 
the group generated by all the gperators whose orders do not exceed př in,- 


* G. A. Miller, AMERICAN JOURNAL oF MATHEMATICS, Vol. 27, p. 18. 


° E GE the first footnote. ° 
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{Hi Ho, Hs, ---, Hi1}, together with the operators aise ee are less 


than p’ in {Han Hie, ++, Ha}, then these operators generate a second 
characteristic subgroup such that in general there exists in this second 
characteristic subgroup many characteristic subgroups each of which con- 
tains the first as a constituent. We may determine these clfaracteristic 
subgroups as follows. A necessary and sufficient condition that a subgroup 
of G which contains the operators of order p? in H; (8 Sai, i Sn), but con- 
tains no operator of higher order, be characteristic, is that it be generated by 
operators obtained by multiplying all the operators of order p° in H; into the 
group generated by all the operators whose orders do not exceed p? in { Hi, Ha, 
H b H}, together with the operators in Hg whose orders do not exceed 
Pp "8, where ası = = ag = = Ag — Ap + ah- (ak = ag) as B takes successively 
the values i + 1, i+ 2, ---, n (aj = 6). ' ' - 

This follows at once, for if an operator 8 of order p Pin H; be multiplied 
by any operator which is the p%s—1 8—1 power of an independent generator, 
then under I the operator formed by this product is conjugate with any of 
the operators formed by multiplying s into at least the p%g-1~ ~g power 
of all the PA RAT generators whose orders are less than pei(p=it+i, 
t+ 2, n). 

The mabe of characteristic subgroups in G is given in the AMERICAN 
JOURNAL OF Matuematics, Vol. 27, p. 23, and as we see does not depend 
on the number of independent generators of each order, but only on the 
different orders of the*independent generators, while the orders of these 
characteristic subgroups are dependent on the number of independent 
generators of each order, as well as the orders of the independent generators. 


3. SUCCESSIVE SUBGROUPS OF G INVARIANT UNDER I. 


We shall represent a series of subgroups of G, whose orders are 1, P, p°, p°, 
-, p™ respectively, such that each subgroup except the last is tucluded in 
the one which follows it, and each is invariant under a giyen SE subgroup, 
whose order is a power of p in the I of G, by 


(2) i Go, Gis Gz, G3, a) Gm (Gm = == &). 


Let S represent this Sylow subgroup, and suppose the order of S to be p“. 

Such a Sylow subgroup is sometimes called the group of p-isomorphisms 
of G.* ; 
Furthermore we shall suppose this series of abia to be selected bý 
the method commonly used, viz., G; is any one of the subgroups of order p 
eee by an independent generator of highest order, and Go G1, G2, 
-, Ga, contain all the operators of order D generated respectively by the 


i 
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1, 2,3, -+ +, M independent generators of highest order, and Gy,41 is generated 
by G,, and the subgroup of order p generated by an arbitrary independent 
generator of next largest order. Continue this arrangement so that all the 
operators af order p appear first, followed by all the operators of orders 
P, P, p‘, --+, p“ in the order named. 

Such a series of subgroups is called a principal series of subgroups corre- 
sponding to the Sylow subgroup S, and it is known that S has only one 
principal series of subgroups. ` 

It is evident that the successive otea subgroups in the principal 
series Go, Gi, G2, --+, Gm are the subgroups composed of the identity and 
all the operators of eee pin {Hi}, {Hi He}, ---, (Hi, He, Ha, +++, Hn} 
respectively, and in general all the operators whose orders do not exceed p? 

in {[H, Hh, Hz, ---, H;} multiplied by all the ae whose orders are 
less than pin {Hir Hiao e, Ha}. 

Thus the following subgroups of the principal series (2) are characteristic 
subgroups 


(3) Gus Gime Oiras 5 Oararetaw 5 
F Gortari takes 1° (ae E Ò > aia), 


and no other Subgroup of this principal series is characteristic. 

It should be noted that these subgroups are not all the characteristic 
subgroups of G, and that in general not all the gperators of one of the 
characteristic subgroups in (3), not in the preceding characteristic subgroup, 
are conjugate under the group of isomorphisms of G. 

We shall consider some of the conditions in order-that a series of sub- 
groups of G whose orders are 1, p, p°, ---, p” respectively, and each sub- 
group except the last is included in the one which follows it, shall have each 
subgroup invariant under the J of G. 

Since all the operators of the same order in H; (i = 1, 2, 3, ---, n) are 
conjugate under J, it follows that such a sertes can exist only anh there is 
but one independent generator of each order. We shall show this condition 
to be sufficient. The cyclic group of order p**“* generated by the inde- 
pendent generator of largest order has each subgroup invariant under J. 
Extend this subgroup by an operator of order p generated by the independent 
. generator of next largest order. Extend this latter subgroup by an operator 
which is the p*>? power of the independent generator of largest ‘order, and 
continue by an operator which is the p*** power of the independent generator 
of next largest order. If a, — a3 > 1 we continue with an operator which 
is the p** power of the independent generator of largest order. Continue 
this process until all the operatoys whose orders divide p*™** of Hy haves!’ 
been used. Then continue wigh an operator of order p in H; and repeat 
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as above. It is evident that this process may be continued until we have 
all the operators of G, and that each successive subgroup satisfies the 
necessary and suffieient condition stated above that a subgroup be 
characteristic. ‘ 
Furthermore in any such series each subgroup of the series must satisfy 
the necessary and sufficient condition, stated above, that a subgroup of G 
be characteristic. That the series may be chosen in many different ways 
is shown by the following example. Let G be of type (m — 1, 1), then the 
series of subgroups of orders 1, p, p°, ++, p” respectively, such that each is 
invariant under the I of G, may be selected in m — 2| ways, for we may, 
extend the cyclic a ia of order pë by the independent generator of 
order p for 6 = 1, 2, 3, +--+, m— 2. 
If G contains but one independent generator of largest order, then G 
may contain characteristic subgroups of every order less than p”, even 
though some of the independent generators are of the same order. But 
these characteristic subgroups are such that they do not form a series of 
z subgroups each of which is included in the one which follows. That there 
be but one independent generator of largest order Tollows from the fact that 
the fundamental characteristic subgroup must be of order p, since all the 
operators of the fundamental characteristic subgroup, besideg the identity, 
are conjugate under I. l 

A simple illustration gai be the group of type (m — 2, 1, 1) (m = 4). 

If the characteristic cyclic subgroup of order p° be extended by one of the 
independent generators of order p, the resultant groupjwill not be charac- 
teristic. That is, the characteristic cyclic subgroup of order pë when ex- 
tended by one of the independent generators of order p must be extended by 

both of the independent generators of order p, if the resultant group is to 

be characteristic. Since for a cyclic characteristic subgroup 6 may assume 

the following values 1, 2, 3, ---, m — 3, we have characteristic subgroups 

of the following orders p, p°, p°, ---, p™*. If at least the characteristic 
subgroup of order p? and of type (1, 1, 1) be extended by operators of order 
p, p’, «++, p™* successively, then we have characteristic subgroups of orders 

P, p‘, p5, +++, p”. Thus we see that this group does contain characteristic 
subgroups of each order but these characteristic subgroups are such that 

they do not form a series of subgroups each of which islincluded-in the one 
° which follows. 

oe A series of subgroups Go, G1, Ga, ++, Gm such that each subgroup except 
the last is included in the one which follows and each is invariant under a 

s * given Sylow subgroup S of the I of G may however be selected in many 
“different ways other than being selected as the principal series. Since for. 

a given Sylow subgroup S in the J of G tha exists a series of subgroups, 
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such that each operator of G is transformed under S into itself multiplied 
by an operator in the subgroup that precedes it, then the independent 
generators of like orders are not conjugate under S but each is transformed 
into itself multiplied by at least those independent generators that precede. 
Thus all the independent generators of G have a definite order of arrange- 
ment for a given S and this order, as well as the order of arrangement of 
the respective powers of the independent generators, must be preserved in 
the formation of a series. 

In order that any subgroup of G which includes the operators si, 3, 3%, 
w+, 62 (a = Mi) of order p° (6 S a) in H;, which are generated by æ distinct 
independent generators of order p™, be invariant under S, it is necessary 
that this subgroup at least contains all the operators whose orders do not 
exceed p’ in {Hi, Ho, Ha, ++ +, Hi} as well as all the operators generated by 
34, 82, 8%, +++, 84, and all the remaining operators of H; whose orders’are less 
than př, and all the operators in Hg whose orders do not exceed ps, where 
ag-1 = ah Z ag — ag-1 + ap- (ag = ag) as B takes successively the values 
t+ 1i+2,i+ 8, +--+, (a; = ô), (6 > ag). ? 

If there is but one independent generator of each order, then any series 
of subgroups such that each subgroup except the last is included in the one 
which follows*and each is invariant under J, is also invariant under S and 
conversely. In any group the fundamental characteristic subgroup is 
uniquely determined for a given Sylow- subgroup in the I of G. If œ 
— aœ > 1, the fundamental characteristic subgroup may be extended by 
an operator of order p? generated by the first independent generator of 
largest order or by an operator of order p generated by the first independent 
generator of next largest order. 

The number of different ways of selecting a series of subgroups such that 
each subgroup except the last is included in the one which follows and each 
is invariant under a Sylow subgroup S of the I of G, may be best illustrated 
by the following examples. If G is of type (m — 2, 1, 1), then the number of 
different series is [(m — 2)(m — 3)]/2!. This follows at once for if we 
consider the cyclic group of order p™* to have each successive subgroup of 
orders p, pP’, p°, ---, p™ * generated by s1, 32, 83, «++, Sm- respectively and 
the two independent generators of order p to be Sm- and 3m, then each 
successive subgroup of the series may be generated respectively by tHese 
m generators. We see that s; is in the fundamental characteristic subgroup ° 
and hence must generate G1, 8sm- must be an operator in Gm not in Gn—1, 
and the remaining m — 2 operators may have all possible arrangement such 
that 32, 83, ***, 3m—s, aNd 3m—i, Sm appear in the order named. Thus in this e « 
case-the number of different ways of selecting a series of subgroups each’ 
of which is invariant under Q& is the number of permutations of m — 2 
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things taken two at a time in a fixed order, and hence this number is 
[(m — 2)(m — 3)]/21. In these [(m — 2)(m — 3)]/2lidifferent series it is 
to be noted that the series generated by 81, 3m—1, 8m) 82, |83) ***, Sm—2 Tespec- 
tively is the principal series corresponding to S. In the simple case when 
G is of type (1, 1, 1, +++) the series is uniquely determined for each Sylow 
subgroup S in the TI of G. 


4. OPERATORS oF G WHICH ARE CONJUGATE!) UNDER I. ` 


Let us now consider the characteristic subgroup generated by all the 
operators of order p’in G. If not all the operators of orfler p are conjugate 
under J, then we shall consider some of the conditions in order that a subset 
of the operators of order p? will generate a second characteristic subgroup, 
such that al] the operators in the first subgroup which are not in the second 
subgroup are conjugate under J. We shall also consider the condition in 
order that a subset of operators of this second characteristic subgroup will 
generate a third characteristic subgroup, such that all the operators in the 
second subgroup which are not in the third are conjugate under I. 

From the condition given above for a subgroup of Gito be characteristic 
it follows that a necessary and sufficient condition that this first conjugate set 
of operators of order p’ under I be composed of the operators formed by multiply- 
ing all the operators of order pè in H; into the group generated by all the operators 
whose orders do not exoged p° in {H,, He, Hs, «++, Hid}, together with the 
operators of {Hi Hito, +++, Hn}, is that pè be the order of the independent 
generators in H; (i < n), and a necessary and sufficient condition that this 
second conjugate set of operators of order pè under I includes all the operators 
of order p* in Hin, is that the independent generators of Hi—ı be exactly p 
times as large as the independent generators of H;. ; 

The first follows from the fact that by hypothesis all the operators of 
Hg (8 = i+ 1,1 + 2,- -,n) are to be included in the operators of Hg whose 
‘orders do not exceed pst, hence 





ag — a; + ô = ap, and 5 = ay. 


l | 
The second follows from the fact that all the operators of H; whose 
orders do not exceed p~** must include the operators of order p™— hence 


Qi — am H ô = ô — 1, and Qi — ay =| 1 (ô = ai). 
From what precedes if 8 = æ; then all the operators of order p“ in G, 
` which are formed by multiplying all the operators of order p* in H; into 
the group generated by all the operators whose orders do not exceed p™ in 
‘of Hı, He, Hs, + +, Hii}, together with the operators of {Hiu Hia ---,-Ha} 
(i = 1, 2, 3, ---, 2), are conjugate under J., ` 
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We see from this that any operator in Gm-u+1 not in Gy», corresponds 
to p” — p”™ operators under the group of isomorphisms of G, and for each 
of thése correspondences any operator in Ga—,+2 not in Gn—,41 can COTTE- 
spond to pt — p™ rt! operators under I, etc. If Gn, is the subgroup of G 
in the principal series Go, G1, Go, ---, Gx which contains all the operators 
of G whose orders do not exceed p% then any operator in @n,—,+1 not in 
Gnr ‘corresponds to p™: — p™r™r operators under I, independent of any 
previous correspondence. 

Since Gm, contains all the operators of GŒ whose orders do not exceed 
qp“: it is evident that in this principal series Gm, precedes Gm by (a1 — o2)A, 
viz, 


Mm = m — les — a)hr = (Ar + M)a + Ma s+ F Anan. 
In general Gm, contains all the operators of G whose orders do not exceed 
p“ (i = 1,2,3, +, K (mı = m), and in the principal series a Gm, precedes 
Gray, BY (Arb Ag ov + Na) (ia — ai), viz., ; 
Mi = M1 — Out Neb Ast ess + Aa) (aia — = ° 
= Mi + A + As +: -+ Da + AOL +. -+ An@n- 
With this notation the order of the group of isomorphisms of G is the 
total product ‘of 
(Bp) = gee) Sen OM — pi) =l, 2B a ye 
It has been stated that the automorphisms in which the operators of G 
correspond to themselves multiplied by operators in the subgroup that 
precedes are p-isomorphisms. Hence we see that p"™=™ of the p™ — p™™ 
automorphisms are p-isomorphisms, and p™ tt! of the p™ — p™r rH 
automorphisms are p-isomorphisms, etc., such that these p-isomorphisms 
leave gach subgroup of the principal series (2) invariant, and thus they 


generate the Sylow subgroup S of order p™ of the group of isomorphisms 
of G. The value of M is 


M = (m, — 1) + (mi — 2) + -e + (mi — M) + (m — 1) 
. F ee H (Mma Ngee 
It is to be noted however that of the p™ — pm automorphisms the 
p™: p-isomorphisms so chosen do not necessarily include all the p-iso- 


morphisms in this set but only those which are included in a given Sylow P 
subgroup 8. 


(4) 


(6) 


5. Mason Co-sets DEFINED AND THEIR APPLICATION. 


In the following discussion we shall frequently have occasion to refer + « 
to the operators of a subgroupeof the principal series Go, Gi, Go, ---, Gne 
which are not in the preceding gubgroup. 

* G. A. Miller, AMERICAN JOURNAL or Maruematics, Vol. 36, p. 49. 
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The notation G, — G.—i is frequently used in referring to the operators 
- of Ga which are not contained in Ge- (e = 1, 2, ---, m). In this article - 
` we shall use the term major co-set when referring to these operators and shall” 
represent it by G.-18., Where sa is any operator of Ga — Ge- However in . 
some cases it will be more convenient to represent this major co-set by Ca. 
If s be any operator of order g:n and G be any group which contains the 
cyclic subgroup of order g generated by s, then with G the operators of the 
quotient group of the cyclic group of order g-n with respect to the cyclic 
subgroup of order g will generate n — 1 co-sets, such that only y(n) of these 
co-sets will contain operators of order g-n where y(n) is the number of, 
natural numbers which do not exceed n and are prime tom. Thus in general 
we may define a major co-set Gs, G being any group containing the cyclic sub-. 
group of order g generated by s, and s is any operator of order g-n, as the totality 
of operators formed by multiplying all the operators of @ successively by an 
operator in each of the y(n) distinct co-sets which contains operators of order 
g:n generated by s$. 
° Since every Sylow subgroup of order p¥ in the I of| G gives rise to one 
and only one principal series of subgroups, it follows that the total number 
. of such Sylow subgroups in J is the total number of principal series ‘that 
may be selected from G. i 7 
If we suppose the subgroup Gn,—, of order p”™™ to contain all the 
operators of G whose orders are less than p™, then the’ quotient group of G 
with respect to Gm, is of order p~“ and of type (1, 1, 1, ---), and the 
major co-set Gn,r,8m,-,41 May be selected from the operators of G — Gm, 
in as many distinct ways as a subgroup of order p may be selected from this. 
quotient group, or in (p*! — 1)/(p — 1) distinct ways.| We next form the 
quotient group of G with respect to Gma and it is of order ps and of 
type (1, 1, 1, ---), and the major co-set Gna,413m,r,42 May pe selected 
from the remaining p™ -—- p™—*r*! operators in as many distinct ways as a 
subgroup of order p may be selected from this second quotient group, or in 
. (pM — 1)/(p — 1) distinct ways. If we continue this process for’ each 
successive major co-set we see that the subgroups of orders pe, ps2, 
+, pT, p” may be selected respectively in 











s Peo ie iio a ea 
é p—1 p=-1? ’p=l’ 
3 distinct ways each of which is in a distinct principal series. . 
Since Gn, — Gm», includes all the independent generators of G of order | 


a a p“we see that any automorphism of the operators of Grn, — Omna @ = I, 2, 
"8, +++, n) will completely determine the automorphism of G, thus we need 
only to consider the distinct ways of selgcting the subgroups Giri, 
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Gm-r+2, ***, Gm, in order to determine the total number of principal 
-series in G. 
The quotient group of Gm, with respect to Gm- is of order p™ and of 
type (1, 1, 1, ---), and hence the major co-set Gmm y1 may be selected 
from the panne of Gm, — Gm», in as many distinct ways as a subgroup 
of order p may be selected from this quotient group, or in (p* — 1)/(p — 1) 
distinct ways. We may continue as above and thus determine the total 
number of distinct principal series in G. These results may be stated in the 
‘following theorem: 

. Tseorem I. If an abelian group G of order p™ is generated by M inde- 
pendent generators of order p%}, in the restricted sense, M of order p%4, «++, Xn 
of order p*r (a1 > a> +++ > dn > 0), then the total number of Sylow sub- 
groups of order p™ in the group of isomorphisms of G is the total product of 














Oe ed, Pe 

p—1 p-l p-—l 

pri— ] prt — 1 pei — 1 

p-b pri  p-i- 
e p= lpm] p-1 

Pod pod pod 


From theorem I and formule (5) and (6) we haye the following: 

TueoreM II. If an abelian group G of order p™ is generated by M inde- 
pendent generators of order p%!, in the restricted sense, M of order p™, --+, An 
of order p*» (a1 > a2 > ++: > an > 0), then the order of the group of iso- 
morphisms I of G is (p — 1) EPren multiplied by the product of the 
order of a Sylow subgroup, whose order is a power of p in I, by the total number 

of such “Sylow subgroups in I. 

From theorems I and II we have that a necessary and sufficient condition 
that the group of isomorphisms of an abelian group G of order p™ shall have for 
its order a power of a prime number, is that p = 2 and that there be but one 
independent generator of eek order in a set of independent generators of G. 


6. OPERATORS OF G INVARIANT UNDER A SyLow SUBGROUP oF I. 

If any two operators tı and tz of the group of isomorphisms of an abelian 
group G transform a given operator of G into itself multiplied by s, and se 
respectively, then the necessary and sufficient condition that tı and t be 
commutative is that the commutator of i and s equals the commutator 
of i and 3,.* 


If we suppose the successive*subgroups of the principal series (2) to be* 


* G. A. Miller, AMBRICAN JouRNAL or Marnmmatics, Vol. 36, p. 47. 
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generated by 1, 81, 32, 83, **', 8m respectively, then we Inay suppose the set 
of independent generators of G in this discussion to be | 


(7) Smeh Smyt o's Smo Smarts “1's Smp 


Furthermore, in the remaining discussion, by s, we shall mean an operator 
of the set of independent generators given in (7). Hence s, is transformed, 
under a Sylow subgroup S of J, into itself multiplied by every operator of 
the subgroup which precedes s,. If this subgroup contains an ‘operator 
8. of the same order as Sa, then there is no power of Sa! unless it reduces to ` 
the identity, such that all the operators of S shall be commutative with this 
power. For if tı is an operator of S such that 
tr Sati = Sabas 
then 
ty lstd, = 368%. 
Since in a principal series of subgroups corresponding to S an operator 
8a is preceded by the operators of the same order as Se, which are generated 
by the independent generators of orders greater than that of se, providing 
8a is not an independent generator of largest order, it follows that the-only 
condition that not one of the commutators of sa under § can be of the same 
order as Sa is that 8. be the first independent generator of largest order in 
the principal series corresponding to S. l 
That S cannot be commutative with the operators generated by 3a which 
are of order greater than p, follows from the fact that, under S, 3, may have 
for its commutator an operator whose order is one pth the order of su. 
Thus in any abelian group G of order p™, the subgroup Gi in the principal 
series of subgroups Go, Gi, Go, ---, Gm corresponding to S contains all the 
operators of G which are invariant under the Sylow subgroup S. j 


7. INVARIANT OPERATORS IN A SyLtow SUBGROUP OF T. 


It is known that the invariant operators of I are those which transform 
every operator of G into the same power of itself. Of this number only 
those which transform every operator of G into itself multiplied by some 
power of p of itself are p-isomorphisms, and these p-isomorphisms are 
common to every Sylow subgroup,. whose order is a power of p, in I. It 
will be assumed that this condition is sufficient and it will be shown that 
this necessarily includes all the operators in any Sylow subgroup S which 
are invariant under S, when not all the invariants of Glare equal to p. In 
case G is of type (1, 1, 1, +-+), then a necessary and sufficient condition that 
‘ean operator ¢; in a Sylow subgroup S of arder p” in I be invariant under S 

is that it be commutative with every operato of G1, and the commutators 
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of ¢; and the operators of the major co-set Cm—18m must be the operators of 
l order pin G,. For if 


x tint: = 318m, iF Sml = 898m, 
where t is any operator in the Sylow subgroup containing hh, then we have 
(tite) Smti = 31885m, (Lats) Smti = 81888m. 


It is evident that the condition is sufficient. This is equivalent to 
transforming every operator of G into itself multiplied by the p”! power of 
itself in case Gis not of type (1, 1, 1, ---). The following proof for the 


necessary condition is valid for any prime power abelian group. Suppose ` 


that | 
: tr Sati = 8Sa (84 Æ Si, Sa £ 97, a < mM), 
iz Sala = Sa, tg Sala = 899, (Sp Æ 1), 
then , 

(tits) Satiis = 98280; (tst1) stati = Sasa 


Next consider the case s4 = sı. In this case ¢, either transforms all 
of the operators of the setsof independent generators of G given by (7) into 
themselves multiplied by operators of order p in G; or is commutative with 
some of these generators. The possibility of tı transforming some of these 
operators into themselves multiplied by some pth power of itself is com- 
pletely discussed in the next case. Let 


—1 yal ° 
ty Sali = 818a ty Sals = Sabas 
then 
(txts) Satila = 818082, (tats) Setati = 81880. 


If t; is commutative with some of the operators of G, say Sa, but is not 
commutative with s., then 


À (hits) Satia = Sosas (tats) *scduta = $18.80 

The next case is that s be some pth power of 8, or 8, = 82”. If we assume 
that tı does not transform every operator of G into itself multiplied by some 
pth power of itself, and suppose s, to be this operator, then we have 


(txt) "Salita = 8P3P SS (tat) BSatsti = tT 818a 8a 
and thus establishing the necessary condition. . 
It follows from the known formula 
(8) Esai" = Sansan e Eag OTTEIN La. ah 18a 


where t lagi = se—186 (B = a, a — 1, œ — 2, +, œ — n + 1), that if temti 


= Sm, then 4 would transform sm» into itself multiplied byan . 
‘operator in the major co-set contaħhing sf, and hence ° = 1. In‘ case G 
. 2 


e 
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is of type (1,1, 1, ---), | 
ty enti = 818m, and ty? Smt? = Fsm 


and hence t is of order p. s 

From what precedes we see that the invariant operators of ¢ Sylow sub- 
group S of order p™ in the I of G generate a cyclic subgroup of order p* for 
a1 > 1, and generate a subgroup of order p for a, = 1.| The first being com- 
posed of the operators which transform every operator of G inio itself multiplied 
by some pth power of itself, and the second is composed of the operators which 
are commutative with Gy and transform the operators of the major co-set 
Gm—18m into themselves multiplied by operators of order p in G;, and hence a 
Sylow subgroup whose order ts a power of p in the nes of isomorphisms of 
any abelian group G of order p™ contains but one invariant subgroup of order p. 


8. SUBGROUPS Common TO THE SYLOW SUBGROUPS or I. 


Since in the principal series of subgroups corresponding to any Sylow 
subgroup, whose order is a power of p in the group of isomorphisms of G, 
the subgroup Gm», of order p™™ will always precede lall the operators of 
` Gm, — Gry It is evident that the automorphisms of G which make the 

operators-of Gn, — Gna, correspond to themselves multiplied by operators 
in Gm are common to every such Sylow subgroup in J, and that no other 
automorphisms of these operators are common to every such Sylow sub- 
group (i = 1, 2,3, ---e n). We see this from the fact|that Gm, is a charac- 
teristic subgroup, and hence any p-isomorphism which makes an operator 
8, of the major co-set G,_18, corresponds to itself multiplied by an operator 
sg in the major co-set Gesa (mi — Mi < f < o S m,)| is not in the Sylow 
subgroup to which the principal series generated by 1) 81, 82, 83) ° °°; Emo 

**) Sey 8a, ***, Sm COrresponds. 

Thus we TR the order of the subgroup common to every Sylow e 
whose order is a power of p in the group of isomorphisms of G, to be p™', 


= J (m; — N) 
1 
From (6) we see that the index of this subgroup with respect to S is p% , 


. M- w=} N- 1d. 


9. INVARIANT SUBGROUPS IN A SYLOW E d or TI. 


Consider the complete set of conjugates of an operator tı of S under the 


ie , operators of S. Let tbe any other operator of S, and suppose 


tiled = 818, tet = sos T Sga = spe, 





BENDER: Sylow Subgroups. 237 


then 
(ht) edt l = Hy lett | = tspsegsat | = tegen sq. 


* If ¢ be allowed to vary through all the operators of ©, we see that sẹ 
varies thropgh all the operators of G.-1 and sg varies through all the com- ` 
mutators of G,_1 and i From the expression tsgsf! it follows that the 
complete set of conjugates of tı under S transforms sa into itself multiplied — 
by évery operator of the major co-set containing s4 whenever s4 is not in 
the commutator subgroup of t; and G.1, and in all other cases by every 
operator in the commutator subgroup of ¢; and G.-1. 

~ Hence a necessary condition that a subgroup in a Sylow subgroup S in I be 
invariant is that the commutators of the operators of G under the operators of 
this subgroup generate a group which is one of the subgroups of the principal 

, series corresponding to S. This is necessary for otherwise this subgroup 
would not contain all of its conjugates under S. However this condition 
is not sufficient as may be illustrated by the following example. 

Suppose @ to be of order p* and of type (1, 1, 1, 1), and suppose the 
principal series Go, Gi, Gz, Ga, Gs, corresponding to S, to be generated by 
1, 81, 32, $3, 84, respectively, then the two automorphisms f; and t: of G, which. 
are éstablished by making 

è 


trlgit = Sy Hst = 82, HI TSali = 8283, Esati = 84, 
ty site = 81, ta Sota = 80,  tg'8slo = 8083, | ty Bate = 8184, 


ý e 
together with the invariant subgroup of order p, will generate an abelian 
subgroup of order pë. Yet this subgroup is not invariant under S even 
though the commutator subgroup of G under this subgroup is Ge. This 
subgroup is abelian because tı and t are commutative with G. That this 
subgroup is not invariant under 8 is at once evident if we transform it by 
an operator ¢ of S, which is commutative with 81, 83, and s34 and tf + = 8182, 
hence l 
(Ht) ssthi = igos t = 818283 


which is not an operator of this subgroup. 

` It should be noted however that the subgroup of S, composed of all the 
operators of S which transform the operators of G into themselves multiplied 
by the operators of any one of the principal series of subgroups corresponding `, 
to S, is invariant under S, but not all the operators of this subgroup are ẹ 
conjugate. 

If a Sylow subgroup S of I be generated by operators that are commutative * 
with every independent generator of G given by (7) save s;, and transform s; into 
itself multiplied by s: where j takes successively the values m, m — 1, ++-,t+ 1." 
for each s; and i takes successively the values 1, 2,3, ---,m — 1, then each sub- 


_ then 
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f Pa 
group of order p, P”, p*, P‘, ---, p™ respectively is an invariant subgroup of S. 


‘asomorplisms of G, contains at least p + ] énoariant subgroups of each order 


Tf 8:41 ts not an paints Py of G,'then s; varies through only the inde- 
pendent generators given by (T) which are not in Gipi. 

It is evident that any one of these subgroups is composed of all the 
operators of S which transform the independent generators my Saris tty Sj 
into themselves multiplied by the operators of G, which transform the 
independent generators 8;1, ---, 8; into themselves! multiplied by the 
operators of G1, and which transform each of the remaining independent 
generators of G into itself multiplied by any operator that precedes it. If 
tı is one of these operators and t any other operator of 8 such that 


o 


trisati = 8289, tet = 8825 ty lsgti = 8888 


(tit) sdt = tsas pi Sa 


Since sg is in Gu—ı we see that all the conjugates of tı under § transform 8a 
into itself multiplied by operators of the co-set containing si, and hence is 
in this subgroup. 

If the Sylow subgroup.S of I be generated by operators which are commutative 
with every independent generator of G save sy, and transform s; into itself multi- 
plied by 8; where i takes successively the values 1, 2, 3, +++, j — 1 for each s;, 
~ takes successively the values my, m, — 1, «++, m 16 Arte 1, me, =, 

— An + 1, then each subgroup of order p, p°, pè, -- +, p respectively is an 
Eanes subgroup of S. 

From the manner in which this Sylow. subgroup is gerlerated we see that 
there exists a subgroup containing t which transforms any independent 
generator s, into itself multiplied by all the operators of the commutator 
subgroup of tı and Ga independent of any automorphism of the remaining 





independent generators, and hence all the conjugates of| tı under S are in 


this subgroup and thus it is an invariant subgroup. : 

The subgroup of order p in the two cases is common. The invariant 
subgroups of S of orders p°, p’, ---, p™ respectively are Distinct in the two 
cases, because in the first case the operators in any one of these invariant 
subgroups are not commutative with the independent generator sm: of G, 
and in the second case all the operators of any one of Thee invariant sub- 
groups are commutative with every independent gue of G except 8m. 
In the remaining invariant subgroups of orders p™, p”*1,|---, pT respec- 
tively the operators in the first case do not give rise to commutators in the 
co-set containing’ Sm- while the operators in the second case for each of 
these invariant subgroups give rise to commutators in the)co-set containing 
Sm- Hence a Sylow subgroup, whose order is a power ofp in the group of 


greater than p. ‘ 





4 


Furthermore a subgroup of S composed of all the operators of S which 
transform each operator of the principal series corresponding to S into itself 
‘multiplied by an operator in at least the Bth major co-set which precedes the 
major co-set containing this operator, being commutative with the operators of 
Ga, is invarianti under S. For if ¢ be any operator in this subgroup and tı 
any other operator of S such that i 
trsat: = 8a et ae Pe Tsui = 8p n 
then 
(attr!) SHT = t18.—p8a—pli Sas 
and hence all the conjugates of t under S transform sa into itself multiplied 
by operators in at least the 8th major co-set which precedes the major co-set 
containing s,. Thus it follows that all the conjugates under S of any 
» operator of the subgroup composed of all the operators of S which transform 
every operator of G into itself multiplied by an operator in at least the Sth 
> Major co-set which precedes are in this subgroup, and hence this subgroup 
is invariant under S. 
Let tı and t be any two operators of S such that 


i , 2 — # Kin g gy E S E AR 
ty ati = Iaa U Sato = Sba  UBalI = Saa Sala = Saias 


then 6 
(tatata J scdataty ta! = tatises8aseSoti ta! = tatiSatT Sala Sa « 

It follows from this equation that the commutater of any two operators 
of S transforms any operator of G into itself multiplied by an operator in at 
least the second major co-set which precedes it. Thus we have that the 
commutator subgroup of S is included in the invariant subgroup composed 
of all the operators which transform the operators of G into themselves 
multipljed by operators in at least the second major co-set which precedes 
them. The order of this invariant subgroup is p, 


M — m = (m, — 2) + (mı — 3) + ve (my — M> 1) + (m — 2) 

. He (Ma — Mm 1), 
which by the aid of (6) reduces to 
(9) M — m = M— Ait Ht Ht +++ +A), 


where mı — ^ — 1 = 0 in case G is of type (L, 1, 1, ---) and m’ = m — 1. 

If t; and t, be allowed to vary through the operators of S, we see that’s’, 
and sa will vary through all the operators of G,-1, and hence s41 and s%_4 
will vary through all the possible commutators of G,-1 under S. If the 
major co-set G28: includes an independent generator, then the com- 
mutators of G1 under S will include all the operators of G.—2 and 3—1 and 


sa- will vary through p*? different operators. In case the major co-set * 


(128-1 does not include an independent generator of G, then neither s41 
` nor s2 can vary through p*® operators. 
16 f 
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Suppose Sa to be the first independent generator of jorder p*, then the 
‘major co-set G,-28¢-1 Will not contain an independent generator for a; ¥ a. 
An operator in this major co-set is conjugate under S with only the operators +. 
obtained by multiplying this operator by the group generated by all the 
operators whose orders do not exceed p in Hy, Ha, Hs, |- ++, Hi-2, together 
with all the operators whose orders do not exceed p in Hiu except those ‘ 
operators of H;—ı which are in the major co-set G.28.—1, and together with 
all the operators of Ma whose orders do not exceed pet for 8 = 4, © 
t+1,7-+ 2, +, n. We see that the independent generators of ordérs 
less than p“ cannot be commutators under S for the operators i in the major, 
co-set Ge- (Qi £ a1). Furthermore the pth power)of the independent: - 
generators of order p™ cannot be commutators under Sfor the operators in 
the major co-set Ga—28e-1 if aya— a; > 1. If 9 or es an independent | 
generator of order less than p™, then s41 or s%-1 can Vary through every 
operator in the subgroup preceding sj or sg. In this case the pth power of 
the independent generators of order r cannot be commutators under S 
unless a; — a1 = 1. 
The order of the commutator subgroup of S$ isp”, where 
N = (m — 2) + (m, — 3) + +++ + (m — M) 
+ (ay — D1 — 2) + (ama — 2) + + oS} 
# (it, — 2 — 38) + ae — 2), 
where e 
i Qi — Q> 1 for i= 1,2,3, n EE l 
If a; — æu = 1 for k different values of i, then k must be mee to this 
value of N, whence from (6) N may be expressed as follows: 


` The pth power of any operator tı of S is in the alee 

"This follows directly from (8), ‘for if 
i: lsti T ssa 

then l 

l ty Psd} = 88/280, 
and the commutator ss% is evidently in the commutator subgroup, the 
Coat or s being the product of all the multiplying operators which precedes 
es,. Thus the en group of S with respect to the oe aes subgroup 
is of type (1, 1, 1, -+:). 


10. Toran NUMBER OF p-IS0MORPHISMS IN THE GROUPIOF IsoMORPHISMS. 


ʻe Let us first consider the total number pf p-isomorphisms in the group 
of isomorphisms of the abelian group G of ‘order p” and of type (1, I, 1, ---). 


H 
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We shall first consider the p-isomorphisms in J which are commutative 
with every operator of a given subgroup Gn: of order p*'. Under these 
* automorphisms of G an operator in the major co-set Gin14m may be made to 
correspond, to itself multiplied by any operator in G1, except the identity. 
This number is evidently 
pm —_ 1, 


and the total number of p-isomorphisms which are commutative with p™ 
operators is the product of the number of p-isomorphisms commutative 
with a given subgroup of order p™~! and the total number of subgroups of 
"order p” in G. Thus the total number of p-isomorphisms in I which are 
eommutative with p” operators is given by the following expression: 


(11) om- pay. 


We now consider the p-isomorphisms commutative with a given sub- 


group Gm—z of order p™~*, generated by the independent generators $1, $2, 83, 
P? 


-, &m—2, and commutative with no other operators. 

These p-isomorphisms may be divided into two classes. In the first 
class we shal] place all the p-isomorphisms under which the operators of 
the major co-set Gy-2%m—1 ‘give rise to commutators with which the p- 
isomorphisms are commutative. In the second class we shall place all the 
p-isomorphisms under which the operators of the major co-set Gn—s8m—1 give 
rise to commutators with which the p-isomorphisms are not commutative. 

` The quotient group H: of G with respect to Gm— is of order p°, and we 
may suppose it to be generated by &m_1, and Sm and G to be the direct product 
of Gm- and Hs. We see that an automorphism of any operator in a major 
co-setewith respect to the subgroup composed of all the commutative 
operators,* completely establishes the automorphism of every operator of 
this major co-set, and hence any automorphism of the operators of H, will 
completely determine the automorphism of the group G. 

For the p-isomorphisms.in the first class an operator of the major co-set 
Gm—25m—1 can be made to correspond to itself multiplied by any operator of 


- Gms, except the identity, or can be made to correspond to (p™* — 1) 


operators, and for each of- these automorphisms an operator in the mgjor 


co-set Gm—15m can be made to correspond to itself multiplied by any operator, 
` of Gm1, except the operators of the subgroup of order p generated by the 

commutators under these p-isomorphisms of the operators of the major e 
. co-set Gm—28m—1, Viz., it can have p™ — p distinct automorphisms. Thus 


the’ total number of peonerieees in this first class is 
e 


Pan l 1) (pn =p). 


- 242 - BENDER: Sylow Subgroups. 


If the commutators of the operators of the major co-set Gn—2%m—1 are not 
commutative with these p-isomorphisms, then they must be operators of 
the major co-set Gj,-153m, and for each automorphism of an operator in the 
major co-set Gn—23m—1, Which gives rise to one of the p+ — p™~? commu- 


tators in the major co-set Gmom, an operator in the major co-set Grom 


can be made to correspond to itself multiplied by any one of the p — Í 
operators of Gn». Since in the quotient group H: we have p + 1 subgroups 
of order p, and p of these subgroups do not contain the operator 3m—1, we 
see that there are p distinct major co-sets with respect to Gm- exclusive of 
‘Gn—28m—1. Hence the major co-set Gn—28m may be selected from the operators 


of the major co-set Gm_i8m in p distinct ways, and the total number of p- 


isomorphisms in this second class is 


(p? ENG Oe) ps | 


The total maier of p-isomorphisms commutative with a given subgroup 
Gm- of order p™ and commutative with no other operators of G is 


= Y(pr p) + 4 — 1" — P)p= (Et — Nie ~ p). 


Hence the total number of p-isomorphisms which are commutative with 
exactly p™* operators is ° 


mim — py ODO =D, 
(12) (p fics p) -DGD 
(ee 1)" — 1) 
P-DE) 
in G, remembering that the number of subgroups of index p* is the same as 
the number of subgroups of order p*. 
The number of, p-isomorphisms in a given Sylow subgroup, whoseorder 
is a power of p in the group of isomorphisms of an abelian group of order p” 
and of type (1, 1, 1, ---), commutative with a given| subgroup of order 
p° (B < m) and commutative with no other operators of G is given by the 
following expression: 


(13) CS DO pt = pr pe: 


since 


This is evident from the fact that any operator in the major co-set G.t8a 
(8 < a =m) may have for its commutator any operator in G1 which is — 


‘not in the subgroup of order p** generated by the commutators, under 
e these p-isomorphisms, of the operators in Gz. — Gg. What is, for any p- 
* isomorphisms of the operators in G,_1 — Gg, an operator lin the major co-set 


‘pt — p**" operators in Ge- which hayenot been used as commutators 


(a=8+1,8+ 2, ---,m). e 





is the number of distinct subgroups of order p? . 


o e Gaisa can be made to correspond to itself multiplied by any one of the ` 


. 
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We shall now consider the p-isomorphisms commutative with a given ` » 
subgroup Gms, generated by the independent generators 81, 82, 83, +++, Sma, 
and commutative with no other operators of G. These p-isomorphisms 
may be divided into three classes. In the first class we shall place all the 
p-isomorphisms under which the operators of the major co-set Gn—sm—2 
give rise to commutators with which the p-isomorphisms are commutative. 
This number can be shown to be 


ODE er — | 
Hm= Ige po — p™)p. 
In the second class we shall place all the pisomorphisms under which ° 


.the operators of the major co-set Gm—sSm_2 give rise to commutators which 


themselves give rise to commutators with which the p-isomorphisms are 


commutative, and this number is 


Gi) Om = Nr? — png — p FP. 


In the third class we shall place all the p-isomorphisms under’ which . 
the operators of the major co-set Gm-38m-2 give rise to commutators which 
themselves give rise to commutators with which the p-isomorphisms are 
not commut&tive, this number is 


Sas = oa 3? — g) (P — 1) 

iii B a 1 m—-2 yn—3 ml pm? (p? p)(p 1 . 

ü) g= — 1) L \(p Pp o ao G 1. w1 
It is evident that every p-isomorphism which is commutative with Gm—3 

and commutative with no other operator of G falls in one of these three 


` classes. Hence the total number of p-isomorphisms in the group of iso- 


morphisms of G which are commutative with a given subgroup Gn_s is the 
sum of (i), (ii), and (ij), which when reduced gives 


P= — D =p) Dn = p’). 
Since the total number of subgroups of order p”* in G is ` 


g- D@™ — De = 1), 
@- DE-DE i) 


we have that the total number of p-isomorphisms in the group of isomor- 





_ phisms of @ which are commutative with exactly p”~? operators is giveh by 


the following: 
pi Dom- Wp) te 
P- D- H -— 1) 
We have the total number, of p-isomorphisms in I commutative witþ 
exactly p™ operators, exactly p™* operators, and exactly p™* operators. 





a4) W — Der — pw — pS 
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The preceding method for determining the total number of p-isomorphisms 
in I becomes very complicated if we continue, as above, step by step. We 
shall show by mathematical induction that the law of (11), (12), and (14) 
holds for m + 1 if it holds for m. 

We shall assume that the number of p-isomorphisms in I commutative 
with exactly p*~ operators is equal to 


(pt) ges — p) 
re (p — p 


| 


(15) ty (P” — Dg- 1). A aiai =D 


(p — MRE -(p- ” 


and we shall show that in case G is of order p™™! the number of piso- ` 
morphisms commutative with exactly p™” operators is equal to l 





Se r OR. I aea OLE Reh ey A 
(16) Gh 1)(p" — p) apr) Gi-p@=- D- @-D 
Pome (15) gives the total number of p-isomorphibms commutative 
with a subgroup of index p” while (16) gives the total number of p-iso- 
morphisms commutative with a subgroup of index pt. |It is evident that 
(16) is obtained from (15) by replacing m by m + 1 when r is such as to 
give the total number of p-isomorphisms commutative with AURRE of 
index p™!, viz., for r equal to r + 1. 
From (11) we have the total number of p-isomorphisms commutative 
with a subgroup of indèx p for any value of m. oe (12) gives the 
total number of p-isomorphisms commutative with a subgroup of index 7” 
for any value of m. However we shall establish the latter for the case when 
the group is of order p”+! from (15), assuming r to be Ala to one. 
We shall suppose the group of order p™* to be G,j1/and suppose it to 
be generated by G and sm} We have the number of p-isomorphisms, 
commutative with a given subgroup G1 in the group G,,to be (p! — 1). 
For each p-isomorphism of this group G, an operator in the major co-set 
G8m41 can be made to correspond to itself multiplied by any operator in G 
which is not in the subgroup of order p generated by the commutators of 
G under these automorphisms: Thus the (p= — 1)(p"— p) p-iso- 
morphisms include all the p-isomorphisms in the group of isomorphisms 
of the group Gm+ı which are commutative with a given|subgroup Gm—1 of 
eorder p*™ and such that the operators in the major corset Gom41 are not 
used as commutators. For the remaining p-isomorphisnis, which are such 
- © that the operators of the major co-set Gn—18m have for their commutators 
a operators of the major co-set Gsm, each set of p” — p™ commutators may 











“be selected from the operators of the majar to-set Genii ih = we a distinct 
i ; X p — 
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ways. This follows from the fact that the number of distinct sets of com- 
mutators the operators of the major co-set Gn1%m can have is the number 


_of subgroups of order p in the quotient group of Gay with respect to Gm- 


diminished by the subgroup of order p corresponding to G. An operator 
in each set of commutators selected from G8,,41 can be made to correspond 
to p™ + — 1 operators, thus the total number of these p-isomorphisms is 


m-i __ ae „yP 
(p 1)(@™ — p ae 


Thus the total number of p-isomorphisms in the group of isomorphisms of 
Gm41 commutative with a given subgroup of order p™ and commutative 


-with no other operators is 


em — De — pt on er yEHP |= om — De" —p), 


as was to be proved. 

We shall now consider the number of p-isomorphisms commutative with 
a given subgroup Gm-r of index p™ in the group Gm+1 and commutative 
with no other operators of Gmi (r = 1, 2, 3, ++, m — 1). From (15) we 
have the number of p-isomorphisms, commutative with a given subgroup 
Gm—r of ordet p™™ in a group G of order p”, to be 


(P — DOTS pp? Hae r pa). 


For each of these p-isomorphisms of the group G,°an operator in the major 
co-set G8m41 can have for its commutator any operator in G which is not 
in the subgroup of order p” generated by the commutators of G under these 
p-isomorphisms. These automorphisms evidently include all the p-iso- 
morphisms of the group of isomorphisms of the group G41 which are com- 
mutative with a given subgroup G,_, and such that the operators in the 
major co-set Gsmi1 are not used as commutators. 

In all the remaining p-isomorphisms of G41 commutative with Gn, 
it is necessary that some operators of the major co-set Gni1 be used as 
commutators: Since any two subgroups of index p have a subgroup of 
index p° in common, it follows that every subgroup of order p™ containing 
Gm- except G, contains exactly p” — p™~ operators of the major co-set 
G3m41. The number of distinct subgroups of order p”, different from G, 
that can be selected from this group of order p™*, such that each of these 
subgroups of order p™ contains the given subgroup Gm-r, is the number of 
subgroups of order p" in the quotient group of Gmpı with respect to Gur ° 
digiinished by the subgroup of order p” corresponding to G. The quotient | 
group is of order p™*!, and the humber of subgroups of order p” a 
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Therefore the number of subgroups of order p”, except/G, in Gati which 
rH 
contains Gn, is ® p 
; p—1 . 


Let us designate the operators of Gn—ri1 — Gn—r by Cmi, the operators 
of Gr-rt2 — Gm—r1 by Cmr +++, the operators of Ga + Gui by Cn. 

If in any of the (p — 1)(p™ 1? — p) +- (p — p) possible p- 
isomorphisms, commutative with G,_,, of any of the subgroups of order 
p” except G, we have the commutators of the operators of Cn to be in Cmi; 
those of Cm—ı to be in Cr, >- -, those of Cre}1 to be in (ma (a < r), and 
the subgroup Gm—a to be invariant, and that Cn, C1, Gm—2, ***, Cre in- 
clude all the operators of the major co-set Gsm} which are in the subgroup 
of order p” and that each major co-set Cm, Cm- +>, Ce contains somè 
operators from the major co-set Gsm+1, then for each such p-isomorphism 
of the group of order p” we can have an operator not in this subgroup of 
order p™ to have for its commutator any operator of Cm. © Under some of. 
these p-isomorphisms of the group of order p”, the operators of this sub- 
group do not have for their commutators any operator of the major co-set 
GSm+1. In such cases Cm is such as to include all the operators of the major 
co-set G8n;1 which are in this subgroup of order p”, and hence a = 0. That 


is, if for each p-isomorphism of any subgroup of order p”, 
commutative with a given subgroup Gm-r of order p™” 
with no other operators, we allow an operator not in this 


except G, which is 
and commutative 
subgroup of order 


p” to have for its commitator any one of the p” — p™ dperators in Cm, as 
defined above, then it can be shown that this gives all the p-isomorphisms 
of the group Gn+1 of order p™™! which are commutative with G,,_, and such 
that p” — p™ operators of the major co-set Gsm+ are used as commutators. 
Therefore the total number of p-isomorphisms in the group of isomorphisms 
_ of the group Gm+1 of order p”*™ and of type (1, 1, 1, ---) which are confmuta- 
tive with a given subgroup of order p*™* and commutative with no other 
operators is given by the following: l 


(p= — 1)" — p) 
e m p | em — + o- TR. 


rH 
pai 


pm)? 


which when reduced gives 
e(17) Rp — 1)" — p) ds ge), 


` Suppose that a p-isomorphism ¢ of the group of isomorphisms of the 
group Gm+ı which is commutative with Gm- and commutative with no 


ə « other operators is such that e 


flak = 99-18 for B= 8, B—*l, B—2, ---, 


land B — a, 
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and leaves Gm invariant. ‘There is no loss in generality in assuming the 
_ invariant subgroup Gn. of order p™ ~* to be first. If we extend this sub- 
.8TOUD Gma DY Spa, Seat; ***, Sg respectively, -then it is evident that this 
p-isomorphism ¢, which is'any p-isomorphism of the group Gm+ı which is 
commutative with Gm- and commutative with no other operators, has been 
included in (17). It is also evident that if the p-isomorphism t arises from 
a different arrangement of the group G4: it has not been included in the 
total number of p-isomorphisms given by (17), viz., all the p-isomorphisms 
given by (17) are distinct. Thus the truth of (17) has been established as 
was to be proved. 

Since the formula given by (17) holds for r = 1, 2, 3, «++, m — 1 and 
with the number of subgroups of order p™* in Gwy we have completely 
established by induction that if (15) is true for m = m then it is also true 
form = m + 1. As we have previously established the truth ef the formula 
for m = 2, 3, and 4, we have the following theorems: 

Tarorem II. The total number of p-tsomorphisms, commutative with a 
given subgroup of order p™~* and commutative with no other operators of G, 
in the gr oup of isomorphisms of an abelian group G of order p™ and of type 
G,1,1,+--) is a 


OP ANE = DET p) = >. 
Turorem IV. The total number of p-isomorphisms in the group of iso- 
morphisms of an abelian group G of order p™ and of wype (1, 1, 1, ---) is 


> el A m-i m—-l ENES maai È (p™ aod seer 1 
XL DOr =p) @ yey GD 


We shall now determine the total number of operators, whose orders are 
a power of p, in the group of isomorphisms of any abelian group G of order p”. 

We shall first consider the p-isomorphisms which are commutative with 
a subgroup of order p™ 1. Under these automorphisms of G an operator 
in the major.co-set Gm—1%m can be made to correspond to itself multiplied 
by any operator in G1, except the identity. This number is evidently 





pn ‘coals Í; 


and the total number of p-isomorphisms which are commutative with gT 
operators is the product of the number of p-isomorphisms commutative | 

- with a given subgroup of order p™* and the total number of such subgroups” 

in G. Each of these subgroups must include the subgroup Ga, and hence , 
the total number of such subgroups is the number of subgroups of index p 

in fhe quotient group of G with respect to G,», This quotient group is of + °. 
ordér p™ and of type (1, 1, 1,--*-» Thus we have that the total number of 
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p-isomorphisms in the I of G commutative with exactly p™™ operators is 
given by the following: , 


(p™ — 1) | . 

A aay 

Since the automorphism of the independent generators of G completely 
establishes the a of the group, and from the fact that all the 
operators of Gm, — Gn—r», (i = 1, 2, 3, ---, n) are conjugate under J, we 
have by theorem I the total number of a a commutative with 
a given subgroup. Combining this with the number of such subgroups we 
have the total number of p-isomorphisms arising from the operators of 
Gn, — Qm being commutative with the remaining independent gener- 
ators, to be 


Smet o p) l 
(18) = x | T 
. (pml 1 Gh 1)|- @ Sa 1) : 

OE eG = 1) 
If we include the identity in this summation, then the total number of 
p-isomorphisms, including the identity, in the group of isomorphisms of 








' G will be the product of these summations for (i = 1, 2,|---°n). 


Let us consider the summation 


Seve py) 
(19) real : 





steer (p= 1): at iii? 
(p° ) Gray: -Q Í) (a = b). 
For small values of b this summation reduces to p — 1. We shall 
show by induction that this is true for any value of b less than or equal to a. 
Suppose 





Ep- D — p) | 

ial (p? — 1): A S) 
X — pi P = P Ep i bo 
Geta Gro 
and suppose that for b = b + 1 we have | 
; b+l, 

> (p— 1)" — p) 
os , 
oe Sgt = pr) ED = puto 1, 


eo -o 





zD eT) 
If from the (r + 1)th term of oe we sco the product of p° and the 
. | 
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rth term of (20), we have 





1 Aa ye D45- 
OR A CA A N a 
(22) one a 


x| = pyy aaa pjepri 
For brevity we shall designate the rth term of (20) by U, (r = 1, 2, 3, 
.-., b). With this we have the last term of (22) to be 
= puUi, 
and the sum of the last two terms of (22) is 


ake b — 7b = 
a| or aE <2 pp Ee pen) 








TE pe TUs. 
If to this we add the third from the last term, and ete., we shall assume 
the sum of the last b — r= 1 terms to be equal to 
` =P "U, F 
and if to ‘hie: sum we add ie b — r + 2th term from the last, we have 
E (lec D O 3 is ro 
U| e- eae la ea E T? T T 


an rom] 


r—l. 


Thus by induction we have the summation in (22) to be 








= __P@-— D-1) 
‘ pu, =A (p = D , 
and hence’ 7 
fae = Tp) pe- D- 1) ap ae 
OD @=D @-)  ~*~* 


as was to be proved. 
From (18) and (20) we have 


N 
1+ 2 (pat ay 1)(p™ man p) 


oa. [pnl — pl (p™ aie grt =A) = nimmu © 
@ pr) P= po e 
and hence the following theorem: 7 
w[uezorem V. If an abelian group G of order p™ is generated by a inde- 
pendent generators of order p“, ye the restricted sense, M of order p%, - TO 
of order p™ (a> oa> +++ > Gn > 0), then the total number of p-iso- 
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morphisms in the group of isomorphisms of G, including the identity, is 


. pier, , 

In case the group G of order p™ is of type (1, 1, 1, ---), we have the unique 
result that the total number of p-isomorphisms, including the identity, in the 
group of isomorphisms of G is the square of the order of a Sylow subgroup whose 
order is a power of p in the group of isomorphisms. 

From (6) and theorem V we have a new proof of the theorem* that a 
necessary and sufficient condition that the group of isomorphisms of an 
abelian group G of order p™ contains but one‘Sylow subgroup S of order p¥ 
is that G does not contain two equal invariants. 

The statement in the Transactions of the American Mathematical Society, 
Vol. 12, p. 397, that a necessary and sufficient condition that the group of 
isomorphisms of a group of order p” involves only one Sylow subgroup of 
order p* is that this group of order p” involves a characteristic subgroup 
of order p”, for every value of y from 1 tom — Lisincorrect. The condition - 
is necessary but not sufficient as may be seen in the case G is of type (m — 2, 
1, 1) discussed in 3. 


* G, A. Miller, AMERICAN JOURNAL or Marsemarics, Vol. 36, p. 47. 
e 


THE ISODYADIC QUINTIC. | 
By J. C. GLASHAN. 


Composition.—If the roots of the quintic 


l a + 10c? + 10d2? + 5er +f = 0 (1) 
are ae by radicals they will be of the form 
ayi + ays + ays + wi ys, (2) 


in which . 
(®—-D/w—-1=0, n=1,2,3,4, 5. 
Also (y1y4 — ysy2)? must be rational and satisfy the relation 


{3125(yiys — ysy2)® — 2500A (yiys — ysye)* 
+ 400B (yi m YY)? — 64C i (3) 
F — 1024(J? — 128K) (y1y4 — yays)? = 0, 
in which ° : $ 
= 3e + e, 
x = 15ct — 2c*e + 8ed? — 2df + 3e, 
= (5c? — 3ce + 4d) (5 — dee + 4d2) + Cl + e)(2df — A — af’, 
` the invariant of the fourth degree in the coefficients, 
and = the invariant of the eighth degree. 


(See Am. J. or M., Vol. XXIII, pp. 49 and 56.) 
Theequintic is isodyadic if 


Ynys = YY Æ 0, (4) 
and .'. if 
c0 and C=0. (5) 


cC = 0 may be arranged in the form 
tof — d(c? + e)}? — (c? — ce + d*){ (5c? — e)? + 16e} =0. (6) 
Substituting — p for c, — pa for 2d, — pg for e and — py for f, this becomes 
{2y — a(8 — p)}*— lo — 406 + p)}{@ + 5p)? — 4p} = 0. (7) 
Let, now, 
° (8 + 5p)? — 4pæ = pP{a — 48 + p)}; (8) 
then avill f . 


2y — alB op) = wi4@+ p) — a) (9) 
251 Á 


252 GLASHAN: The Isodyadic Quintic. | 


and (8) may be written = 
(8 + 5p + 2u) = (4p + yp?) (0? + 4e’). l (10) 


If now 
4p + pw? = (a? + 4u’) . (11) 
(10) becomes j 
' B + Sp + 2p = Ma + 4p’). l (12) 
Hence, œ, A, u being any given numbers, if 
Ap = N(4? + œ) — p, ; (11)' 
B = Mat + 4u2) — 5p — 2p, | 2)" 
2y = Bla + 4u) — pla — 4p) — op, (9)’ 
the quintic ` 
a5 — 5p(22° + ar + Br) — py = 0 (13) 


will be isodyadic. 
Examples.—1. If a = — 19,4 = 7%, u = 11, the quintic is 
až — 355(223 — 192? — 122) — 7171 = 0, 
2. Ifa = — 19, A = — Jẹ, p = 11, the quintic is 
a — 355(223 — 19? — 1182x) + 1031204 = 0. 
(The former of these is the Gaussian of the quintic section of 77! — 1 = 0; 


.the latter is its quadragic conjugate.) 
3. Ifa = — 29, à = why, p = 121, the quintic is 


a — 2005(2a* — 200% — 222%) — 589871 = 0. 
4, Ifa = — 29,X = — ffy, u = 121, the quintic is 
a — 2005(2e* — 292% — 62852x) + 4404222699 = 0. 
(Ex. 3 is the Gaussian of the quintic section of g — 1; Ex. 4 is its 


quadratic conjugate.) 
Solution.—If the coefficients of the quintic: 


w+ 10ca3 + 10d? + See + f= 0 - l (1) 
satisfy the relations c = 0 and . l 
, (5E — 3ce + 4d?) (5c? — 4ce + 48) + (E + €)(2df — e) — of? = 0, 
e it is isodyadic and may be solved as follows. 
© Write (1) in the form l ; 
a8 — 5p(2a + ax? -+ Ba) — py = 0; . 3) 
° œ then will the roots be N l A 
i ta = wyi + wya F wy, + wya . 
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in which 
(a — 1)/(w — 1) = 0, n = 1, 2, 3, 4, 5; 
and 
yiys = Yas = Ps (i) 
giya + yi a yiya AN vin = = pei, (ii) 
yya + yiys + ys + yya = D(p + B), (iii) 
(yi + yi + ys + yi = DY). (iv) 
For convenience of notation write 
p = œ —.4(p + 8), (v) 
g=at+ Vp, 
r=a-— Vp, 
w= {a(B — p) — 2y}/p, 
ane ot = 4(p + 8) 
and V {(o? — 16p)(7? — 16p)} = er 


From v { (ii)? — 4(iii)} and (v) 


yiys + yy: — -i * yn = pvp; 
“ys t y= 
and yiys + yay. = 
<. ytys — Yay: = pY (o° — 16p) 
and yya — yiyi = $py (7? — 16p); ° 
“. yiya = to{o + V (° — 16p)}, 
yiye = tp{o — V (o* — 16p)}, 
yays = tp{r + V(r? — 16p)}, 
He = p{r — V (7? — 16p)}, ` 
= gpl + V (0? — 16p)} {r — V (7? — 16p)} 
= tp{2v + (p+ B— on) p 
+ [{27 + Bp + 6 — auw p}? — 64p*]}, 
ya = aplay + (3p + B — au) p 
—V[{2y + (3p +B — aui p} — 64p*]}, 
ys = $pl2y7 — op + 6 — au) p 
+VE(27 — 8p +B- an) p}? — 64p* J}, 
y$ = $p{2y — Bp + B— du)v p 
+ V[{2y — Bp + 8 — ap)V p}? — 64p*]}. 


Expressed i in the coefficients of (1) these become 


= — H+ R- V {G+ BP + 160} 
f= —4ft+ B+ v {G+ B+ 16} 
y= — ilf- B-ViG— BP + 160} 
ys —US— RY VIG — B+ 16} 


J 
3 


] 
J, 
J 
J 
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l Ao 
in which 
put = OB Het Ff - 
V {16e(c? — e) + @} 
Examples.—1. 


a — 55(2a3 + a? — 422) + 979 = 0. . 
Here, p = 11, æ = 1, 8 = — 42, y = — 89 and .'. p = 125, u = 1, 


Ways = Yala = 11, 
igs + yids + ysys + yay) = 1l, 
yiya + viy + yiyi + yy = = 34l; 
viy ax vin = = H(I + 5V 5), l 
yaya t yayı = 3h — 5v 5); ey 
yiys = IHL + 5V5 + V¥(— 50+ 10V5)}, Pegs. a 
yiyı = IH{1 — 5V5 — V (— 50 — 10V5)}; ; o 
yi = — 4489 + 25V 5 — v {(89 + 25v 5) = 16 X 11°}]. 
` (This is the cyclotomic quintie for 2 — 1 = 0.). 7 
2. The quadratic conjugate of Ex: 1 is ' 


a8 — 55(22 + 22 — 72x) + 1804 = 0 
with yı = — 11[41 + 25V 5 — V {(41 + 25V 5} — 11°}. 
3.. a — 800(2a2 + 5a? — 534z) — 160 X 2828 = 0. 
Here ST 39? and w= -—6, 
vi = 1600(99 + 3liv 39), 
y$ = 1280(103 + 37: 39). 


A. If (18) be cyclotomic and p be a, pate Fiber = 1] mod 10, a will 
be = 1 mod 5 and 5{(6 + 5p} — 4pa*} will Be a rational square (Am. J: M., 
Vol. XXI, p. 272). Hence, 

If p is a prime = 1 mod 10, 4p = u? — 5r? is solvable in integers. 

B. In general (Am. J. M., Vol. XXI, p. 277), if n and p are primes, 
n= 1 mod 4, p = 1 mod 2n, 4p = u? — m? is solvable in integers. Hence, 
also, if n = 1 mod 8, p = u? — mè is solvable, but ifn = 5 mod &8p=u 
— 5r is solvable only if 4 = u? — 5? is solvable; e.g., p = u? — 5r? has no 
integral solutions if n = 1 mod 4(2m + 3). Ex. “773 = 7205048979? 
— 193 X 518630774? and 4 X 2153 =-71821* — 269 X 4379. 
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‘ON CLASS NUMBER RELATIONS FOR BILINEAR FORMS IN FOUR 
Ae © VARIABLES. 


J P By E. T. BELL. 


‘1, In the notation of Kronecker,* C(A) is the number of classes of 
bilinear forms ~ 


Azyı + Bzy — Carey: + Dzy, A= AD + BC, 
. of deam A, in which at least: ¢ one of ie extreme coefficients A, D i is 
godd, and B+ Cis eyen. He shows (loc. cit., p. 494) that 
X » Cline = Z| Pil H((2v + 1)K) sin? am20K cos vida, 
‘in the notation of the ‘Fundamenta Nota: In other words that part of the 
Fourier cosine series for the function | 


612K? 

mag l 
shieh is independent of the argument v is sie. The part containing 
vis not obtained, and is in fact neglected in the entire discussion. Attending 
to this part we find several interesting class number relations ‘for binary 
quadratic forms.and, as the simplest consequence ðf the whole expansion, © 
an elegant relation of a similar kind for Cl(n). Here we shall restrict the 
discussion to this relation, believed to be the first of its kind. We recall that 
Kronecker obtained Clin) i in-th ‘orm (loc. cit., p. 452) 12°F (n — h), the 
£ referring to all integers h S O such that n — h? > 0, F(n) being his 
class number functiont for binary quadratic forms of negative determinant 
— n. Thfs will afford a check on one phase of the following developments. 

2. Changing Kronecker’s notation to the small thetas of Jacobi, we are 

to expand y(z) in a cosine series, where 

l 393 Boa) 


l Vw) = cos voi Ho 


~ Denote by Yolo), y(2) respectively: the parts of y(v) independent of v, 
not independent of 2. ‘Then nu Elme "Fo obtain yıl) * we 
introduce x), denned by’ 7 

' ; ORO l pies 
i ste. i (o), = 8195 — M latte G 
E x 2 EHG ) 
B NAE fed 
. * Werke, Vol. 2, pp. 425—495. See also Dickson’s “History,” Vol. 3, pp. 129-130, 286. æ * 
? For the distinction between F aftdethe more neat F see Dickson’s “History, "Vol. a 
p- 109;.or Kronecker, loc:“cit., p. 449., 


mag Eh + 1)K) so 2K cos on, 


255 
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which, in another notation, is one of the functions discussed by G. Humbert.* - 


' The reduced form of x(v) suitable for this kind of work was given in a 


former paper.t We found 
x(a) = 2x¢"| aPC — BY) cos be — Z'O — d) cos = + e)a], 


in which the outer >> refers to all positive integers a = 1 mod 4, the cocfi- 
cient of q" is in [_], the inner > refers to all odd integers b = 0 which render 
œa — P > 0, F(n) is the class number for binary quadratic forms of de- 
terminant — n with the usual conventions, and >’ refers to all positive 
divisors d, ô of a such that a = dô, d > Va. We have 


Nw) = $ cos v: 93°X(2). 
Writing ¢ = |b| we find 
x(v) cos v = 40¢*4(S F(a — *) {cos (e + 1) + cos (e — 1)e}] 


T Ee] za- a f cos (PES 1) 9+ eos (PFS — 1s i) 








2 
the sum with respect to ¢ extending to all c = 1, 3, 5, ---, such that 
a> | . 
Calculating the part of x(v) cos v independent of v, we note that zero 
arguments can appeaw only in terms of the form cos (e— i)o, cos 
(= - Je From the first, c = 1; from the second ô+ d = 2, and 


hence ô = d = 1. But the restriction d < Va imposed by X’ excludes the 
second. The part of x(v) cos v independent of v is therefore 45g“ F (a — 1). 


Hence from the definitions of the functions, ý 
pola) = 6E "F(a — 1) X Eg”, ° 
the second > referring to n = 0, +1, +2, ---. Recalling that e = 1 


mod 4, and that F(4n) = 2F(n) for all integers n = 0, we now replace a 
by 4n + 1 and get 


po) = 12D g*TOF(n — BJ = LgrCl(n), . 
the $um with respect to A referring to all h = 0, +1, + 2, -+-, such that 


en — k > 0. This checks yolo). 


3. The part of x(x) cos v not independent of v can now be written (on 


* Journal des Mathématiques, 6 Série, Vol. 3 (1907), pp. 337-449. Humbert’s entire 
set of 24 expansions, ibid., pp. 349-354, can be used to derive bilinear class number relatiens. 
n f Quarterly Journal, Vol: 59, No. 196 (1923), PR 322-337, where the entire set gf 24 
is reduced. 


e 
f 
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omitting the term cos (e — 1)v for c = 1) in the form 
arg(S (Fla — s 1) + Fla — s+ 1} coss] 
_ zg“| z'o — d) | v(t + 1)o+ cos (È t oe tJel} 


the inner > in the first referring to all even integers è > 0 such that no F 
occurs: with a zero or negative argument. Hence, multiplying x(v) cos v 
by ðs, dividing the result by Vg, and making some obvious simplifications 
in the resulting series, we finally obtain 
VO = Eln) + ASLE- heti 

+ Fan — B — e — t)} cos 2t] 


— srr| ze — d) | cos (1S td 1)s 


+ cos (2S of, 


in which the summations are as follows: the outer ))’s refer ton = 1, 2, 3, 
-++; the ZE to all i S90 and to all ¢ > 0 such that the argument of no F 
is zero or negative; the ><’ to all divisors dı, 6; of œı = dôi such that 
dı < Vay, and a, is determined from all solutions of 0 < 4n + 1 — 44 = a 
(n fixed, tı as above). . 

Note that the second sum contains no term independent of v. The first 
of the sums in ¥(v) can be materially simplified, at least in expression. For 
a moment write X(n) = 24> F(n — È — ë + i), this being one of the 
double sums above. Then, the summation referring to all values of ni = 1, 
2,3, -+:, and of n, tı, t as defined, we have l 


. EX = AEPÜLERn — å- e+] 
o., = AF gE (n) X r X Lah, 
= ALP LE(n — D] X Nes 
= EF [E ln — e+ 0] 
the inner Ð referring to all #> 0 such that n — £+: > 0. Hence 
Wo) = Len) + 2TCl(n — a® + a) cos 2av] 


-Ee | E's d feos (A+ 1). e Og 


+ cos (F4 3 — —1)o}|, ° 


the > with respect to a referring to all a = + 1, + 2, + 3, --- such that ai 
n—-a+t+a>Q0. The rest of thé letters are as before. 
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4. As the simplest consequence of this expansion we note that y(0) = 0, 
since #1(0) = 0. Hence 


Cl(n) + 200l(n — a? + a) = 38, — di), 


the notation being as before. Denote by A(n) the excess of the*sum of all 
those divisors of n that exceed yn over the sum of all those that are ‘ex- 
ceeded by Wn. Then 52’(6: — dı) = A(aı), and hence the right of the fore- 
going equation is 33-\(4n + 1 — 42°), from the definition of œ. Finally 
then we obtain the bilinear class number felation 


Clin) + 20n — a? + a) = 3EAN + 1) + EAn + 1 — 445], 


the summations referring to all a = + i + 2, +3, --- that render the: 


arguments of the function > 0. 


Univprsiry or WASHINGTON. 
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RELATIVE INCLUSIVENESS OF CERTAIN DEFINITIONS OF 
SUMMABILITY. 


By Davip SHERMAN Morse. 


1. INTRODUCTION. 


The number of definitions that have been given for evaluating a divergent 
series is so large that the study of the relationships existing between various 
‘definitions has become of importance. It is the purpose of this paper to 
contribute to this study by considering certain definitions from the stand- 
point of relative inclusiveness. 

The terminology used in the literature of the subject differs somewhat 
with different writers. Because of this, it seems desirable to define some 
of the terms we are going to use.* A definition is said to be regular if it 
evaluates every convergent sequence, giving to it the value to which it 
converges. A definition, A, is said to include another, B, provided every 
sequence summable B is summable A to the same value. Two definitions 
are said to be equivalent if each includes the other. Two definitions are 
said to be mutually consistent if, whenever each of them evaluates a sequence, 
the two values are the same. 

We shall have occasion to refer to several definitions that assign sums 
to divergent series. We now list some of these definitions, together with 
the symbols by which we refer to them. Unless otherwise stated, we use 
the symbol 


i Èo Un = ut utuh 
n=l 
and define l , 
i En = Uy Ue ++ + Un. 
. Cesàro’s rth Mean, Cr} 
_ This definition assigns toa divergent series the value | lim 1 Yrs if this limit 
exists, where A 
So 
y n = AD ; 


e * The terminology here used is that of Prof. Hurwitz’s paper, Report on topics in the 
theory of divergent series; Bulletin of the American Mathematical Society, Vol. 28 (1922)," 
p. 1%. This paper will be referred to a8 Report. 

} Bulletin des Sciences Mathématiques, as 2, Vol. 14 (1880), Pp. 114. 
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with . i 
go = Tr FD: cE?) arr): -(rtn-— 8) 
e (n —1)! a = 2) 








T2 
F ere E tai F Ens 
and 


eee Te eee? 
@— Dl 





An equivalent expression for Yn is 


_ antl) ntr Date Hei) a. 
n(n + 1) +++ (n+r—1)/r 


n 





` LeRoy’s Definition.* 


The generalized value for a divergent series according to this definition 
is lim ı y) where 


sO = ÈH 0<:<1. 


n=l of °. 


Borel’s Integral Definition. t 
Form the function 
UG) = ut ut H utl t o 
if U(é) converges for all ż, and if 


f ” s UOdi 
Jo 


exists and is equal to J, then the series is said to be summable Borel to the 
value lL. 


The Exponential Mean, n, Ey-t 
- The generalized value is lim yn, if this limit exists, where , 


= (n — 1)! fe — 1)" 
Eu- pt- Di po 





Yn = Tk: 


The Riesz Means, (Ry k).§ 


Form 
y(i) = R (E — An) *ttns 


* Annales Fac. Sci. Toulouse, Ser. 2, Vol..2 (1900), p. 327. 

t Borel: Leçons sur les séries divergentes (Paris, 1901). z 

t Hausdorff: Mathematische Zeitschrift, Vol. 8 1921), p. 86. Also, Hurwitz: Meport. 
§ Comptes Rendus, Vol. 149 (1909), p. 910. é i 
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in which Ay is a sequence of positive real increasing numbers whose limit 
is infinite. Then the generalized value of the series is given by 


lim y(). 
tw 


The Dirichlet’s Series Definitions, Dy, 
Hardy* gives a definition which he states is “substantially equivalent” 


to LeRoy’s and has, in the case of a power series of finite radius of con- 
vergence, “precisely similar powers," This definition ist 


—ty log r 
in u 
This definition leads us to a set of definitions which we shall call the Dirich- 
let’s series definitions. 


We define as the generalized value of the series, > Uns 
n=1 


° hy 
e lim D E 
(—> lo nel 

T 


where T is q point set, in the real or complex plane, having a limit point to, 
not belonging to-the set, and where A, is a sequence of positive increasing 
real numbers whose limit is infinite. 

A special case of the Dirichlet’s series definitior& is well known; namely, 
the case where An = n, to = 0, and T is a point set, along the axis of reals, 
0< 4. This gives 


‘lim Sune = lim e- ‘Dale ee lim Èun (T ie: 
t—>0 wai 


If we replace et by x, we get 
The Euler Power Series Definition. 
The generalized value is given by 
lim $ upe. 
z—i-n=l 

We wish to study another special case of this set of definitions which 

differs from Hardy’s definition only to the extent that we write > Un Wile 
x n=l 


Hardy wrote >; un. This definition, we call 
° A nmO : 


©* Quarterly Journal of Mathemattcs, Vol. 42 (1911), p. 193. ° 
t —> œ, in above reference, isevidently a typographical error. 
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The Dirichlet’s Series Definition Dn toz n- 


lim Do upet loen. : i 
t—>0n=1 ` TORS cage nt mo te 
This definition is regular* when T is a set. of. points alsa the axis of 
reals. Sufficient conditions that a definition of the'kind be regular are given 
by Carmichael.t They are, in this case, 
1. lim e ™ lsn = ], 


2. > |e mt en — AAEE tans converges for each ¢ > 0 Jad ise 
nel 


bounded for all ¢ > 0. 
The first condition requirés no proof. The second condition is satisfied 
also. Since n log n is an increasing function for n > 1/e, l 
grt logn — g~(nt))t log (ntl) > 0 


for n > 1/e, and the sum in condition 2 canbe replaced by 


a [em ben —— g` (ntl) t log baat) 
n=1 


Since lime ™ *#" = 0 for ¢ >.0, it follows that ° 
The» 0 
> be log nn : (n+l) £ log (nt) =| 
n=1 . 
and the second condition is satisfied. > 
In section 2 of this paper, we prove that the Dirichlet’s series definition, 
Dn iogn» includes C,. Then, in section 3, we consider this definition, 
Da iog n, from a Dirichlet’s series standpoint, giving a proof of regularity 
when ¿—>0 over other point sets than the axis of reals. We also give 
another proof that D» tog n includes C,. Z 
There are, in the literature, ‘at least two misleading statements regarding 
the relationship of the LeRoy and Borel definitions. Hardy, in'the Quarterly 
Journal of Mathematics, Vol. 35, p. 37, states the following conclusion to a 
proof. “It follows that if uo -+ u: + u + +- is summable by the ex- 
ponential method, it is summable also by M. LeRoy’s method, and that the 
two’ sums are the same.” This seems to imply that LeRoy’s definition 
*includes Borel’s. Upon looking up a reference that the author makes to 
one of his earlier papers in order to justify a step in the proof, it becomes 
evident that he has proved the theorem only for the case where the series 
Uo + Ur -+ w+ +++ is convergent and has, consequently, proved that 
`e  * The definition is also totally regular. See Rgpert, p. 30. 


t Bulletin of the American Mathematical Society, Vol. 25 (1918-19), p. 120. These 
conditions are, in fact, necessary. 
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‘LeRoy’ definition is regular provided Borel’s is regular. If the section, 
in which the proof occurs, is read from the beginning, this is seen to be the 
‘purpose of the author. -Bromwich also has made a misleading statement in 
this connection. In his “Theory of Infinite Series,” page 299, he proves 
that, if a Series is summable Borel, it is then summable LeRoy to the same 
value provided the series in the LeRoy definition converges absolutely. At 
‘the end of the proof, he forgets, evidently, his assumption of absolute con- 
‘vergence, and states: “Hence LeRoy’s definition coincides with Borel’s, 
whenever the latter is convergent.” 

Tn section 4, we show that Borel’s definition is not included in LeRoy’s 

We prove that, if a series is summable Borel, then it is summable LeRoy 
' to the same value provided the LeRoy series converges; and give a sufficient 
condition that a series summable Borel shall be summable LeRoy to the 
same value. From this condition, we get several theorems, of which the 
following is typical: If a series is summable C, and Borel, it is summable 

LeRoy to the same value. We also prove, in this section, that the Dirichlet’s f 
series definition Dy tog n does not include Borel’s definition and that Borel’s 
definition does not inclifde Da tog n- 
- In section 5, we have indicated how far we have been able to go towards 
proving that LeRoy’s definition includes C, and have pointed out a we 
believe that LeRoy’s definition does include C,. l 


2. Ter tet anon BETWEEN THE DrricHLeT’s Serres DEFINITION 
Dai logn AND C,. 


Bromwich* has proved that if a series, + iy is summable C, to the 


n=1 
sum J and if f,(¢) is a function of ¢ such that 
i lim fo(t) = 1, 
t-#0 


2. lim nfi) = 0, t> 0, 
3. 3 nt | Ar*4f,(£) | converges for each t > 0 and is bounded for allt > 0; 
a=1 


theh >> fa(t)un converges, t > a and 
` a=1 


im $ falta = Let | am : 


t—> 0 ne 


Hurwitz} has shown that (2) may be replaced by the more general condition è 


* Mathematische Annalen, Vol. 65 (1907-08), p. 359. 

tł Compare form of statement used by C. N. Moore, Bulletin f American M athematica? ` 
Sotiety, Vol. 25, page 267. %.e 

+ Abstract, Bulletin of American Mathematical Society, Vol. 28 (1922), page 156. 
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2', for each ¢ > 0, n PaO i is bounded for all n (the bound may depend 
_ ont); 
and that conditions (1), (2’), and (3) are necessary if the result is to hold. 
’ for every series summable C,. 
We make use of this theorem to prove 
TaroremM I. The Dirichlets series definition, Dn log n, includes C, er 
all positive integral values of r. 


We assume that 5 ttn is summable C, to the value / and desire to prove 
azi . 
that 


> ent log Ma 
acl 
converges, t > 0, and that co, : A 
lim $ em oe ny, = 1, 
t—+>0n=1 
From Bonnis theorem, this will be true provided 
1. lim @™ 82 = J, 


t—>0" 
2, lim nett ven = 0, t>0, . 
t—>0 
8. Jom |A tem 8 "| converges for each ¢ > 0 and is bounded for 
n=l e 
allt > 0. . 


Before showing that these three conditions are satisfied, we give four 
lemmas. 
Lemma 1. If 


l. Ère, t) ie bounded for all p, q and all t > 0, . 


2. the number of changes of sign (with varying k) of F(k, t) is > finite for 
each constant t > 0 and bounded for all t > 0, 
then i 


2 | E(k, t)| converges for each t > 0 and is bounded for all t >0.. 


“In this lemma, condition 1 may be Sied by the equivalent souda 
wo Es Ure, t) is bounded for all q and all # > 0. 

For ate t there will exist an index k = g(t) such that for k > g®, 
- Fe, i). has the same sign. Form = |F(k, DI, where n > g(t), and bréak 


this sum into partial sums each ponte of, terms in which F(k, t) retains 


, 
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one sign. Then- 


È PEDI DIE D+ DIE D+ -+ EIFE d| 


: | -|E FG OLLIE RG OL +E FGA]. 


By condition 1, each group is less than a constant A, independent of t; 
and by condition 2, the number of groups is less than a constant M, inde- 
pendent of t; hence 


Ñ [Fy )|< M-A; 


7 from which the conclusion of the theorem follows. 


Lemma 2. If g(x) = == Li) s , then the rth derivative of p(x) is given n by 


Eont io 
at ` 
Lemma 3. If ¢(n) faa r datas, then 
(— 1YA'g(n) = olin + 6], 0<O-<r. 
- Lexma 4. If f(t) = e e2, then the rth derivative of f(x) is given by 


9) = 





f(x) = (— dfa) | (1 Ẹ log 2)" = mo} (1 + log z)? x)" rata) 








_ tt 
— 2)l 
+e OED 4 


where øz (log x) represents a polynomial in log x of degree < k. 

‘his lemma can be established by mathematical induction. 

We are now in a position to prove that the function e~”! 8” satisfies 
the three conditions of Bromwich’s theorem. 

The first condition that lim e "oem — ] is satisfied. 

In order to show that the second condition is satisfied, we write 


ne loan = pr-nt _» as n>, >Q. 


It remains to prove that Š n |Agntiosn] converges for each 4 > 0 
n=1 


and is bounded for all ¿> 0. If n” in this expression is replaced by any 


polynomial of the rth degree in n, the new expression will surely converge, 


and be bounded, or fail to converge and be bounded, under the same condi- 


tions as the original expression. We, therefore, choose to show that ° 
e Pace 


3 (n t r)! JArHgnt ogn] 
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converges for each ¿> 0 and is bounded for all ¿> 0. We do this by 
showing that the conditions of Lemma 1 are satisfied. We show that 
condition 1’ of the lemma is satisfied by computing 








-Ec petino pepet 
a ot 1)r (k t r)! 
rH 
— 1) 2 








ferri (t) 
we r)! 





+4 = ve (r+ 1) irr 


+ (= yr FE a, 


where f(t) is written for e*# ra +, 
We can write, 


. >a i(k + EED amg, @® = LS i(k t T) RO 7 


- Sern bra Dia f yet De es ay 





fi kD! ot Ok OT 
tes rt ir. (k+ 1)! E chose 
s(= pA yar a ere RE) g 
u (2k (k—D! 
+D Dy AP + Dey iO + (— 1) bore pO 


If n >r -+ 3, we can as (1) as follows: 
ze pber Dl @+irk+r= 2] 
ke=r+-2 








(k — a 2 (k — 2)! 
= (ete 4 (- ph Eo | fall) 
Œ=)! a k—-r—-piy 
The sum of the first p + 1 terms inside the bracket, where p + 1 < r+ 2, 
is given by 


(—1? o rik+r-pl! 

* k pl(r-p)lk-p-1)! 
(3) _(= 1? Fl&+r—pl— p+) 
k ple- pt DIE- p— I’ 
, the first formula failing to have a meaning when p = r #1. This formpla 








“follows from the usual proof by mathematical induction. There arer} 2 | 


terms in the brackets. If we put p =r cies 1 in (3), we get zero. There- 
fore, (2) is zero. 
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-We now show how-to calculate the terms of (1) not included in (2). 
. The coefficients of f,;1(t), f-(t), > RAA can be found from (3) by replacing 
ikbyr+1,r,---,2andpbyr,r— 1,`--;,1, respectively. The coefficient 
` of f:( is (r. + 1)! Since we do not nate to ow these coefficients explicitly; 
we do not compute them. 
In order to find the coefficients of SÒ, farO ++, frer(é), we consider 
the coefficient of fa. Itis , 








-pal @-D!._ (r+Dr m+! 
pe | ni eG mat a Gore Dl 
i l _ (ntr—1!], 
l O etp ia ] 


The sum of p+ 1 terms of this expression, where p < r, can be shown by 
~ mathematical induction to be r 


(4) (— 1)? rl (n F p)! 

n @—plpl@—rtp—J’ 
There are r + 1 terms in,the bracket and the coefficient of f,(t) is given by 
(4) to be (— 1y EDI, 


. The coeiiteiants Fit), fatel Òs +++, fntr(f) can be found by replacing 
n by n+1,n+2,n+3, --+, n+r, and p by r—1, r—2, -:-, 0, 
respectively, in formula (4). 7 e- i 
Finally, we have the result: ° 


rd 
= EEDI Ary) = erfalt) + cofa(t) 





pSr 


Me ETERO $C y| no 
6) o o 





a Gt =D trI 
CEEE 1 apat O 
g ED ; 


where the e’s are determined by (3) as explained. 

The first r + 1 terms are independent of n and bounded for all i > 0. 
Therefore, in order to show condition 1’ of Lemma li is satisfied, we have | 
only to consider 


mE at) 3 
oo AO raar A . 
ep EEO 8 gy) — (HI ot 





2 (n— lita) n—Dln+n 
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We can write this in the form 


(n + eo, p a ES 1) fave) . (17 fate) ] 














m— iil n n+l a n+2 (n+ 7) 
We denote 2 by e(n, t) and have ° 
BE | 9 — rot 1.) +S Dont 20 
(= Dron +r, a = + CED om 6.0 
where 0 < 6, < r, by Lemma 3. We rewrite this as* , \ 
(n+ r)1 5 





HOD (n+ a a + br, 1 


The first factor is bounded for all n and allt > 0 as 


lim (n+ r)! zy oe, 
seo Dia+ oe ei 





uniformly in t, since 0 < 6,<r. Therefore, we need only consider the 
other factor. It can be written* l ° 


Ho (qx, d, where glz, ġ-= fen and = f(a, t) = e" nsr, 
From Lemma 2, we have ° 
Hol) = 5—1} 
ap (x, t) 2 1) Es S 
S 2A, re Ye.) be (HD fied), 





EESE (e, t) 


where f(z, t) is given in sufficient detail by Lemma 4. We can surely 
write 

(7) fap, DE a7 FO, [+ re foM@ O|+ + rl e DI. 
Call tz log z = 8. Then te(1 + log x) = 2tz log x = 28. The first term - 
of (7) gives, by Lemma 4, ks : 


lef, 0|= ee + wea + toe") 


are 08) |=6 “| ow na zoe | . 


è l Tia x 


j ž 
e „For constant p, 2 is bounded for all 8 (since it has a maximum for 8 = p 


* The notation p(z, t) denotes differentiation wih respect to the first argument. 
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and > Qas — œ). It follows that 
jarfr (x, t) [= =A T <C, 


here A, B, C are independent of x and t. 

The other terms of (7), except the last, are exactly of the nature of the 
term investigated and consequently each of them is less than some constant, 
- independent of x and t. The last term is rl f(a, t) = rle 8? which 

<r! for all positive ¢ and large positive v. Therefore, since the number of 
_ terms in (7) is finite, we can say [2719 (x, t)| = M, where M is independent 
of x and t Therefore, expression (6) is bounded for all n and all t > 0, 

and condition 1 of Lemma 1 is satisfied. 
It remains to show that condition 2 of Lemma 1 is satisfied. We desire 


to show that, for each constant $ > 0, (n t r) (mF) are Tnt logn chan es sign 
g . 


‘but a finite number of times and that this canbe is bounded independently 


of t. Since n is a positive integer, we need only consider 
e A 
AHT” ogn 


Lemma 3 states that 
Agn) = P(n + 0), 0< <r. 


We therefore consider the (r + 1)th derivative of wt log =, 
Writing £ = 1+ log z, S 
JO (g, = = g We 20),, 
Since F l 
; JED (e, t) = e oea — EQ, + Q], 
(A) š Qrit = Qi — HEQ. 
We now say that 


Qr = = EDE A [EED + ra 


r(r — 1) 4, (8) 
ya -| "2 pt tsje 


a D a | ae Qer | grt e ret.: 
+9 | e aia 
i e 
where > is a polynomial in &, £’, ---, €°-?, in which the sum of the orders 
of the derivatives in each term is p, repetitions being counted, and in which e 
the exponent of the highest power of £ is less than r — p — 1, the exponent 
of the power of £ in the first term of the same coefficient. This can be ? 


proved by mathematical induction, using (A). 


` E= 1+ log 2, so that P = (— 1) 4+ 2- 
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We have, by differentiation, 
Qe = — EM: LEED) + pra 


ohne | = rl Ep-1g(r—pH) 





LG pe 1)! s 
-+ bern | iP + eae + (— 1)rré Ete, 


We consider the expression for the coefficient of t” in Qi. We recall that 


= - The coefficient of ¢? has 


1 acts ; 
a factor oe This is a factor of ¥,-p:1 because the sum of the orders of- 


the derivatives for each term of polynomial Yp isr- pt1 If we 
remove this factor, we have : 


1 i rl 
C r 
O lee — 
where Pp-2(£) is a polynomial in £ of degree = p —°2. This is true because 
Yr-p+1 contains £ to a power not higher than p — 2. 
& becomes positively infinite as 20. Therefore, we gan select a 
value for x, say Np, such that, for 2 > N,, the sign of the expression (C) 





` will be the sign of the first term; namely (— 1)’, as a, 1, p, £ are positive, 


v> 1. This sign is independent of p; thus, if for each p we select Np so 
that the first term in each coefficient will dominate and then choose the 
largest of the set of values Np, say N, we can say that for x > N each 
coefficient of Q; will have the sign (— 1)’. It follows then that for « > N 
and for all values of ¢ > 0, Q; has one sign. This N is then independent. of 
t. Therefore, Q, can change sign not more than once, x > N. It flows 
then that f(a, t) = f(z, )Q, changes sign not more than oncé, x > N. 
The location of this change of sign, if any, will generally a on t, but 
N is independent of È 

Since this is true for any value of r, we have that f7 (g, t) as sign 
not more than once, x > N. We can then say that Ate "can change 
sign not more than once for n > N’; where N’ is the value of n corresponding 
to the value N for the (r + 1)th derivative of e ™ t8, This- N’ can be 
staken independent of ¢ also, since the two values differ by 0,, where 0 < 6, 
<r. Since we consider only integer values of n and since there are only 


* a finite number of integers Jess than N”, it follows that Ate! 8" can 


„change sign but a finite number of times, bounded in ż, fort > 0. Thus 
“eondition 2 of Lemma 1 is satisfied and the gheorem i is proved. 
We can now state 
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TueorEM II. The Dirichlet’s series definition Da tog n includes C, for ` -s 
- all r, real or complex, R(r) >-1. 

Tt is known that if a series is summable C,, it is SeT: provided 
R(s) > R(r) > — 1.* Theorem;,lI follows immediately from this. When 
R(r) = 0, the regularity of the definition is sufficient to insure that it 
includes C,. 


~ 8 


3. Tae TRANSFORMATION Dy tog n FROM A DIRICHLET’S SERIES VIEWPOINT. 


A Dirichlet’s series} is a series of the form 
FO = Dae, 
axl 


. 3 i 
. Where Ap is a sequence of real increasing numbers whose limit is infinite; 
and in the cases we consider, M > 0. When? is complex, we wtite 


t=o+%r. 
If we apply the transformation Dp tog n to a series >) Un, we get =. 
f e ` R=1 


y(t) = > Une log 2 


which is a Dirichlet’s series, 4, = n log n. We now make use of this: 
property of the transformation D, iog n to prove a theorem on regularity 
and to prove, in a much shorter eway than in section 2, that Da tog n in- 
cludes C,. a y l l 
Turorem I. The Dirichlets series-:definition, Dn ian, is regular if” 
- t> 0 over a point set, T, which lies entirely within an angle whose vertex is at 
the origin such that |am t| =a < 1/2. 
We assume 2 Un convergent and prove that 5 Une "8" converges ` 


tral 


ag 


_ and lim > oe ae = Le : 
1—0 a=1 ; 
T , ae 


Since Le converges, x ee converges for ¢=0 and to the 


value Eu. Hardy and Rieszt prove that if a Dirichlet’s series is ton- 


PERN for t = fo, then it is uniformly convergent throughout the angular’ 


** Chapman, Proceedings of the London Mathematical Society, Series 2, Vol. 9 (1910-11), è 
p. 369. See also Report, p. 27. i 
®t Hardy and Riesz, The General Theory of Dirichlet’ s Series (Cambridge Tracts i in, > 
` Mathematics and Mathematical Physicg, No. 18). e 
$ Loc. cit., Theorem 2.° 


18 
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region in the plane of t defined by the inequality 
jam (t — t)|=a < 7/2. 


a 
Therefore une ™ On converges uniformly in this region, say to the 
3 v 8 e 
n=1 ` k 


value f(t). It follows from this uniform convergence that if ¢ approach 0 
over any point set T in the region defined, f(t) will approach f(0) which is 


>> un and the theorem is proved. ° 


a=1 Fy 3 š 
Riesz* has given the following definition for the sum of a divergent series, 


> un. Form e 
n=1 7 
i y(t) = * D (E — An) un 
An <t 
in which X, is a sequence of real increasing numbers whose limit is infinite, 
` = 0. Then the generalized value of the series is given by 7 
-lim y® 
. ve ° 
where T is a set of positive real numbers. If this limit exists, the series . 
is said to be summable (A, k). This definition is regular, k >.0. 
Riesz has shownt that, if \, = n, then this definition is equivalent ‘to 
Cesaro’s means and to the generalizations of the Cesàro means due to 
Knopp and Chapman. ° 


Lemma: If S Un ts summable (n, k), itis summable (n log n, k) to the same 


nal : 
value. 
This can be shown by use of a theorem due to Hardy:t 
wo e 
If the series $, un is summable (A, k) to the sum J, and if peis a loga- 
n=l 
rithmico-exponential function of A such that u = O(A4), where A is a con- 
stant; then the series, >) un, is summable (u, k) to the sum l. 
n=1 i 
In this case, let u = n log n and A = n; then the condition n log n 
= O(n‘) is true for any constant A > 1. The hypotheses of the theorem 
are satisfied and the lemma is proved. i 
We are now in a position to prove 
THeoreM II. The Dirichlets series definition, Dn iogn, when i ap- 


e proaches O over a poini set T, lying within an angle with vertex at the origin 


such that [am t| = a < 1/2, includes the Cesdro means of all orders. 


* Comptes Rendus, Vol. 149. (1909), p. 910. Š 
t Comptes Rendus, Vol. 152 (1911), p. 1651. ° 
t Proceedings of London Mathematical Society, Serftes 2, Vol. 15 (1916), p. 72. 


r 
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" > w 
To prove this theorem, it is necessary to show that if >) un is sum- 
n=1 


` *mable C, to the sum J, then >> une" converges, R(t) > 0, and 


n=l 


© ° 
lim >) Une n jsl, 
t—> 0 need 


We assume that Susi is summable C; aid EREA T summable 
n=1 


(n, k) to the sum }, where k is the order of summability. It is evident that, 
efori = 0, J. une ™ 08» ig summable (n, k) and, by the lemma, (n log n, k) 
n=l 


and that the sum is 7. It is also summable (n log n, k) for all ¢ whose real 
part is greater than 0, say to the sum f(t). This is due to a theorem by 


oO 
Hardy and Riesz* which states that if a Dirichlet’s series, $O une, is 


n=l 

-  summable (A, k) for a value of ¢ whose real part is ø, then it is summable 

(A, k) for all values of ¢ whose real part is greater than ø. 
Hardy and Rieszt ao proved that if a series is summable (A, k) for 
i = fo and has sum f(to), and if the series has sum f(t) when the real part 
-of ¢ is greater than the real part of t, then f(t) > f(t) as ¢ > to along any 
path lying entirely within the angle whose vertex is.at f and such that 
Jam (t — t)|<a< 7/2. We have then that, if t approaches zero along 

any path i in the angle defined, f(),- l. 


But, we shall show that 2 Une! 6" is actually convergent, Rid) > 0. 


n=1 


Since 5 u” is summable Cr, un/n* —> 0 as n —> œ. The series 5 Ungni 108 a 


n=l n=l 
has a’ region of absolute convergence coinciding with its region of con- 
- vergence.t Therefore, we can write 


| tne? log n [ae = Si 


Ein In 


Un 


n* 











Therefore, by Cauchy’s test >> une! 8" is convergent, R(t) > 0. 
n=1 


Because of the regularity of (n log n, k), >) Une" must be Sum- 
n=1 . 


mable (n log n, k) to the same f(t) to which it converges. It follows then 
that the value approached as t + 0 must be the same in both cases. There- © 
e * Loc. cit., Theorem 25. e 


et Loc. cit., Theorem 28. 5 
t Hardy and Riesz, loc. cit., Theorem 9. 


: Va = (— 1) 
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fore 

P i w 
lim $ tne! en = ] 
t—>0 pmi 


and the theorem is proved. 


4. Some RELATIONS BETWEEN THE BOREL DEFINITION, tHe LeRoy 
DEFINITION, AND THE DIRICHLET’ S SERIES DEFINITION Da tog n- 


TurorEeM I. LeRoy’s definition does not include Borel’s definition. 


We prove this theorem by giving a series that is summable Borel and 
not summable LeRoy. Let us consider the series 


eae eater eer E ere ee ere ee 
n=O 


where 
n! 
Un = (— 1)? ——, neven, 


This series is summable Borel, for 7? 





yer erto Éo E on, 
a=0 
p r 
TS 
2 ° 


and : 
wo 
[re cy et dt = f e -idi 
0 n=0 0 
which converges, since e~*~' < e~, both are positive, and f: -h con- 


verges. Tidore, the series is summable Borel. 
This series is not summable LeRoy. If we apply the LeRoy trans- 
formation to this series, we get 


L=140- PEE Do o PAE D344 


; — AO 45-6404 EY 5.6.7.8. 
e 
so that, if V, is the nth term of this series, 
V,= 0, nodd, 
T'(nt + 1) oe 


n even 


os ban 
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In order to see what happens to the nth term of this series, as n > ©, we ` >» 
write n = 2k, so that 


and find the limit scratch by Vz as k -> œ. By Stirling’s formula 


2: 1) ie QAR (1/9) JED he WU) gR 2D] + o(1)], 


so that 





[2 + 1) r = QHD p UD pA HUDI 4. o(1)], 


For a fixed t > 4 
1/2k 
[| ee es 


kl 
It follows then that the series L cannot converge, t > 4, since lim sup 
|Va|= ©. Since the series L does not converge, to < č < 1, it is not 
_ summable LeRoy and thg theorem is proved. z 
Before proceeding to the next theorem, we prove two lemmas. 
T(nt + 1) T (nt! + 1) 
Lemma 1 If > Tia p 1) em oomwerses, then X> Tati p. Un converges 


dBeölidelyi P<t 


e 
We assume that > Fans fey i Um is convergent. ‘Therefore, 


T(nt + 1) 
T(n + 1) 


Tín + 1) 


Jun| < O, |un|< EET 5° 


and 


P(n +1 4 1) h aa e 1) int 1) _T@t’'+)) c 








Tin + 1) + 1) Tòn + 1) Tint + Do Tnt + 1) 
S PRP is t/-+- (1/2) 
= rl Deal! ____ wiry CL1 + o(1)], 
then 
i T(n? +1) E EE E 
a e h ea er es ela Sram CPE + 00)] , 





< kn” {1 + o(1)] 90, as n>, <ie 
Thus Lemma 1 is proved. 
Lemma 2. Let k(a, x) be continuous, a > 0, x > 0, and let U(x) bea ° 
continuous function such that lim U(x) = 1. If o 


i. de: |k(a, æ) |dz exists for, each a > 0 and is bounded for all a > 0, 
9 x 


4 f * kla, )Ut@)de + U(0) —1 
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2, tim f |k(a, z)|de = 0, 8 > a> 0, 

3. lim f kla, a)de = skust 
Game 0 0 . 

4, Jim. f k(a, z)dz = 0, 


then i k(a, x) U(x)dz exists for each a > 0 and 


lim Ai h(a, 2)U(@)de = L— oa 


The fact that S k(a, x) U(a)dz exists follows immediately from condi- 


tion-1 and the fact that U(z) i is bounded. 
We can write 


. a reato: f "kla, «)[U (2) — UO Jr 
0 0 ‘ 7 i 


+ U(0) ( Poa f He eT 


pe J : Ka, 2)[U(e),~ Ide + i3 k(a, x)dz, 


where &, 7 are constants, each independent of a, such that 


(Ue) -lée z> 
|U(z) = UO <e <y. 


Because of (3) 


U0) f k(a, x)de = — UO ha; whae lim f(a) #0, 


sie aid because of (3) and (4) 


1 an Ha, a)de= 1+ hela), where lim a(a) = 0. 


It follows that 








= f” ika, 2)| |U(@) — U0) |de 


+ fhe, 2)||Ue@)de + f ee, 2)|| (2) ~ Id 
By (1) and the choice of 7 


Jf 1E 2)||U@) - Uy Jde =<; tie 
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by (2) and the fact that |U(z)|< M 
ff (He, 9|\t@)|de< Met), where im ila) = 0 
by (1) ang the choice of £ 
| | S ka E T Sekt: 
It-follows that 
ia h(a, 2)U(@)de + U(0) — |= <0 


. $f Moh) + A HOIHO, 
' 80 that .- 


lim sup 
a—>0 





a k(a, AU ede + tosl set ken 


Since this limit is less than an arbitrarily chosen small positive constant, 
. it follows that 


lim, S Ka Ude =1— TO. 


` Taeoneys Il. Ifa series, È Un, is.summable Borel and if 3 ee 7 Un 


converges, &<ti<l, then ihe series is summable. LeRoy, ind to the same 
value. 
Bromwich proved* this theorem under the sceaniion that 


T(nt + 1) 
Uy 
re TI) 
converges absolutely. Because of Lemma 1, we need not require the 


absofute convergence of this series but simply its convergence. The 
following proof differs materially from the one given by Bromwich. 


We assume that T é*u(z)dx converges to the value l, and desire ton. i 





prove that, if Ere+d Un converges, then lim 3, hei = yt ie “i 
We can express 2 ee 7 un in terms of an integral as follows: 
T(n) = f e~r dz, ; a = L eee de, ‘e 
i (i ea O° ni 
and ° 
. T (nt + Dy r tat de s. l 
Unt te = ETF dz, ` e 
è Enri + j“ ET g e Pi 


- * Bromwich, Infinite Series (Lendon, 1908). 
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. ‘hens the brim integration is justified by Bromwich* under: ‘lis 
hypothesis of absolute convergence which is equivalent, because of Lemma 


1, to ours. 
We can now write . 
eT(nt +1), c ee 
tr “IntI 4 D“ Eo b ula \dz, where u(r) = ae 


Now, if the change of variable x = y'/ is made, and if we then replace y by eo 
and 1/t — 1 by a, we have 


a (7 emuletlde = lim e oP eu(eyde + lim a a e> grulede.  ¢ 


e t—»>1- 
It. now remains to show that if a é*u(x)dx converges to the value /, then 
ee 


f ° et yay (x) dx converges for all values of a in Bh interval (0, a) and that 


o 


lim y e=" aulx)dz = 1. If this is proved, it will be clear that Üe second 


m a> 0 0 


integral in the above equation — 0 asa > 0. ° 
Let us write U(x) = le e-u(s)de. Then it follows that | lim U(2) = =] ' 

and that U’(x) = 6 *u(z). i Therefore, ar) 

| f * 6 eu(e)de = i ee ayda., 

Integration by parts N = 

J = eU (ajda = lim [AAU ay} — lim JE PUA TO 


The last integral converges as £ > © ‘and we have 
fe ent (a)da = — {2 glee] IOA 


enm 2 can now be used to show that whenever iim U (z) = 4, then > 


~ f ° A pera] (a)de 
° 4 0 dx 
exists for each a > 0 and 
.- (> E d ite 2e 
« lim A rA æ ]U(e)dz = I, . 
e Here ° ` "o š 


ve b(a, x) = - pren] e 
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is continuous, a > 0,72 > 0. U(z) is an indefinite integral and therefore - 


continuous, 0 < g, and lim U() = 1. It remains to show that k(a, x) 


T—> v 
satisfies the four conditions of Lemma 2. 
In order to show that condition 1 is satisfied, it is desirable to know 
where k(a, x) changes sign. We find — 


‘h(a, x) = — fete] = — eter + a (aH Lat], 


Since the factot outside the bracket is negative, we investigate «+ a 
— (1+ ajx, It vanishes when x = 1; and its second derivative < 0, 
a> 0. Since the function > 0 when x = 0, it follows that it changes sign 
` only when x = 1. Therefore, k(a, x) is negative, 0 < x < 1, and positive, 
z> 1. We now show that the four conditions of Lemma 2 are satisfied. 
Condition 1. 


Te 





de = fè T [ee de — lz fe x 
= [eae — [era = 2. 
Condition 2. P 
‘Ifa<B <lorl <S<a< f, then 
im 


20 Ja 


— ff eee] dx = lim mfa +4 Aaa 


= + lim [Ope — ea] = 0. 


a—>0 








Ifa <1< 8, then, 
de 





de = lim Ji flees 


Co lim f £ peet] = lim Loe] — lim [oar = 0. 
e a—>0 Jy 
Condition 8. 
Ifa> 0, l 
lim | — Lieta] = lim [- ep = — 
x a—>0 Jo dx a—>0 
Condition 4. 


S — ee = [- greta fe = (), : 
N : 


The conditions of the lemma are then satisfied and we can say that if 


f ge *u(w)dz converges to the value l, then ° 


i i E et ety (2) dx 


0 
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i 
- converges, a > 0, and 


lim ? 7" ruledz = 1> UO. 
a—>0, ft] ` " 
But U(0) = 0, and the theorem is proved. ; 

COROLLARY. The LeRoy and Borel inian are mutually consistent. * 


Tarorem III. A sufficient condition that È anes F un shall. con- 
gp kren that lin e =0,e>0. . 


By Stirling’s formula 





T'(nt + 1) n(t-1) pnt (1/2) nli) 
inti ae ndgn é [1 + o(1) hin. 
Therefore, : 
Tnt + 1) = pam gD ijn 
ae wl >n s [E + oD +0 


under our hypothesis, W<<. 
In 
Tueorem IV. Ifa given series, $> Un, 18 summable Borel i ne ar 


= 0, e > 0, then the series is siniable LeRoy to the same value. , 
The proof follows medaily from Theorem II and Theoret IO. 


THrorem V. If Dwi is summable C, and summable Borel,} it is sum- 





mable LeRoy to the same value. 
Since Tn is summable Cr, it is necessary that >0 asn ©, 
Therefore, = | . 
[ual <'On’, lain |™ < Cinni, and , ° 
| thy [2/7 < PEAN < umpe y ere er ; 


n n 

and, by Theorem IV, the theorem is proved. . 

‘Taeorem VI. Tf Y un is summable E,§ and Borel,t it is summable 
LeRoy to the same elie: : 
e Since > un is summable E,, it is necessary that Te +> 0 as 

n=0 (2r — 1) 

2> oo * : . 

* Ridotti has proved this corollary i in another way. See Gioinale di Matemaiiche, Val. 


* 48 (1910), p. 80. : 
` e t Necessarily to the same value because of mutyab consistency. . 


t Report, p. 32. 
§ Ay to the same value because of mutual consistency. 
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l Therefore; 
[tn < (2r — 1), 
and 





Yn n P y 

Luat gU! Qr D o, TEEN 

n n 

and, by Theorem TV, the theorem is proved. 

` Turor VIL. If Sct, is summable E,, it is summable LeRoy to the 
: n=0 


same value. : 
This theorem states that LeRoy’s definition includes the definition given 


‘ by the exponential mean, Z,. Borel’s definition includes E,.* . Therefore, 


every series summable F, is summable Borel and consequently, by Theorem 
VI, is summable LeRoy. 


TuHeorEM VIII. If Sih is summable by the Euler power series defini- 
n=0 
tiont and summable Borel,t it is summable LeRoy to the same value. 


Since J un is suminable by the Euler. power series definition, it is 
n=0 i 


necessary that lim sup |wm|/" < 1.§ Therefore, 
R- Q 


` jiin í 
tim Peb < tim 1= 0; g>0, 
na n n—+o n 


and the theorem is proved. 
THEOREM IX. If So te is summable Dn tog n and Borel, then it is sum- 
“n=0 : 


mable LeRoy to the value to which tt is summable Borel. 
Given an e> 0, then it is necessary if the Dy iogn series converges, 


` ¿> 0, that 


, » piglet Pet A, t>0, 
and, in particular, 
ttn |e" bsn < A, 


Then 
IA < Aeri log ^ A 
and ' 3 A . ni e 
| ttn jun < Agl logn = AUnye/2, 7 
* Report, p. 27. - ni > 
e Į Report, p. 23. f i _e 
` ` Necessarily to the same value because of mutual consistency. * 


§ Report, p. 32. e i a 


at 
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* Therefore, 





[tty 3” é Alinys?2 _ Aun 


Á => 0 
n 


n n? : 
and, by Theorem IV, the theorem is proved. ; 
THEOREM X. The Dirichlets series definition Dn tog n does not include 
Borel’s definition. 
This is shown by means of the series 


De = 14 0-24043440—4.5-64%-., 
a=l 


where 
Un = 0, neven, 


Un = (= 1)0DA {n= J)t » nodd. 


(H) 
2 

It was shown in the proof of Theorem I of this section that this series 
is Borel summable. It is not summable Da tog ne To. show this, we form 


w 
5 Une ™ log n . 
n=l 


and show that it is not convergent t > 0. The nth term is 





0, n eyen, 
(— 1)*-be2 a) a en ht log n: n odd. 
Tea 
2 
We take the superior limit of the-nth root of the nth term as n >, 
(n — 1)! —nt lo eisai 0, t> 3, Ñ 
amp Sy i o, <h 
R 








' By Stirling’s formula 
(n = 1)! = T(n) = Vr nM] + 0(1)], 





and 
; æ ET (n+1) : 
orks rae iad Crd MELO 
gnd l nS an es 


= VZ pian ( 1+ xy" RHR] 4 o(1) P.: 





(n aig bel ent log R nas 
n — Ji 
2 


e 
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5} ni-n ( 1+ x) eta] +. o(1)] 


[f0 łŁ24 
: | oO, t<h. 
Since for this Dirichlet’s series the region of convergence coincides with the 
region of absolute convergence,* it follows that this series does not converge, 
0.< E< 4, and the theorem is proved. 

TuErorEM XJ. Borel’s definition does not irichiiae Da toaa 

We have proved that Da iog n includes C,, A series summable C, and not 
Borel would be summable Dy 10, n and not Borel. Since the Borel definition 
. does not include C,, such series exist. : 


5. Some INDICATIONS OF THE RELATION BETWEEN THE LEROY DEFINITION 
AND C, 


We have attempted, by the method used in section 2 for the proof that 
Dn 10g n includes C,, to show that the LeRoy definition includes C,. To do 
this, it would be sufficignt to prove . 

T'(nt + 1) 
ee Gee a. 
. (nt +1) 
oe ES, 
Tíni + 1) 

Èr Tin +1) 
converges for each ¢ < 1 and is bounded for all t < 1. 

It is easily seen that the first condition is satisfied. By using Stirling’s s 
‘formula, condition 2 can be shown to be satisfied for all values of r. | 

In order to show that condition 3 is satisfied, it would be sufficient to 
- show that conditions I’ and 2 of Lemma 1, section 2, are satisfied. 
_. For the case r= 1, we shall prove that condition 1’ is satisfied. To 

show this, it is necessary to prove that 


alt + 1) 1) 
Èt Té+1) 
is bounded for all n and allt, 0 <¢< 1. e 
Tkt + 1) 
ré+) 


2 Sa) = SRA = AO = nal) + (= Doras 


analogous to formula (5), sectién 2. The first, term of S,(é) is independént 
* Hardy and Riesz, loc. cit., Theorem 9, page 9. 


=-,. 


=0, t<1, 








If we write F(t) fore we have 
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` of n and bounded for all ¢ under consideration. Therefore, we need con- 


sider only the last two terms. 


Replacing rO by ae the last two tanmaof 8.0) give 


OEE TE pier 1) nI(nt + 1) 


Tint 2). Tati 
_(ta-—DTa+1) | ntl (nt) 
nrn) » Tin 
Since both terms of Si, (t) are bounded for n = nj, t = tọ < 1, it is necessary 


only to consider what happens to S;(¢) when n is large and ¢ near 1. 
We can write 











| (1 “ To Darai 
() = To : 


Applying Stirling’s formula to the gamma functions, we have 
SL) = nn G2) gnatouyn) . 


TOO CD rete] 
nj\. n : 
where 6 = 1 — #. 


If we write each term*as an exponential end expand. the logarithms into 


` series, we get 


(1) AMHARE) = g-C/2)E+O(ms#)+00/n) — goln) E + 0(8) +0 (2) | 


2) (2 D (1 m oes —t+O(L/n) 2 E FO (=) ; x . 


and ; D 
B) © #=1+0®). 
By the law of iie mean and the fact that 6 > 0, we have 
Í 0< 1— n< ô logn, 


so that . 
(4) nan? = 1 + 06 log n). 
Substituting (1), (2), (3), (4), in S,@, we get 
e RMO) = n HgO lne) [o (5) -+ O(6 te n) | : ° 


= g™ log tOn® (1) Y O(nd log 2)]. 
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But $ i 
n = = [nô log no (E$ -)< 3n6 log n° 


for n sufficiently large and t near 1. Therefore, 
O PP L gUn gn 
and T 
Sa a(t) = Mm log a01) + O(nd log n)] 
= O(g HA) ns log n) + Olnôe — (1/3) nő log n log n). 
Let y = ind log n, then 
i Si) = O) + Oly). 
Same y is positive, S,(é) is bounded for all n and all é < 1; and condition 1’ © 
of the lemma is satisfied. ` 
It seems not unlikely that this proof can be carried through for higher 
values of r. However, in order to complete the proof, even for the case 
r=], it would ‘be necessary to show that condition 2 of the lemma is 
satisfied. We have not been able to do this. We are unable to determine 


accurately the number of changes of sign for 4? TTP a 2. We succeeded, 
T (te) 


Te ) for eon values of ¢ near 1, in 


making ft appear very likely net al io 


near 1.* While this does not constitute a proof, there seems but little 
doubt that LeRoy’s definition includes Cı, and probably C,. This belief is 
somewhat saci by the fact that Hardy’s definition, 


hoivever by drawing graphs for 





Je changes sign just once for ¢ 


. ; i = 
; ; .:- Hm Sem log aua, 


t—>0 nad 


‘which he considered “ substantially equivalent” ț to LeRoy’s, aiaa C,.t 


* For ¢ = .9, the second derivative appeared to change sign for a value of x near 3. 

,| See Introduction. 

"t Our proof. that D, log a includes C, can be carried through with but minor changes 
for Hardy’s definition. 


e e 
Ee nse 


MODULAR INVARIANTS OF A BINARY GROUP WITH COMPOSITE 
MODULUS. i 


By Constance R. BALLANTINE. 


1. Let © be the group of transformations 


g: v = az + by, | 
‘Ly’ = cx + dy, 


a b\ 
t=(% a) 
on the indeterminates x and y, where a, b, c, d are integers, and 
A = ad — be 


also denoted by 


is prime to a given integer m. A rational integralefunction, F(x, y), with 
integral coefficients, will be called an invariant of © modulo m if 


F(a’, y’) = AF (e, y) (mod m), . 
identically in x, y, a, b, c, d, after t, y’, A have been replaced by their ex- 


pressions above. ° 
We shall frequently fnd it convenient to work, not with the infinite 


group ©, but with the finite group, denoted by ©’, of classes T' of all trans- 


formations congruent to a given X modulo m. We shall write 
Tu= g (mod m), 
if ! . 
u=a b=b, ase, d =d (mod m). . 
Thus, if Tı belongs to J’, 
Flaw + by, cw + dy) = F(ax + by, cx + dy) (mod m), 
identically in x and y. Hence we may state 
TueoreM I. The invariance of a rational integral function with integral 
coefficients under the finite group © modulo m is equivalent to its invariance 
undere® modulo m. 
2. Professor li. E. Dickson* has treated the case m = p, a prime, Re- 


stricting attention at first to the group H (with corresponding finite group 
ə H’) for which 
A= 1 (mod p), 7 


fig has shown later that the fundamental system of invariants is the same 


* Madison ae Lectures, pp. 33 ff. ° 
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as when A is merely prime to p. This fundamental system he has found 
to he 
L= my — xy, 
Py — ay? 
- oy ey 
: Q E 
The group H consists of all Banonin 





g=(% 3)  ad—bem1 (mdp); 


where a, b, c, d are integers; and the finite group H’ is the group of classes 


S’ of all transformations 


s=(“ By ae By = 1 (mod p), 


, where a, p, y, ô are integers reduced modulo p. 


` 3. Passing now to the case of a composite modulus 
j T = Pipe --* Pay 


where the p; are distinct primes, we wish.to find all rational integral func- 
tions I(x, y) with integral coefficients which are invariant modulo r under the 
group T of transformations 

e=(¢ A ad—be=1. (poda), «4. $ 


where a, b, c, d are integers; i.e., all functions I(x, y) for which 


Ilas + by, ox + dy) = I(x, y) (mod 7), © 


identically i in x and y, for all admissible a, b, c, d. By Theorem I, this is 
equivalent to finding all the vo modulo r, of the group I” of classes 
6’ of trafisformations 


o= (? S) i= py Si (mod 7), 
y ô 


where a, 8, ¥, ô are integers reduced modulo r. 

. £. Let p denote any.one of the p: and m the product of the others, so 
that r = pm. Consider the sub-group -G’ of I’, composed of all classes of 
transformations of I’ which are congruent to identity modulo m. These 


transformations, taken altogether, form the corresponding infinite sub— 


group G, but it is with the finite sub-group that we shall chiefly be‘dealing. e 


Every class of transformations of G’ is composed of transformations® 


my 6 


` Sa z) (bedr) a=8=1 (mod m), : 
E se $ 
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` where a, mf, my, 6 are integers reduced modulo r; while, since T belongs. 


to T, we have 
ab — mBy =1 (mod r). 


The latter congruence, being satisfied identically modulo m, requires merely 


that . 
ab — mpy=1 (mod p). - 


Since a and ô are residues of integers modulo r and are congruent to 
unity modulo m, they range over the values . 


l 1,m+1, 2m+1, +--+, (p—ijm++1, a 
which are congruent in some order to 
0, 1, 2, ey De l; 


modulo p. The same is true of the integers m8 and my, which range over 


the values l 
0, m, 2m, +--+, (p — 1)m. 


Thus to every 7” (class of transformations congruent to a given T modulo r) 
there corresponds an 8’ of H’, viz., the class of transformations 


s= = Al pee Gada. 


e 
where 
(1) v=a, p= mB, y= my, ð= (mod p), 

are integers reduced modulo p, and, conversely, to every such S’ corresponds 
a T”. For we can solve the congruences 


ee mB =’, my= y, 6=8' (mod p), 
a=6=1 (modm), 


for integers a, mB, my, ô, reduced modulo r, and, since 
l ai — mpy =1 (mod p), 


(2) 


by the definition of S’ and (21), while the same congruence holds modulo 
m by (2), it holds modulo v, and all transformations 


T= on 7) (tiod x) 


e 
are in I. Further, this correspondence is one-to-one, since the solution 
8f (1) in integers reduced modulo p is unique, and the same is true of the 


3 solution of (2) in integers reduced modulo r. 


Also, given any two classes, T4, T4, of G’, composed of all transformations 
` a e 


myr ôi mye 5g 
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respectively, where, from the definition of G, 


a = ô = a = ĝ& = 1 (mod m), 
we have 
T; = = Ti Ta 
= Ge + mhiy: mab: + na ` 
myra: + môrya  mYıb: + 8159 


= ( as 7) (mod T). 
° mys 93 


The product of two transformations Sı, S2, belonging to the classes Si, 83, 


corresponding in the manner described to Ti, Ta respectively, is 


S3 = Sisa 


=(c Ai) (24. M) 
“Na 8) \y2 ôa 


i ‘Ge + Biya ap + an) 
yiæz + diy yib + 5153 
TA t 
a(n) eaa 

where œs, 64, Y3, 53 are the residues of œz, mBs, mys, ôs modulo p, and hence 
83 is the class of H’ corresponding to T3 of G’. 

Since p was any one of the p;, we have ` 

THEOREM II. Each of the nesub-groups Gi of the group T’ of slain of 
transformations with determinant congruent to unity modulo r, viz., the group 
of all classes of I’ composed of transformations which are congruent to identity 
modulo m; = t/p:, is isomorphic with the group H' of classes of transforma- 
trons with determinant congruent to unity modulo pi. 

5. We shall now prove the following 

Lemma. Fort <n, let Ti, Ta, +--+, T; range over all the classes of Gi, Gs, 

+, Gi, respectively. Then the products TiTa --- T} are all distinct and form 
the sub-group J; of classes U; of transformations U; of T which are congruent 
to identity module l; => a] (prpa suas Pi). 

This is true by definition when ¢ = 1; i.e., lı = mı. Suppose it true 
when the above 7 is replaced by i — 1. Then, first, the groups J‘... and G; 
have no class in common save that of the transformations congruent to ` 


identity (J) modulo x. For suppose any e 
U; =T te : e 
Then every 8 
E , . U= T; (mod 7). Eo 
Bat ' 


T5I (mod m, 


e ` 
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and 
Uz1= 1 (mod l), 


`. and hence modulo p; a divisor of both lı and m. Thus 


Ti = Ui =] (mod Ds); . 
and, since m; is prime to p; and their product is 7, we get 
T;=I (mod r). 


Further, the products Uj_17; are all distinct, where U1, T; range over 
all the classes of J¢1, Gi, respectively. For, if such a product be equal to: 
a second product (in which the. letters are distinguished by an asterisk), : 
i.e., if 

* * 
UiT, = UiT, 
then every 
. xk t : 
UiT: = UiT: (mod r), 
and 
+ + 
UU = T;Tr (mod 7), 


whence each member of the last congruence is congruent to identity modne 
r, and 
; * ; 
Uni = Ue, T; = 7; (mod T), 
which implies 
* 
Uia = Uta, Ñ = Ti- 
_ We note that U1 = pal, and that m; is also divisible by 7,. Thus, 
since every 
i U= = I G l1), 
it satisfies the same congruence modulo l;; and, similarly, every e 
T,;=1 (mod m), - : A 
and hence also modulo l;. Therefore we have every product 
Uim T; =f (mod l) , 


whence the products belong to J;, and the product classes to J‘. 
Conversely, given the class U; of transformations 
: U;=(* a (mod r), 
ly ô 
e 
where 
‘ a=6=1 (mod kl), 
5 we can “find integers ii libis liyi i—i, Oli; mB; MY is bi, reduced 
fhodulo x, such that Z 
O10; = a, et ee ô, 
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myo18; + 118-16; = B, Layee: + mômyi= y (mod 7), 
while 
i a1 = ĝi = 1 (mod li), 
Qi= ð= l (mod md, 
.50 that, sfnce 
lim; = 0 (mod T), i 


we càn factor each U;, modulo r, into the product of 


° Ui = o Eo * (mo ` T), 
liyi ôi 


and i 
ùf a@ mp; 
T,= ( ) (med 7). 
Mei 6; 
Thus all the classes U{ of J‘, are expressible as products of classes U4_1 of 
ia T; of Gi, and J; is obtainable by composition from J{_; and G$. 

If i is taken to be n, the first part of the lemma is still true, thus all the 
products 7:7: --- Th are distinct, where Ti, 73, +-+, Ta range over all 
the classes of G4, Gh, - »-, Gh respectively. The order of I” is the product: 
of the orders of the sub-groups Gi, Gz, ---, Ga For, given any class 0’ of 

-transformations 


a 5): ai — By =1 (mod 7), 

y ô ; a 

where æ, 8, y, 6 are integers reduced modulo r, we can determine uniquely 
for each value of ù a class S; of transformations 


i= ( a , ab; E Biyi = 1 (mod Pi); 
Yi Ôi i 


whefe ai, Bi, Yi 5; are integers reduced modulo p;, such that 
a=a, B=, w=, 8 =5 (mod pi); 

and, conversely, given any set Sj, Sg, ---, Sa we can solve 
a= ai, B = Bi, Y= Yi ô = 0; (mod Di) 

(G= Doe n) for a, 8, y, 6, for which aô — By = 1 (mod r) uniquely 
among the residues of integers modulo ~r, so that every set Si, S3, ---, Sn 
determines a class O’ of I”. Thus the order of I” is the product of the orders 
of the Hi, which equal those of the Gi, and we have - e 

.THEoREM III. The total group I’ of classes of transformations with 
determinant congruent to unity modulo x is obtainable by compositioy of the f 


sub-groups Gi, each composed of those classes of I’ whose transformations qre 
congruent to identity modulo the= tjp; . 
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6. Let I(x, y) be any rational integral function with integral coefficients 
which is invariant under I’ modulo x. By Theorem I, this is equivalent to 
_ the invariance of I(a, y) under the group I”, i.e., 

I(ax + By, ye + ôy) = T(z, y) (mod r), 
for every set a, B, y, 5, of integers reduced modulo vr, for which 
ai — By =1 (mod r). 
In particular, I(x, y) is invariant under every class T; of transformations 
t= ( TAN (nad 2), 
myi 95 

a;=6;=1 (mod m;), 
of G; (¢ = 1, 2, ---, n), and thus under the corresponding class S; of trans- 
formations 


(8a (4 EY, -e= (od po 
where 

a = Ai b: = Mpi, vi = Miyiy ô; = 9%; (mod Pi), 
are integers reduced modulo pi, of H; (i = 1,2, -++ n). By the isomorphisin - 
proved in Theorem IJ, when T; ranges over all the classes of G% S; ranges 
over all the classes of H;, and thus J , y) is Invariant under all the trans- 
formations of H; modulo p; (è = 1, 2, ---, n). 


Conversely, suppose T(x, y) is a atonal integral invariant of any one 
of the H; modulo p; i.e., invariant under every class S; of transformations 


d ’ . 
s=(% p) Ai- Bi = 1 (mod p). 
Yi òi / 

Then, since we can solve 
a= a, mB:= Bi, mys =i, 5: = ð; (mod p;), 
a; = 6;=1 (mod m), - 
for integers œi Mibu mry:, ĝi reduced modulo r, I(x, y) is invariant under 
the corresponding class 7; of transformations 


T= ( “ a (mod r) 
¢ MYi 6; K 


. 


of G’, modulo r, and thus, using again the isomorphism between G; and H/, 
under the sub-group G modulo 7. Since, by Theorem III, the sub-groups 
t (i = |, 2, ++, n) generate the total group I’ modulo v, if any rational 
4ntegral function with integral coefficients is invariant under every PP, 
modulo p(t = 1,2, ---, n), itis an invariant eff’, and hence of T, modulo #. 


` . , - \ 
Battantine: Modular Invariants of a Binary Group. 283, 


Turorem IV. A necessary and sufficient condition for the invariance of a ` 
rational integral function I(x, y) with integral coefficients under the group T 
of transformations with determinant congruent to unity modulo è = Pipe + Pms, 
is that I(x, y) be invariant under every group Hi; of transformations with 
determinant congruent to unity modulo p; @ = 1, 2, ---, n). 

7. As mentioned in § 2, a fundamental system of invariants of H i, 
modulo p; is given by 


< i . EE at feed ? 


` Thus every rational integral invariant of H; is congruent, modulo p;, to a 
polynomial in L; and Q; with integral coefficients, or we may say that every 
invariant is‘of the form 
F(L;, Qi) + pf y), 
where F and f are polynomials with integral coefficients. 
.’ By Theorem IV, if I(a, y) is an invariant of T modulo 7, it is an invariant 
of every H; modulo 7;,,thus it satisfies the equations 
(i) I(x, y) = Fi(Li, Q) + pif, y), 
(i= 1, 2,¢---, n). Since the greatest common divisor of the numbers 
m; (i = 1, 2, «++, n) is unity, there exist integers k; such that ° 


> km; = i. 


Multiplying each of the eee (1) by the corresponding kas and 
adding, we have 


2 Kean = 2 kamPi(Ls, TET D kifi, y), 


whence” 


y 


Iæ, y) = Dy kamF (La Q) (mod 7). 


As k;F;(L;, Q;) is an invariant modulo p; of H;; we have, finally, | 

Jsrormm V. Every invariant of the group. r of transformations with 
determinant congruent to unity modulo T = pip. ++: Pais a sum of expres- 
sions, each of which is the product of an m; = eit by an invariant*of the 
corresponding group H; of transformations with determinant congruent ip 
unity modulo p:i; and, conversely, every such product is an invariant of T 
modulo x by definition. . 
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DETERMINATION OF A SURFACE BY ITS CURVATURES AND 
SPHERICAL REPRESENTATION. 


By W. C. GRAUSTEIN. . 


1. Introduction.—The principal problem of this paper*is to ascertain 
in how far a surface is determined by its curvatures and the directions of 
its normals,* or, stated more broadly, to find conditions, necessary and 
sufficient, that a definite, positive, differential quadratic form in the vari- ` 
ables u; v and two functions, K(u, v) and K(u, v), be respectively the third 
fundamental form and the total and mean curvatures of a surface, and to 
ascertain, when these conditions are fulfilled, the number of surfaces 
determined.t 

The conditions that the given elements, in their prescribed capacities, 
determine at least one surface, though not easy to ebtain in general form, 
are readily found when appropriate parameters are introduced. A 

Developable surfaces are evidently excluded by hypothesis. „It is found 
that a non-developable surface is in general uniquelyt determined by the 
prescribed elements. In the exceptional cases there is either a pair or a 
one-parameter family of Surfaces... The surfaces of a pair or two surfaces 
of a family we shall call cross-congruent. 

It is geometrically evident that the surfaces parallel respectively to 
those of a pair, or family, of cross-congruent surfaces and at the same 
algebraic distance, c, from them, also constitute a pair, or family, of cross- 
congruent surfaces. We shall call the two pairs, or families; parallel? Tf 
the ratio of the curvatures of the surfaces of the given pair, or° family, 

* This problem is to a certain extent analogous to the problem, proposed and solved by 
Bonnet, of determining the surfaces applicable to a given surface with preservation of both 
curvatures. Cf. Bonnet, “Mémoire sur la théorie des surfaces applicables sur une surface 
donneé, ” Journal de V'Ecole Polylechnique, Vol. 42 (1867), pp-72, foll.; also, Author, ‘‘Appli- 
cability with preservation of both curvatures,” Bull, Amer. Math. Soc., Vol. 30 (1824); 
where new results bearing on Bonnet’s problem are tae by the methods developed in 
the pregent paper. 

+ Equivalent to the prescription of K and K is that of the principal normal curvatures, 
lër: and 1/rz, provided that their order is left arbitrary. The sign of K, or those of rı and 
rs, are immaterial, since they depend on the orientation of the surface normal; however, if 
atwo surfaces satisfy the same prescribed conditions except perhaps that their mean curva- 
*tures are gpposite in sign, we agree to orient their normals so that the mean curvatures wil] 

ebe equal. ° 


t We adopt the usual convention of thinking of a suface as uniqué when it is determiņėd 
pe for rigid motions and reflections. 
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is K/K = r, +r, that of the surfaces of the parallel pair, or family, is ` 
KJK — 2¢. 

A family of associate minimal surfaces is a family of cross-congruent, 
surfaces. So then is any parallel family. Families of these two types 
we shall’ call families of associate surfaces for which K/K = const. -Both 
they and the function K/K play special réles. . 

The lines of curvature of the surfaces of a pair are never represented on 
the sphere by isometric systems, whereas those of the surfaces of a family 
always are. In the latter case, the œ? isometric systems on the sphere 
make constant angles with one another only in the case of associate surfaces 
for which K/K = const. 

The problem of determining whether or not two given surfaces are cross- 
congruent can be handled by the method used by Bonnet in treating the 
corresponding problem of Minding. The details are left to the reader. 
We note merely that, in imposing the condition that the curvatures be pre- 
served, it is convenient to use, not K and K, but K and K/K. Our primary 
interest in this investigation consists in ascertaining under what conditions 
two surfaces are cros$-congruent in a continuous infinity of ways. In 
stating these conditions we can assume that the surfaces are cross-congruent 
and are referred to the same parameters. 

THEOREM 1. Two cross-congruent surfaces are cross-congruent in a 
continuous infinity of ways if and only if their congnon curvatures, K and K, 
dre functionally dependent and the equation K/K = const. represents on the 
sphere an isometric family of geodesic parallels, or, if K/K is constant, the 
equation K = const. represents such a family on the sphere. 

if KJK is not constant, the first condition of the theorém, namely, that 
K and K be functionally dependent, is, in the case of families of cross-con- 
l gruent | surfaces, by itself sufficient! Moreov er, the differential system 
defining these families can be completely integrated and the point co- 
ordinates of the surfaces found by quadratures. When K/K is constant, 

no difficulties arise, inasmuch as cross-congruence, in the special case of 
minimal surfaces, is identical with applicability. 

-The second half of the paper deals with the problem from the Haine of 
view of parallel maps.* It is evident that either of two cross-congruent 
surfaces can be rotated and then, if necessary, reflected in a point, ło that 
the normals in corresponding points will be parallel and similarly orjented. 
Hence the problem of finding the surfaces cross-congruent to a given surface, 
if any exist, is identical with the problem of determining the surfaces in poin? 
aorrespondence with the given surface by parallel normals so that the total anda 


e *Cf. Author, “Parallel Mapseof Surfaces,” Trans. Amer. Math. Soe., Vol. 23 (1922), 
pp. 298-332. This’ paper will be geferred to as “Reference A.” 
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“mean curvatures in corresponding points are saol equal: A parallel 
map of this type we shall call cross-congruent. Of course, it is assumed that : 


the map is not equivalent to a rigid motion or a reflection. ` 

A parallel map is non-parabolic or parabolic, according as there exist 
on the surfaces basic, i.e., corresponding, conjugate Se, ot merely 
basic families of asymptotic lines. 

As a fundamental result we note that there is at most one RS cross- 
congruent to a given surface by a parallel map for which the basic conjugate 
system, or family of asymptotic lines, is prescribed, save When the given 
surface is minimal and the prescribed conjugate system consists. of its 
generators. In other words, the basic systems of the parallel maps of one 
of 91 cross-congruent surfaces on the others are all distinct save in the case 
of a family of associate minimal surfaces. l l 

A non-parabolic map is cross-congruent if and only if the normal curva- 
tures of the two surfaces in the basic conjugate directions are equal cross- 
wise, but not also directly, that is, if and only if each of these curvatures 
for the one surface is equal to the non-corresponding one, but not also to 
the corresponding one, on the other surface. Heré@in lies the motivation 
of the term “cross-congruent”; if the curvatures were directly equal, the 
surfaces would be congruent. Moreover, in a map of the type ik question, 
the point invariants of the basic conjugate systems are equal crosswise. ` 

A parabolic map is ¢ross-congruent only when the two surfaces are 
suitably related ruled: aes whose ia a asymptote lines cut equal 
segments from the rulings. 

Various particular questions of interest are taken up, for example, 
surfaces of revolution, surfaces of constant total curvature or of constant 
mean curvature, not zero, in the first part of the paper, and in the second 


part, special cases of cross-congruent non-parabolic maps, including those . 


of translation surfaces, of associate surfaces of Bianchi, and those in which 
the basic conjugate systems have equal point invariants. 


I. -Dreect TREATMENT. 


2. Existence theorems.—Let the given definite, positive, differential 
quadratic form be - ; 
(1) ° Edu? + 2Fdudo + Gde, 
where &, F, G are real, analytic functions of the real variables u, v, and let 
the given functions, K(u, v), K(u, v), be also real and analytic. 


° An eyident necessary condition that there exist a surface, z = (u, v): 


“(2 zı = w(u, 9), z2 = qau, 2), tg = žs(u, 1), : 


whose total and mean curvatures are K and K and whose third fundamental 


`Y 


